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BekTopbl U MaTpULLbI R

Mbl 6ygemM cuuTaThb, UTO BCE BEKTOPbI ABAAIOTCS CTONGLaMM Mo yMonyaHuio. MpocTpaHCTBO BEKTOPOB AnUHbI 1. 0603HavaeTca R™, a
MPOCTPAHCTBO MaTPUL, pasmepa 1. X 7. C BelLeCTBEHHLIMI afieMeHTaMK 0603HauaeTcst R™*™. To ecTb ':

Ty .. x,] TER" I, €R M

"MoApoGHbIi BBOAHBIN KYPC MO NPUKNaAHON NMHEHON anre6pe MOXHO HaiTi B kHure Introduction to Applied Linear Algebra — Vectors, Matrices, and Least Squares - kHura ot
Stephen Boyd & Lieven Vandenberghe, koTopas ykasaHa B UCTOUHWKe. Takxe noneseH matepuan no nHenHo anre6pe npuseaeHHbI B npunoxernn A kHurn Numerical Optimization by
Jorge Nocedal Stephen J. Wright.
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https://web.stanford.edu/~boyd/vmls/

BeKTOpr U MaTpuULlbl

&LI.V

Mbi 6ygem cunTaTb, UTO BCE BEKTOPbI ABMAIOTCA CTONOLaMM NO YMON4YaHuto. [MpoCcTpaHCTBO BEKTOPOB AJIMHbI 72 0603HaYaeTcst Rn, a

MPOCTPAHCTBO MaTPUL, pasmepa 1. X 7. C BelLeCTBEHHLIMI afieMeHTaMK 0603HauaeTcst R™*™. To ecTb ':

Ty

x
z= "2 2T=[x, =z .. z,] zER" 7, R

L,

AnanoruuHo, ecn A € R™*™ Mbl 0603HauaeM TpaHcroHmnposaHie kak AT € R™*™;

aqq aq9 Aqp aqq A9y A1
a [¢2 a a Q. a, )

A= ?1 ?2 i 2n AT = .12 ?2 m2 Ac Rmxn7 a;;
Am1 Am2 e Apmn, A1y Q2p e OAmp

Mbi 6y,u,eM nucatb x > Onz 75 1 0603HaYEeHMsA MOKOMMOHEHTHbIX HEPABEHCTB

(M

JER

"MoApoGHbIi BBOAHBIN KYPC MO NPUKNaAHON NMHEHON anre6pe MOXHO HaiTi B kHure Introduction to Applied Linear Algebra — Vectors, Matrices, and Least Squares - kHura ot
Stephen Boyd & Lieven Vandenberghe, koTopas ykasaHa B UCTOUHWKe. Takxe noneseH matepuan no nHenHo anre6pe npuseaeHHbI B npunoxernn A kHurn Numerical Optimization by

Jorge Nocedal Stephen J. Wright.
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PucyHok 1. OKBUBaNEHTHbIE npeacTaBsieHUA BEKTOpa
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Matpuua A HasbisaeTcs] cummeTtpuyHon, ecim A = AT\OﬁosHaqaeTCH KaK

A € S™

(MHO)KeCTBO KBagpaTHbIX CUMMETPUYHbIX MaTpuL,

pPasMepHoOCTH 7). 3aMeTUM, 4YTO TONbKO KBagpaTHasaA MaTpuua MOXeT 6bITb CVIMMeTpVIL-IHOVI no onpegeneHuto.
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Matpuua A HasbiBaeTcs cummeTpuuron, ecin A = AT 06o3Hauaetcs kak A € S™ (MHOXECTBO KBAAPATHBIX CUMMETPUUHBIX MaTPMUL
pa3MepHOCTM 7). 3aMEeTUM, UTO TONBbKO KBaApaTHas MaTpuLa MOXET 6biTb CUMMETPUYHOM Mo onpeaene

Matpuua A € S™ HasbiBaeTcs nonoxuTenbHo (oTpulaTensHo) onpepenenHoii, eciv ans scex T # 0 F 27 Az ] (<)0. O6osHauaeTcs kak
A > (<)0. MHoxecTBO Tak1x MaTpuL, 0603HauaeTcs Kak ST, (S™_)
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Matpuua A HasbiBaeTcs cummeTpuuron, ecin A = AT 06o3Hauaetcs kak A € S™ (MHOXECTBO KBAAPATHBIX CUMMETPUUHBIX MaTPMUL
pasMepHOCTM 7). 3aMETUM, YTO TONBbKO KBafpaTHas MaTpuLa MOXET 6biTb CUMMETPUYHOI MO OMpeaeneHuIo.

Matpuua A € S™ HasbiBaeTcs NonoXuTenbHo (oTpULaTenbHo) onpeaeneHHoi, eciv ansscex © # 0 : 27 Ax > (<)0. O6osHauaeTcs kak
A > (<)0. MHoxecTBO Tak1x MaTpuL, 0603HauaeTcs Kak ST7 | (S™_)

Matpuua A € S™ HasblBaeTcs nonoxuTenbHo (oTpULaTenbHo) NonyonpepeneHHoil, ecnu ansi seex @ : 21 Az > (<)0. O6o3HauaeTes kak
A = (=)0. MHoxecTBO Tak1x MaTpuL, 0603HauaeTes Kak S’ (S™)

Question

BepHo K, YTO NONOXUTENbHO onpefeneHHaa MaTpula MeeT BCe NONOXUTENbHbIe 3NeMeHTbI?

X —L X
G
:XWLd—X-a
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Matpuua A HasbiBaeTcs cummeTpuuron, ecin A = AT 06o3Hauaetcs kak A € S™ (MHOXECTBO KBAAPATHBIX CUMMETPUUHBIX MaTPMUL
pasMepHOCTM 7). 3aMETUM, YTO TONBbKO KBafpaTHas MaTpuLa MOXET 6biTb CUMMETPUYHOI MO OMpeaeneHuIo.

Matpuua A € S™ HasbiBaeTcs NonoXuTenbHo (oTpULaTenbHo) onpeaeneHHoi, eciv ansscex © # 0 : 27 Ax > (<)0. O6osHauaeTcs kak
A > (<)0. MHoxecTBO Tak1x MaTpuL, 0603HauaeTcs Kak ST7 | (S™_)

Matpuua A € S™ HasblBaeTcs nonoxuTenbHo (oTpULaTenbHo) NonyonpepeneHHoil, ecnu ansi seex @ : 21 Az > (<)0. O6o3HauaeTes kak
A = (=)0. MHoxecTBO Tak1x MaTpuL, 0603HauaeTes Kak S’ (S™)

Question

BepHo K, YTO NONOXUTENbHO onpefeneHHaa MaTpula MeeT BCe NONOXUTENbHbIe 3NeMeHTbI?

Question

BepHo nu, 4To eciin maTpuya CMMMETPUYHA, TO OHa A0/MKYa ObiTb NONOXUTENBHO onpep,eneHHon?

-\
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Matpuua A HasbiBaeTcs cummeTpuuron, ecin A = AT 06o3Hauaetcs kak A € S™ (MHOXECTBO KBAAPATHBIX CUMMETPUUHBIX MaTPMUL
pasMepHOCTM 7). 3aMETUM, YTO TONBbKO KBafpaTHas MaTpuLa MOXET 6biTb CUMMETPUYHOI MO OMpeaeneHuIo.

Matpuua A € S™ HasbiBaeTcs NonoXuTenbHo (oTpULaTenbHo) onpeaeneHHoi, eciv ansscex © # 0 : 27 Ax > (<)0. O6osHauaeTcs kak
A > (<)0. MHoxecTBO Tak1x MaTpuL, 0603HauaeTcs Kak ST7 | (S™_)

Matpuua A € S™ HasblBaeTcs nonoxuTenbHo (oTpULaTenbHo) NonyonpepeneHHoil, ecnu ansi seex @ : 21 Az > (<)0. O6o3HauaeTes kak
A = (=)0. MHoxecTBO Tak1x MaTpuL, 0603HauaeTes Kak S’ (S™)

Question

BepHo K, YTO NONOXUTENbHO onpefeneHHaa MaTpula MeeT BCe NONOXUTENbHbIe 3NeMeHTbI?

Question

BepHo nu1, 4To ecnu maTpuya CUMMETPUYHA, TO OHa A0/MKHA BbiTb NONOXUTENBHO onpep,eneHHon?

Question

BepHo K, 4TO ecnn MaTpuLa NONOoXNTENbHO onpeaenieHa, To OHa A0JKHa 6bITb CI/IMMeTpW-IHOﬁ?

Y F X X
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1.6%+ .
MaTtpuuHoe ymHo)xeHue (matmul) O / V) R

Myctb A - maTpuua pasmepa m X n, a B - maTpuua pasmepa n X p, Torga ux npoussegerve A B pasHo:
C=AB &J
MA@ mn nxp

Torpa C' - MaTpuua pasmepa m X P, snemeHT (i, j) KOTOpOit paBeH:

n
Cij = Zaikbkj'
k=1

OTa onepauus B HansHon dopme TpedyeT 0(n3) afgudmeTnUecKnx onepaLmn, rae 1 06bIYHO CUMTaeTCs HaMbosnbLLen Pa3MepPHOCTbIO MaTpPULL.
—_ _Q
boierp 4% matwmu

L= Qo [ITPoCee!
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MaTtpuuHoe ymHo)xeHue (matmul) v

Myctb A - maTpuua pasmepa m X n, a B - maTpuua pasmepa n X p, Torga ux npoussegerve A B pasHo:
C=AB

Torpa C' - MaTpuua pasmepa m X P, snemeHT (i, j) KOTOpOit paBeH:
n
Cij = E iy
k=1

OTa onepauus B HaneHon Gopme TpebyeT (9(n3) apudmeTnUecKnx onepaLmn, rae 1 06bIYHO CUMTaeTCst HaMbosbLLen Pa3MepPHOCTbIO MaTpULL.

Question

BO3MOXHO I YMHOXUTb f1Be MaTpuLbl GbicTpee, ueM 3a ()(n?)? Kak Hacuet O(n?), O(n)?



YMHOXXeHue MmaTpuLbl Ha BeKTop|(matvec) R

Myctb A - MaTpuua pasmepa m X M, a & - BEKTOP ANWHbI 7, TOrAa 1-i aNeMeHT npousseaeHns Az paseH:

z=Ax

.
paBeH: l , §
n
2 = E ATy,
k=1

OTa onepauys B HauBHoM Gopme TpedyeT O(nz) JpndMeTMYECKMX onepaLmii, rae 1, 06bIYHO CYMTaETCa HanbonbLUEN Pa3MEPHOCTLIO BXOLOB.

OTMeTUM, YTO:

- C=AB NCT:BTAT
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YMHOXXeHue MmaTpuLbl Ha BeKTop (matvec) Ry

Myctb A - MaTpuua pasmepa m X M, a & - BEKTOP ANWHbI 7, TOrAa 1-i aNeMeHT npousseaeHns Az paseH:

z=Ax

paBeH:
n
k=1

Ota onepauus B HauBHou Gopme TpedyeT (9(n2) apudmMeTMYeCKnx onepauui, rae 1, 06bIYHO cYMTaeTCa HanbonbLUEN Pa3MEPHOCTLIO BXOLOB.
OTMeTUM, YTO:

« C=AB CT =BTAT

. AB+ BA
P ———


Daniil Merkulov


YMHOXXeHue MmaTpuLbl Ha BeKTop (matvec) Ry

Myctb A - MaTpuua pasmepa m X M, a & - BEKTOP ANWHbI 7, TOrAa 1-i aNeMeHT npousseaeHns Az paseH:

z=Ax

paBeH:
n
k=1

Ota onepauus B HauBHou Gopme TpedyeT (9(n2) apudmMeTMYeCKnx onepauui, rae 1, 06bIYHO cYMTaeTCa HanbonbLUEN Pa3MEPHOCTLIO BXOLOB.

OTMeTUM, YTO:

« C=AB CT =BTAT
- AB + BA

A_ 14k
. e :ZFA
=0



YMHOXXeHue MmaTpuLbl Ha BeKTop (matvec) S

Myctb A - MaTpuua pasmepa m X M, a & - BEKTOP ANWHbI 7, TOrAa 1-i aNeMeHT npousseaeHns Az paseH:

z=Ax

paBeH:
n
2 = E Aig Ty,
k=1

Ota onepauus B HauBHou Gopme TpedyeT (9(n2) apudmMeTMYeCKnx onepauui, rae 1, 06bIYHO cYMTaeTCa HanbonbLUEN Pa3MEPHOCTLIO BXOLOB.
OTMeTUM, YTO:
« C=AB CT =BTAT
. AB+ BA
A_ SN 1 gk
cet =% o A
k=0

o €478 L e4eB (o ecnn A n B kommytupyior, To ectb AB = BA, 10 eAT8 = e4eB)



YMHOXXeHue MmaTpuLbl Ha BeKTop (matvec) R

Myctb A - MaTpuua pasmepa m X M, a & - BEKTOP ANWHbI 7, TOrAa 1-i aNeMeHT npousseaeHns Az paseH:

z=Ax

paBeH:
n
2 = E Aig Ty,
k=1

Ota onepauus B HauBHou Gopme TpedyeT (9(n2) apudmMeTMYeCKnx onepauui, rae 1, 06bIYHO cYMTaeTCa HanbonbLUEN Pa3MEPHOCTLIO BXOLOB.
OTMeTUM, YTO:
« C=AB CT =BTAT
. AB+ BA

A_ SN 1 gk
cet =% EA

k=0
9A+B £+ DADB (un ac.
T

> (2, Ay) = (A z,y)

b, CO>=-<BD CY

i A u B kommyTupytot, To ectb AB = BA, 10 eAtB = e4eB)
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Hopmbi

Hopma - 370 KonMuecTBeHHas Mepa MasloCTH BEKTOpa 1 06bl4HO 0603HauaeTcs Kak |z
Hopma AomKHa yAoBNEeTBOPSITh ONpeAeNieHHbIM CBOMCTBaM:

1 Jaz| = |al|z], € R



Hopmbi

Hopma - 370 KonMuecTBeHHas Mepa MasloCTH BEKTOpa 1 06bl4HO 0603HauaeTcs Kak |z
Hopma AomKHa yAoBNEeTBOPSITh ONpeAeNieHHbIM CBOMCTBaM:

1 Jaz| = laf|z], o € R
2. |z +y| < |lz| + ||yl (HepaseHcTBO TPEYrONBLHMKE)



Hopmbi

Hopma - 370 KonMuecTBeHHas Mepa MasloCTH BEKTOpa 1 06bl4HO 0603HauaeTcs Kak |z
Hopma AomKHa yAoBNEeTBOPSITh ONpeAeNieHHbIM CBOMCTBaM:

1 Jaz| = |a|z], o € R

2. |z +y| < |lz| + ||yl (HepaseHcTBO TPEYrONBLHMKE)
3. Ecnm |z = 0,Tox =0



Hopmbi

Hopma - 370 KonMuecTBeHHas Mepa MasloCTH BEKTOpa 1 06bl4HO 0603HauaeTcs Kak |z
Hopma AomKHa yAoBNEeTBOPSITh ONpeAeNieHHbIM CBOMCTBaM:

1 Jaz| = |a|z], o € R

2. |z +y| < |lz| + ||yl (HepaseHcTBO TPEYrONBLHMKE)
3. Ecnm |z = 0,Tox =0



Hopmbli S

Hopma - 370 KonMuecTBeHHas Mepa MasloCTH BEKTOpa 1 06bl4HO 0603HauaeTcs Kak |z
Hopma AomKHa yAoBNEeTBOPSITh ONpeAeNieHHbIM CBOMCTBaM:

laz]| = |ellz], a € R
2. |z +yl| < |z| + |y| (HepaseHcTBO TpEyronbHuKa)
3. Ecnm |z = 0,Tox =0

PacctosiHne MeXxay ABYMSA BEKTOpaMU onpenendaeTca Kak
d(z,y) = |z —yl.

Hanbonee wnpoko ncnonb3yemon HopMow sisnsietcst EBknnposa Hopma:

n
ey = /> lail?,
i=1

KOTOpasi COOTBETCTBYET PACCTOSIHWUIO B HaLLEN peanbHOW SKASAN. ECTT BERTOPEI MMIEFOT KOMMNEKCHbIE 31eMEeHTbIl, Mbl UICMONb3YeEM UX MOAY/b.
EBKNMAoBa HOPMa, MU 2-HOPMa, IBNISIETCS NMOAKNACCOM BaXHOro Knacca p-HopM:

1, = (Z o)
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D-HOpMa BeKTopa R

CyLLl,eCTByI-OT ABa O4YeHb Ba>XXHbIX YaCTHbIX Cny4as. BeCKOHeqHOCTb-HOpMa, nnn HopmMa qeGbILIJeBa, onpegendeTcda Kak MakCUumManbHoe
abCoNTHOE 3HaUYEeHNe aNeMeHTa BeKTopa:
). = max]a|


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/Balls_p_norm.ipynb
https://fmin.xyz/docs/theory/balls_norm.mp4

‘D-HopMa BeKTopa R
CyLLl,eCTByI-OT ABa O4YeHb Ba>XXHbIX YaCTHbIX Cny4as. BeCKOHeqHOCTb-HOpMa, nnn HopmMa Yebbiwena, onpegendeTcda Kak MakCUumManbHoe
abCoNOTHOE 3HaUYeHWe anemMeHTa BeKTopa:

). = max]a|

ll HOpMa (UM MaHXxaTTeHcKoe paCCTOHHMe) onpegensieTcsa Kak CyMma Mogynen af1eMeHTOB BeKTopa &:

ey = |l
i


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/Balls_p_norm.ipynb
https://fmin.xyz/docs/theory/balls_norm.mp4

D-HOpMa BeKTopa Hv

CyLLl,eCTByI-OT [Ba O04YeHb BaXKHbIX YaCTHbIX cnyyas. beckoHeyHOCTb-HOPMa, Uy Hopma YebblweBa, onpeaenseTcs Kak MakCcMmMmanbHoe
abConTHOE 3HaYeHWe aNeMeHTa BeKTopa:

e = maxa|

ll HOpMa (M1 MmaHXaTTeHcKoe paCCTOﬂHMe) onpepenaeTcAa Kak cymMmma Mop,yneﬁ 3NEeMEHTOB BEKTOpa I:

ey = |l
i

[, HopMma UrpaeT oueHb BaxKHYtO POfb: OHa BCE CBsi3aHa ¢ MeTofaMu compressed sensing, KoTopble NosBUNUCH B cepefHe 00-X Kak ofHa 13
nonynspHbIX Tem nccnegosaHuin. Ko, ons n3obpakeHns HUxe AOCTYNeH 3geck:. Takke NOCMOTPUTE 3TO BUAEO.

Unit disk in the p-th norm

p=1 p = 100500

1.04
0.54 0.5
0.0 0.0

—0.5 1 —051

-1.04
-05 0.0 05 -1 0 1

PucyHok 2. LLlapbl B pa3HblX HOpMax Ha NI0CKOCTH 9
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https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/Balls_p_norm.ipynb
https://fmin.xyz/docs/theory/balls_norm.mp4

MaTpuuHble HOpMbI R

B HEKOTOPOM CMbICNIE MEXAy MaTpuLaMu 1 BEKTOPamu HET GOSbLION PasHULbl (Bbl MOXETe BEKTOPWU30BaTb MaTpuLy), U 34eChb NOSBASETCS
camasi NpocTasa MaTpuyHas Hopma PpobeHunyca:

Al - (iz ai]-|2> N

i=1 j=1
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MaTpuuHble HOpMbI R

B HekoTOpoMm cMbICie MexXAay MaTpyLamMu U BEKTOpamMu HeT 6onbLion PasHuUbI (BbI MOXETE BEKTOpU3oBaTb ManVILl,y), M 34eCb noasnaeTca

camasi NpocTasa MaTpuyHas Hopma PpobeHunyca:
1/2

1A F = ZZ ‘aij‘Q

i=1 j=1

CnekTpanbHas Hopma,

A, sBnsieTca ofHOM U3 Hanbonee WUPOKO UCTONb3YEMbIX MaTPUUHBIX HOPM (Hapsiay € HOPMO# GDpogHmyca).
[ 4
Cnex TPy
| Az, HOPMA
I Afly = sup

P

o N—
OHa He MOXeT 6biTb BblYMCIIEHa HEMOCPEACTBEHHO M3 31EMEHTOB C MOMOLLbIO MPOCTOM GOPMYIIbl, Kak B cilyyae HopMbl PpobeHnyca, ogHako,
CYLLECTBYIOT 3G GEKTUBHbBIE aNrOpPUTMbI A4S ee BbluncneHus. OHa HanpsiMyto CBA3aHa C CUHIYNSPHbIM pa3snoxeHuem (SVD) maTpuupl. [ns Heé
crpaBenvBo:

[4llz = 1(4) = \/ Anax (AT A)

rae 04 (A) - HanBonbluee CUHTYISIPHOE 3HaueHKe MaTpuusl A.
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CkansipHoe npousBegeHne v

CraHaapTHOe cKansipHoe npoussefeHne Mexay Bektopamu - u y us R™ pasHo:

n
@ =aTy=> zy =yTz=(y,x)
=1

3AeCh T; U Y, - i-ble KOMMOHEHTLI COOTBETCTBYHOLLMX BEKTOPOB.
Example

[okaxute, 4To Bbl MOXETE NEpPecTaBUTb MaTPULYy BHYTPU CKansipHOro NPOou3BeAeHNst C TPaHCMOHUPOBaHMEM: <I‘, Ay> = <AT:E, y> n
. — (+BT
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CKanﬂpHoe npouvuseneHme maTtpul "
N MP
CraHpapTHOe ckansipHoe npoussegeHne Mexay Matpuuamn X 'Y us R™*"™ pagHo:

“i:"gﬂ N N ) ‘ @ "
(X,Y) :}r()(/T;) L iixuy —w(YTX) = (Y, X @:"'

Nym WD i=1 j=1

mxn OF0
Question D& Ym? Q &_* O + O+ bl
4 = 1&

CylLecTBYeT M CBA3b Mex/y HopMoit dpobernyca | - || - u ckanapHbiM NpouseeaeHrem mexay MaTpuuamm (-, «)?

XXy = XIS

"~
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Co6CTBEHHDBbIE BEKTOPA M COGCTBEHHbIE 3HaYeHUSA R

Yucno A ABnseTcs CO6CTBEHHBIM 3HaYeHNEM KBaJJ,paTHOVI MaTpuubl A Easmepa 7 X 11, €CNnN CcyLlecTByeT HeHyJ'IeBOVI BEKTOp ¢q TaKOoW, YTo

Ag = \q.

BekTop ( Ha3blBaeTCA CO6CTBEHHBIM BEKTOPOM MaTpuLibl A. Matpuua A HeBbIpOXAEeHHadA, eCqih HU O4HO U3 €€ COBCTBEHHbIX 3HAYEHUI He
PaBHO HynO. Co6CcTBEHHbIE 3HaYEHUs! CUMMETPUYHbIX MaTpuUL, ABNAKOTCA BeLeCTBEHHbIMU YNCNaMK, B TO BpeMsA Kak HeCUMMEeTPUYHble
MaTpuLbl MOTYT UMETb KOMMJIEKCHbIE COBCTBEHHbIE 3HaYeHus. Ecnv maTpuua NonoXuTenbHO onpeaenieHa u CMMMETPUYHa, TO BCe eé
COBCTBEHHbIE 3HAYEHMSA ABMAOTCHA NONOXUTENbHBIMW BELLLECTBEHHBIMU YNCTTAMM.
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Co6CTBEHHDBbIE BEKTOPA M COGCTBEHHbIE 3HaYeHUSA

Theorem

A > (>)0 < Bce cobeTaenHble sHavenns A > (>)0

Proof
1. — lNpeanonoxmm, 4To HeKoTopoe co6CTBEHHOe 3HaYeHue A oTPULATENIbHO, U MYCTh L 0603HAYAET COOTBETCTBYOLUMI

co6CcTBeHHbIV BeKTop. Toraa
Az =Xz —» 2T Az = xTax <0

yto npoTusopeynt ycnosmio A = 0.



Co6CTBEHHDBbIE BEKTOPA M COGCTBEHHbIE 3HaYeHUSA R

Theorem

A > (>)0 < Bce cobeTaenHble sHavenns A > (>)0

Proof
1. — lNpeanonoxmm, 4To HeKoTopoe co6CTBEHHOe 3HaYeHue A oTPULATENIbHO, U MYCTh L 0603HAYAET COOTBETCTBYOLUMI

co6CcTBeHHbIV BeKTop. Toraa
Az =Xz —» 2T Az = xTax <0

yto npoTusopeynt ycnosmio A = 0.
2. < [lns no6ou CUMMETPHNYHON MATPULIbI Mbl MOXeM Bbl6pATb HA60P COGCTBEHHbIX BEKTOPOB V1, ... , U,,, KOTOPbiE 06pa3ytoT
OPTOHOPMUPOBAHHBIN 6a3suc B R". Bosbmem moboii Bektop x € R™.

2T Az = (0qvy + ... + v, ) TA(aq vy + oo+ y0,)

= Za?viTAvi = Zaf)\iv?vi >0

3aecb Mbl UCMO/Ib30BATM TOT PAKT, YTO viij =0,am1 # j.



CnekTpanbHoe pa3noxeHue (eigendecomposition)

Myctb A € S,

i T-€. A- BeLleCTBEHHasi CUMMEeTPpUYHasa MmaTpuua pasmepa 11 X n. Torga A moxeT 6bITb Pa3noXeHa Kak

A= QAQT,

2Xopou.laﬂ wnaprasika ¢ pasfioxeHnem MaTpuL, IOCTYMHa Ha caiTe Kypca Mo NiHenHo anreépe website.


https://nla.skoltech.ru/_files/decompositions.pdf

CnekTpanbHoe pa3noxeHue (eigendecomposition) R

Mycte A € S,,, T.e. A - BewecTBeHHas cUMMeTPUYHas MaTpuLa pasmepa 1 X 1. Toraa A MoxeT BbITb pasnoxeHa Kak

A= QAQT,

roe Q € R™ ™ oproroHanbHas, T.e. ynoenetsopseT QTQ = I, u A = diag(\{, ..., \,, ). BeluecTaeHHble uMcna \; SBNSIOTCA COBCTBEHHbIMM
3HaueHnaMn A 1 SBNSIIOTCA KOPHAMM xapakTepucTuieckoro nonnHoma det(A — AT). Cton6upi () 06pasytoT OpTOHOPMUPOBaHHbIN HaGop
COGCTBEHHBIX BEKTOPOB A. Takoe pasnoxeHne HasbiBaeTCs CEKTPanbHbIM. 2

2Xopomaﬂ wnaprasika ¢ pasfioxeHnem MaTpuL, IOCTYMHa Ha caiTe Kypca Mo NiHenHo anreépe website.


https://nla.skoltech.ru/_files/decompositions.pdf

CnekTpanbHoe pa3noxeHue (eigendecomposition) R

Mycte A € S,,, T.e. A - BewecTBeHHas cUMMeTPUYHas MaTpuLa pasmepa 1 X 1. Toraa A MoxeT BbITb pasnoxeHa Kak
_ T
A=QAQ",
roe Q € R™ ™ oproroHanbHas, T.e. ynoenetsopseT QTQ = I, u A = diag(\{, ..., \,, ). BeluecTaeHHble uMcna \; SBNSIOTCA COBCTBEHHbIMM

3HaueHnaMn A 1 SBNSIIOTCA KOPHAMM xapakTepucTuieckoro nonnHoma det(A — AT). Cton6upi () 06pasytoT OpTOHOPMUPOBaHHbIN HaGop
COBCTBEHHBIX BeKTOPOB A. Takoe pa3noseHne Ha3biBaeTCs CNeKTPanbHLIM. 2

Mbl 06bI4HO ynopsaoYMBaeM BeLLeCTBEHHbIE COBCTBEHHbIE 3HAYEHUS Kak /\1 > /\2 > ... > /\n. Mbl ncnonb3yem o603HayeHne /\i(A) onsa
0603HauYeHNsT 1-ro HanBonbLIEro COBCTBEHHOrO 3HaueHnss A € S. Mbl 06bI4HO NULLIEM HanbonbLIEe UK MaKCMMabHOEe COBCTBEHHOE 3HaueHne

Kak Aj (A) = Ao (A), ¥ HaMMeHbLLEe U MUHUMaTbHOE COBCTBEHHOE 3HaueHue Kak A, (A) = A (A).

2Xopomaﬂ wnaprasika ¢ pasfioxeHnem MaTpuL, IOCTYMHa Ha caiTe Kypca Mo NiHenHo anreépe website.


https://nla.skoltech.ru/_files/decompositions.pdf

Cob6cTBEeHHbIe 3HaYeHUsA

Hanbonbliee n HaMMeHbLUee BelLeCTBEHHbIECOOCTBEHHbIE 3HAaYEHWS YAOBNETBOPSAOT

:T Az
A) = inf TTT,
z#0 T T

A

min( max(

A)=




Co6CcTBEHHbIe 3HaYeHus .

Hanbonbliee n HaMMeHbLUee BelLeCTBEHHbIECOOCTBEHHbIE 3HAaYEHWS YAOBNETBOPSAOT

T T
ozt Ax ' Ax
A) = inf ——, max(A) = sup —
a0 zTx ar0 T

A

min(
n, cneposatenbHo, Vo € R™ (cooTHowweHue Panes):

Ain(A)xTz < 2TAz <\, (A)zTz

min max



Co6CcTBEHHbIe 3HaYeHus .

Hanbonbliee n HaMMeHbLUee BelLeCTBEHHbIECOOCTBEHHbIE 3HAaYEHWS YAOBNETBOPSAOT

T T

' Ax ' Ax

A) = inf oA (A) =
=it el 4) P Ty

A

min(
n, cneposatenbHo, Vo € R™ (cooTHowweHue Panes):

Amin(A)ITI S :Z:TA:Z: g )‘max

(A)xTx

Yucno o6ycnoBneHHOCTU HEBLIPOXAEHHON MaTPULbl ONpeaenseTcs Kak

K(A) = |AJ]A7Y



Cob6cTBEeHHbIe 3HaYeHUsA

Hanbonbliee n HaMMeHbLUee BelLeCTBEHHbIECOOCTBEHHbIE 3HAaYEHWS YAOBNETBOPSAOT

T T
' Ax ' Ax
A) = inf A (A)=

) 420 xTx’ max(4) zi’; Ty

A

min(
n, cneposatenbHo, Vo € R™ (cooTHolleHne Panes):

Amin(A)ITI S :Z:TA:Z: g )‘max

(A)xTx

Yucno o6ycnoBneHHOCTU HEBLIPOXAEHHON MaTPULbl ONpeaenseTcs Kak

K(A) = |AJ]A7Y

Ecnu Mbl ucnonb3yem cnekTpanbHyto MaTpUYHYHO HOPMY, Mbl MOXEM NOYYUTb:

A (A
Ecnu, kpome Toro, A € ST 1 k(A) = M

A (A)

min



Yucno o6ycnoBneHHOCTU S
x=1.5 x =50
, W >3 . g% y
.

2 A 2
< 0 < 0
—2 1 -2
/
\39\ M : /2 )
-4 -2 0 2 4 -4 -2 0 2 4



CuHrynsapHoe pasnoxeHue (SVD) (VAT

Myctb A € R™*™ ¢ pavrom A = 7. Toraa A MoxeT 6biTb pasioxeHa Kak ofT

A=U \/T

AN
o} 7 \o(iad@:)...,s}) @
uLu==
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CuHrynsapHoe pasnoxenue (SVD)

Myctb A € R™*™ ¢ pavrom A = 7. Toraa A MoxeT 6biTb pasioxeHa Kak

A=UxVT

rae U € R™ " ypoeneteopset UL U = I, V € R™*" ypoenetsopsietr VIV = I, n ¥ sBnsietcs auaroHanbHoM Matpuuen ¢
Y = diag(oy, ..., 0,.), Takow uTo



CuHrynsapHoe pasnoxenue (SVD)

Myctb A € R™*™ ¢ pavrom A = 7. Toraa A MoxeT 6biTb pasioxeHa Kak
A=UxvVT
rae U € R™ " ypoeneteopset UL U = I, V € R™*" ypoenetsopsietr VIV = I, n ¥ sBnsietcs auaroHanbHoM Matpuuen ¢

Y = diag(oy, ..., 0,.), Takow uTo

02092 ...20,.>0.



CuHrynsapHoe pasnoxenue (SVD) S
Myctb A € R™*™ ¢ pavrom A = 7. Toraa A MoxeT 6biTb pasioxeHa Kak
A=UxvVT

rae U € R™ " ypoeneteopset UL U = I, V € R™*" ypoenetsopsietr VIV = I, n ¥ sBnsietcs auaroHanbHoM Matpuuen ¢
Y = diag(oy, ..., 0,.), Takow uTo

02092 ...20,.>0.

3T0 pasnoxeHune Ha3biBAETCA CUHIYNAPHbIM pasnoxeHuem (SVD) matpuusl A. Cton6usl U HasblBatoTCA NEBbIMU CUHTYNIAPHBIMU BEKTOPaMM
A, cton6upl V' HasbiBaloTcs NpaBbIMW CUHTYTISIPHBIMU BEKTOPaMU, U YiCTa 0; SBSIKOTCS CUHTYNSPHBIMM 3HauYeHUsIMW. CHUHIynsipHoe
pasnoXeHue MOXeT 6biTb 3anmncaHo Kak

T
— P
A= E oUV;
i=1

roe u; € R™ aBnsitoTca neBbIMK CUHTYNSIPHBIMU BekTopamu, 1 v; € R™ siBnsitoTcA NpaBbIMU CUHTYNISIPHBIMY BEKTOPaMMU.



CuHrynsapHoe pasnoxeHue S

1 Question

|-|yCT:> A S Sz+ Y70 Mbl MOXEM cKa3aTb O CBA3MN mMexay ero COBCTBEHHBLIMU 3HAYEHUSIMU U CUHIYNApHbIMU 3HaAYEHUSIMN?

g () = NM

5= K

19
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CMHrynﬂpHoe pa3noxeHue

Question

nyCTb Ae Si+ Y70 Mbl MOXEM cKa3aTb O CBA3MN mMexay ero COBCTBEHHBIMU 3HAUYEHUSIMU U CUHIYNApHbIMU 3HaAYEHUSIMN?

Question

Kak cuHrynapHble 3Ha4eHUs MaTpuLbl CBA3aHbl C €€ CO6CTBEHHLIMU 3HAYEHUAMU, OCOBEHHO AN CUMMETPUYHON MaTpuULbI?



PaHroeoe pasno)eHue (Skeleton decomposition)

MpocToe, HO 0YEHb UHTEPECHOE PA3NIOXKEHME - 3TO PAHrOBOE Pa3NOXKeHNE, KOTOPOe MOXET BbiTh
3anuncaHo B AByx popmax:

A=UVT A=CA 'R



PaHroeoe pasno)eHue (Skeleton decomposition)

MpocToe, HO 0YEHb UHTEPECHOE PA3NIOXKEHME - 3TO PAHrOBOE Pa3NOXKeHNE, KOTOPOe MOXET BbiTh
3anuncaHo B AByx popmax:

A=UVT A=CA 'R

MocnepgHee BbipaXeHWe OTHOCUTCA K 3a6aBHOMY (GaKTy: Bbl MOXETe CrlyyaliHbiM 06pa3om
Bbl6paTh 7" IMHENHO HE3aBUCUMbIX CTOMBLOB MaTPULIbl U NIH06bIE T IMHENHO HE3aBUCUMbIX CTPOK
MaTpuLbl U XPaHUTb TOJbKO MX C BO3MOXHOCTBHO TOUHO () BOCCTaHOBUTL BCHO MaTpuLy.



PaHroeoe pasno)eHue (Skeleton decomposition) R

MpocToe, HO 0YEHb UHTEPECHOE PA3NIOXKEHME - 3TO PAHrOBOE Pa3NOXKeHNE, KOTOPOe MOXET BbiTh
3anuncaHo B AByx popmax:

A=UVT A=CA 'R

MocnepgHee BbipaXeHWe OTHOCUTCA K 3a6aBHOMY (GaKTy: Bbl MOXETe CrlyyaliHbiM 06pa3om

— . T
BbIGPATL 7" IMHENHO HE3aBUCHMbIX CTOMGLIOB MaTPULIbl U NtOGBIE T° IMHENHO HE3aBUCUMBIX CTPOK o oo Y
MaTpWULibl U XPaHUTb TOJBKO UX C BO3MOXHOCTBIO TOUHO (1) BOCCTaHOBUTL BCO MaTpuLly.
TMpUMeHeHUs A/t PAHFOBOrO Pa3NIoXKEHMS:
+ CxaTve Mofienu, cxaTne AaHHbIX N YCKOPEHWE BbIYUCTIEHNIA B YNCIEHHOM aHann3e: iis B
MaTpuLbl paHra 1 ¢ T << 1, M Heo6xoauMo xpakuts O((n + m)r) < nm snemeHToB.
A = Crver Ay B

PucyHok 3. inntocTpauusi paHroBoro
pasnoxeHus



PaHroeoe pasno)eHue (Skeleton decomposition) Ry

MpocToe, HO 0YEHb UHTEPECHOE PA3NIOXKEHME - 3TO PAHrOBOE Pa3NOXKeHNE, KOTOPOe MOXET BbiTh
3anuncaHo B AByx popmax:

A=UVT A=CA 'R

MocnepHee BbipaxeHye OTHOCUTCS K 3a6aBHOMY GaKTY: Bbl MOXETe ClyyaiHbIM 06pa3om
BbIGpaThb 7" IMHENHO HE3aBUCUMbIX CTONGLIOB MaTPULibl U toBble T NIMHEAHO He3aBUCUMbIX CTPOK
MaTpULbl U XPaHUTb TOSBKO MX C BO3MOXHOCTBIO TOUHO (!) BOCCTaHOBUTL BCIO MaTpuLly.
MpuMeHeHWst ANs PaHroBOroO Pa3NoXEHs:
» CxaTtune mogenu, cxxaTme JaHHbIX U YCKOPEeHUEe BbIYMCNEHNIA B YNCIEHHOM aHanunse: ans
MaTpuLbl paHra 1 ¢ 7 << 1, m Heobxogumo xpanutb O((n + m)r) < nm snemeHTos.
¢ /3BneyeHne NpusHakos B MaLUMHHOM 0ByYeHUn

Amxn = Unxr - vr

rxn

Amxn = Conr AL Rrin

PucyHok 3. inntocTpauusi paHroBoro
pasnoxeHus



PaHroeoe pasno)eHue (Skeleton decomposition) Ry

MpocToe, HO 0YEHb UHTEPECHOE PA3NIOXKEHME - 3TO PAHrOBOE Pa3NOXKeHNE, KOTOPOe MOXET BbiTh
3anuncaHo B AByx popmax:

A=UVT A=CA 'R

MocnepHee BbipaxeHWe OTHOCUTCS K 3a6aBHOMY $aKTy: Bbl MOXeTe Cly4YaHbiM 06pasom
BbIGpaTh 7" IMHEMHO HE3aBUCUMbIX CTONBLIOB MaTpuLbl U NtoGble 7" IMHENHO HE3aBUCUMBbIX CTPOK
MaTpULbl U XPaHUTb TOJSIBKO MX C BO3MOXHOCTbBHO TOYHO () BOCCTaHOBWTbL BCHO MaTpuLly.
MpUMeEHEHUs 419 PAHrOBOrO Pa3NoXKEHUA:
o CxaTune Mofenu, cxxatue AaHHbIX U YCKOPEHWE BbIYMCIIEHWNI B YNCIIEHHOM aHanuse: gns B
MaTpuubl paHra r ¢ 1 << 11, 11 HEOOXOANMO XPaHUTb (9((n + m)T) < NM 3NEMEHTOB.
¢ /3BneyeHne NpusHakos B MaLUMHHOM 0ByYeHUn
* Bce npunoxenus, rae npumensietcs SVD, Tak Kak paHroBoe pasfioXXeHne MoXeT 6blTb
npeo6pasosaHo B popmy yceueHHoro SVD.

Amxn = Unxr - vr

rxn

Amxn = Conr AL Rrin

PucyHok 3. inntocTpauusi paHroBoro
pasnoxeHus



KaHoHuueckoe TeH30pPpHOe pa3/iodXXKeHue S

Mo>xHO paccMoTpeTb 0606LLEHNE PaHrOBOrO Pa3fioOXXEHUsI Ha CTPYKTYpPbl AaHHbIX 605iee BbICOKOro NopsiaKa, Takme Kak TeH30pbl, YTO O3HaYaeT
npeacTaBneHne TeH3opa B BMae CyMMbl 77 MPOCTbIX TEH30POB.

br

by

Tensor Ty yxx

Alxr . BJxr - Cer

PucyHok 4. MnntocTpaumsi KaHOHMYECKOro TEH30PHOIO PasfoXeHus
[
1 Example

3aMeTbTe, UTO CYLLECTBYET MHOXECTBO TEH30PHbIX Pa3fIoXXEeHUIN: KaHoHUYecKoe, Takkepa, TeH30pHbIn noesg (TT), TeHsopHoe konbuo (TR)

n gpyrue. B cnyyae TEH30pOB Mbl HE UMEEM MPSIMOro OMNpeaeneHus paHra Ans BCeX TUMOB pasnoXeHun. Hanpumep, ons pasnoxeHus
TeH30pHOro noespfa paHr ABNSeTCA He CKansipoMm, a BEKTOPOM.

21



Onpep,enuTenb ucnen viatTpuLbl

Onpe,u,enMTenb v cnep MaTpuubl MOTyT ObiTb BbipaXXeHbl Yepe3 COOCTBEHHbIE 3HaYeHUs!

detA = ﬁ A
i=1

trA = Zn: A
i=1

Onpe,u,enMTenb nmMeeT HeCKONbKO MHTepeCHbIXCBOVICTB, Hanpwumep,

« detA = 0 Torga v Tonbko Toraa, koraa A sBnseTcs BIPOXAEHHON;
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Onpep,enuTenb ucnen viatTpuLbl

Onpep,enMTenb v cnep MaTpuubl MOTyT ObiTb BbipaXXeHbl Yepe3 COOCTBEHHbIE 3HaYeHUs!

detA = ﬁ)\i, trA = Xn:)\i
i=1 i=1

Onpe,u,enMTenb nmMeeT HeCKONbKO MHTepeCHbIXCBOVICTB, Hanpwumep,

+ detA = 0 Torga 1 TonbKo TorAa, Koraa A siBAsETCS BEIPOXAEHHOM;
+ detAB = (detA)(detB);



Onpep,enuTenb ucnen viatTpuLbl

Onpep,enMTenb v cnep MaTpuubl MOTyT ObiTb BbipaXXeHbl Yepe3 COOCTBEHHbIE 3HaYeHUs!

detA = ﬁ)\i, trA = Xn:)\i
i=1 i=1

Onpe,u,enMTenb nmMeeT HeCKONbKO MHTepeCHbIXCBOVICTB, Hanpwumep,

+ detA = 0 Torga 1 TonbKo TorAa, Koraa A siBAsETCS BEIPOXAEHHOM;
+ detAB = (detA)(detB);
e detA™l = L

det A*



Onpep,enuTenb ucnen viatTpuLbl

Onpep,enMTenb v cnep MaTpuubl MOTyT ObiTb BbipaXXeHbl Yepe3 COOCTBEHHbIE 3HaYeHUs!

detA = ﬁ)\i, trA = Xn:)\i
i=1 i=1

Onpe,u,enMTenb nmMeeT HeCKONbKO MHTepeCHbIXCBOVICTB, Hanpwumep,

+ detA = 0 Torga 1 TonbKo TorAa, Koraa A siBAsETCS BEIPOXAEHHOM;
+ detAB = (detA)(detB);
e detA™l = L

det A*



Onpepenutenb n cnep MmaTpuLbl S

Onpe,u,enMTenb v cnep MaTpuubl MOTyT ObiTb BbipaXXeHbl Yepe3 COOCTBEHHbIE 3HaYeHUs!

n n
detdA=]]X, wA=> X\
i=1 i=1
OI'Ipe,El,eJ'IVITeJ'Ib nmMeeT HeCKOJIbKO MHTepeCHbIXCBOVICTB, HaanMep,

+ detA = 0 Torga 1 TonbKo TorAa, Koraa A siBAsETCS BEIPOXAEHHOM;
+ detAB = (detA)(detB);
e detA™l = L

det A*

He 3a6blBaiiTe 0 LMKINYECKOM CBOMCTBE crieaa ans nponssonbHeix Matpuy A, B, C, D (npeanonaras, 4To Bce pa3mMepHOCTU COrNacoBaHbl):

tr((ABCD) = t((DABC) = f(CDAB) = tr(BCDA)
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Onpepenutenb n cnep MmaTpuLbl Sy

Onpep,enMTenb v cnep MaTpuubl MOTyT ObiTb BbipaXXeHbl Yepe3 COOCTBEHHbIE 3HaYeHUs!

n n
detdA=]]X, wA=> X\
i=1 i=1
OI'Ipe,El,eJ'IVITeJ‘lb nmMeeT HeCKOJIbKO MHTepeCHbIXCBOVICTB, HaI'IpVIMep,

+ detA = 0 Torga 1 TonbKo TorAa, Koraa A siBAsETCS BEIPOXAEHHOM;
+ detAB = (detA)(detB);
e detA™l = L

det A*

He 3abbiBaiiTe 0 LMKAMYECKOM CBOMCTBE criefa Ans nponssonbHbix Matpuu A, B, C', D (npegnonaras, 4to Bce pasMepHOCTH COrnacoBaHbl):
tr((ABCD) = tr(DABC) = tr(CDAB) = tr(BCDA)

Question

Kak onpegenutenb MaTpuLbl CBA3aH ¢ e€ 06paTUMOCTbHO?



Co= X% !

=
ot G Q

CKopocTHu cXoaMMoCTH

MO o s shgau
K
%(> — | . § X’&) ><’\ N
Xo

C e
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CKopoCcTb CXOANMMOCTH

Convergence rates

100
\

o L)

10744 —— Sublinear: 1/(2n)
g Linear: 1/(2")
=) 10—6_ ,
3 —— Superlinear: 1/(2")

1078 - —— Quadratic: 1/(2™")

10—10 i

10_12 T T T T T T
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JInHeHaa cxoAUMOCTb S

YT106bl CPaBHUTbL MPON3BOAUTENBHOCTbL aIrOPUTMOB, Mbl AOMKHbI ONPeAeNUTb TEPMUHBI AN Pa3IUYHBIX TUMOB CXOAMMOCTH. IycTb T -
nocnenoBaTeNbHOCTb HEOTpULATEbHbIX BELWWECTBEHHbIX YACE, KOTOpaa CXOoAUTCA K HYNHO. O6bI4YHO Mb TepaLMOHHbI MeTof, KOTOPbIV
npoun3BoaUT NocnenoBaTesibHOCTb VITepaLl,VIVI L NpUGInXaoLWMXCa K ONTUManbHOMY peLleHnog ;

JInHeHasa cXxoAMMOCTb NOCNEA0BATENBHOCTH T, onpenenaeTca cnefyrolmnm o6paszom:

MocnepoBaTtenbHOC dxoamTcs nuHeitHo ¢ napametpom 0 < g < 1, ecnu cylecTByeT KOHCTaHTa S; > () Takas, uTo:

r, < Cq*, forallk > m.

Ecnu Takoe g cyllecTByeT, To NocneaoBaTeNbHOCTb Ha3blBaeTCs NIMHENHO cxoasiecs. TouHast HUXKHSAA FpaHULa BCeX ¢, YAOBNETBOPSIOLLIMX
HEPaBEHCTBY, Ha3blBAETCSH CKOPOCTbIO IMHEWHOM CXO[MMOCTHU MOCNEL0BATENBHOCTY.

Question

Mpegnonoxwum, y Bac ecTb ABe nocnefoBaTenbHOCTU C JIMHENHBIMU CKOPOCTAMU CXOAUMOCTU G = 0.1m qy = 07, Kakasa 13 HUX

' r. < Cq 0494
Mo £C 9
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JInHeHaa cxoAUMOCTb S

Example

I'Ipe,unonox(MM, Y Hac eCTb cnefytollaa nocnenoBaTenbHOCTb:

’f'k:i

2k
MOXHO cpasy 3aK/oUYnUTb, YTO Mbl UMEEM JIMHENHYO CXOANMOCTb C napaMeTpa‘A C :x L
)

Question

OI'Ipe,D,eJ'IVITe CXO0ANMOCTb Cnep,ykou.l,eﬁ nocnenosaTtesibHOCTU K
’ 4 e
Tk = — p— .

\
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Cy6nuHenHasa cxogMmMocCTb S

Ecnn nocnenosaTenbHOCTb 7, CXOAWUTCS K HYIHO, HO HE UMEET IMHENHON CXOAMMOCTH, TO CXOAVUMOCTb Ha3blBaeTcs Cy6nHenHon. MiHorpa mbl
MOXeM paccMOTPEeTb CNeAyHLMA YacTHbI Cny4Yan Cy6rIMHENHON CXOAUMOCTH:

Hl’kﬂ —z, < Ok,

raeq < 0n0 < C < 00. IHTYUTUBHO, CY6MHENHas CXOAUMOCTb 03HAYaeT, YTo NOCNe0BaTeNlbHOCTb CXOAMT!

MepnJieHHee nobon
reoMeTpUYecKon NPorpeccum.

B
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CBepx/IMHeNHasa cCXoA4UMOCTb S

CxoaMMOoCTb MocneaoBaTeNlbHOCTM {rk},;";m Ha3blBaeTCA CBEPXJIMHENHOM, ECIIM OHa CXOAMUTCA K Hy/o GbiCTpee IF6OoM IMHENHO CXOaALEencs
nocnegoeatenbHocTH. MNpoBepbTe, UTO NOCNeaoBaTeNlbHOCTb {rk}zozm ABMIETCA CBEPX/IMHENHON, €CNN OHa CXOAMTCS JIMHEMHO C NapaMeTpoMm

q=0.

[ns p > 1, nocnegosaTenbHOCTL MMEET CBePXJIMHElHYI0 CXOaMMOCTb nopsaaka p, ecnm cywectayeT C' > 0n 0 < g < 1 Takas, yto

re < Cq?*, forallk > m.

Korpa p = 2, 370 HasblBaeTCA KBagpaTUUHOM CXOAUMOCTDIO.

vy
r. <Ca

X, =4,205070¢
\Ka‘-"l_l—s !
x

= lg\l

§ %56 ?q”Sf
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CBepx/IMHeNHasa cCXoA4UMOCTb S

CxogMmMoCTb NocneaoBaTenbHOCTH {rk}zozm Ha3blBaeTCs CBePXJIMHEMHOM, EC/IM OHa CXOAUTCSA K Hymto GbiCTpee Nto6oi NMMHENHO cxoasLeiics
nocnegoBaTesibHOCTU. I'Ipoaepre, YTO nocsieaoBaTe/ibHOCTb {Tk}ioz'm ABndeTcH CBerﬂMHeﬁHOl;I, €CJ1I1 OHa cxoaunTca JNINHENHO C napamMeTpom
q=0.

[Ons p > 1, nocnegosaTenbHOCTL MMEET CBEPXSIMHENHYIO CXOAUMOCTb nopsaiaka p, ecnm cywecteyetr C' > 0un0 < ¢

TkSCqu7 forallk > m. r\( é C KA

Y.K-(A é C qa

i(TaKaﬂ, yTo:

Korpa p = 2, 370 HasblBaeTCA KBagpaTUUHOM CXOAUMOCTDIO.

BaxkHbIn npumep

Mpepnonoxum, uto * = 1.23456789 (MCTMHHOE pelueHue), u UTepaLMoHHas NoCeA0BaTENbHOCTL HAYMHAETCS C OLUMGKM 1), = 1073,
COOTBETCTBYHOLEN 3 MPaBubHLIM 3Havalmm umdpam (1.234).
1. Mocne nepBon UTepauum:

T AT F (1073)2 = 1076,

Tenepb owwmbKa paBHa 10*6, 1 Mbl UMeeM 6 NpaBBHEIX 3radatmx undp (1.23456).
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CBepx/IMHeNHasa cCXoA4UMOCTb S

CxoaMMOoCTb MocneaoBaTeNlbHOCTM {rk}zozm Ha3blBaeTCA CBEPXJIMHENHOM, ECIIM OHa CXOAMUTCA K Hy/o GbiCTpee IF6OoM IMHENHO CXOaALEencs
nocnegoeatenbHocTH. MNpoBepbTe, UTO NOCNeaoBaTeNlbHOCTb {rk}fim ABMIETCA CBEPX/IMHENHON, €CNN OHa CXOAMTCS JIMHEMHO C NapaMeTpoMm

q=0.
[Ons p > 1, nocnegosaTenbHOCTL MMEET CBEPXSIMHENHYIO CXOAUMOCTb nopsaaka p, ecm cywecteyeT C' > 0n 0 < ¢ < 1 Takas, uto:

re < Cq”k, forallk > m.

Korpa p = 2, 370 HasblBaeTCA KBagpaTUUHOM CXOAUMOCTDIO.

BaxkHbIn npumep

Mpepnonoxum, uto * = 1.23456789 (MCTMHHOE pelueHue), u UTepaLMoHHas NoCeA0BaTENbHOCTL HAYMHAETCS C OLUMGKM 1), = 1073,
COOTBETCTBYHOLEN 3 MPaBubHLIM 3Havalmm umdpam (1.234).
1. Mocne nepBon UTepauum:

T A e = (1073)2 = 1076,

Tenepb owwmbKa paBHa 10*6, 1 Mbl MeeM 6 npaBubHbIX 3Havawmx undp (1.23456).
2. Tocne BTOpOW UTEpaLmm:

Thoo A Thq = (1070)2 = 10712,

Tenepb owmrbKa paBHa 10712, u Mbl umeem 12 npaBunbHbIX 3Havawmx umop (1.234567890123).



npaKTM‘-IeCKMe HaoénopeHus o CKOPOCTAX CXOANUMOCTHU R

o g — 2ty < k%HLO — ||, 03HauaeT cyBaMHElHYIO CKOPOCTb CXOANMOCTM
P



npaKTM‘-IeCKMe HaoénopeHus o CKOPOCTAX CXOANUMOCTHU R

o g — 2ty < k%”wo — ||, 03HauaeT cyBaMHElHYIO CKOPOCTb CXOANMOCTM
P

o |z —2*s < glzy, — x|, o3HauaeT nuHeitHyto ckopocTb cxoaumocT, rae ¢ < 1



npaKTM‘-IeCKMe HaoénopeHus o CKOPOCTAX CXOANUMOCTHU R

o g — 2ty < k%”wo — ||, 03HauaeT cyBaMHElHYIO CKOPOCTb CXOANMOCTM
P

o |z — s < glzy, — x*|, o3HauaeT nuHeitHyto ckopocTb cxoaumocTy, rae ¢ < 1
o |zpi1 — 2%y < gz, — 773 osHauaet ksagpaTUuHyto ckopocTb cxoaumocTy, rae gz, — x| < 1



R

o
1 Theorem
o . 1/k
MycTb (rk)k:m - MOCNeA0BaTENIbHOCTb HEOTPULIATENbHBIX YMCEN, CXOAALLAACA K HyNto, U NycTh o := limsup, _, 7" . {3ameTum, uto
a>0.)

(@) Ecm0 < a < 1,10 (rk),;“;m CXOAMTCSA NIMHENHO C KOHCTaHTOM (v.

JlokasaTtenbcTBo.
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TecT KOpHen v

Theorem
0o o 1/k
Nyctb (7,)72,,, - NOCNEAOBATENLHOCTb HEOTPULIATENbHBIX YNCES, CXOAALLASCS K HYMIO, U NYCTb o = lim SUPy oo Ty - (3aMeTum, yTo
a>0)
(@) Ecm0 < a < 1,10 (Tk)zim CXOAUTCA NMNHENHO C KOHCTaHTOM (v.

(b) B wactHocTn, ecim o« = 0, To (rk)Zim CXOAMUTCSA CBEPX/TUHENHO.

JokasaTtenbcTBo.



TecT KOpHen S

Theorem
0o o 1/k
Nyctb (7,)72,,, - NOCNEAOBATENLHOCTb HEOTPULIATENbHBIX YNCES, CXOAALLASCS K HYMIO, U NYCTb o = lim SUPy oo Ty - (3aMeTum, yTo
a>0)
(@) Ecm0 < a < 1,10 (Tk)zim CXOAUTCA NMNHENHO C KOHCTaHTOM (v.

(b) B wactHocTn, ecim o« = 0, To (rk)Zim CXOAMUTCSA CBEPX/TUHENHO.

(c) Ecrma =1, 10 (7'k);im CXOQUTCA CYBNMHENHO.

JokasaTtenbcTBo.



TecT KOpHen S

Theorem
0o o 1/k
Nyctb (7,)72,,, - NOCNEAOBATENLHOCTb HEOTPULIATENbHBIX YNCES, CXOAALLASCS K HYMIO, U NYCTb o = lim SUPy oo Ty - (3aMeTum, yTo
a>0)
(@) Ecm0 < a < 1,10 (Tk)zim CXOAUTCA NMNHENHO C KOHCTaHTOM (v.

(b) B wactHocTn, ecim o« = 0, To (rk)Zim CXOAMUTCSA CBEPX/TUHENHO.

(c) Ecrma =1, 10 (7'k);im CXOAUTCA CYBNMHENHO.
(d) Cnyyain @ > 1 HEBO3MOXEH.
JlokasaTenbCcTBO.



TecT KOpHen S

Theorem
0o o 1/k
Nyctb (7,)72,,, - NOCNEAOBATENLHOCTb HEOTPULIATENbHBIX YNCES, CXOAALLASCS K HYMIO, U NYCTb o = lim SUPy oo Ty - (3aMeTum, yTo
a>0)
(@) Ecm0 < a < 1,10 (Tk)zim CXOAUTCA NMNHENHO C KOHCTaHTOM (v.

(b) B wactHocTn, ecim o« = 0, To (rk)Zim CXOAMUTCSA CBEPX/TUHENHO.

(c) Ecrma =1, 10 (7'k)i‘°:m CXOAUTCA CYBNMHENHO.
(d) Cnyyain @ > 1 HEBO3MOXEH.

Joka3aTenbcTeo.
1. MokaxeMm, 4To ecnu (rk)zo:m cxoaunTes MHenHo ¢ koHctanton 0 < 5 < 1, 1o av < 3. [eNCTBUTENbHO, MO OMNPEAENEeHNIO KOHCTaHTbI

NMHENHOM CXOAUMOCTH, Ana Mto6oro £ > 0 Takoro, uto 3 + & < 1, cywectayer C' > 0 Takoe, uto 7, < C(B + )F ans seex
k > m. Otciopa, r,:i,/k' < CY*(B + ¢) ansiseex k > m. Mepexoas k npeaeny npu k — 0o n ucnonbays C1/% — 1, mbi nonyuaem
a < 8+ €. YuutbiBasi NpoMsBobHOCTS &, nonyyaem o < f.



TecT KOpHen S

Theorem

) 1/k
Nyctb (7,)72,,, - NOCNEAOBATENLHOCTb HEOTPULIATENbHBIX YNCES, CXOAALLASCS K HYMIO, U NYCTb o = lim SUP. o0 rk,/ . (3ameTnm, uTo
a>0)
(@) Ecm0 < a < 1,10 (Tk)zim CXOAUTCA NMNHENHO C KOHCTaHTOM (v.

(b) B wactHocTn, ecim o« = 0, To (rk)

o0

k=m CXOAUTCA CBerJ‘II/IHeI;lHO.

(c) Ecrma =1, 10 (7'k)i‘°:m CXOAUTCA CYBNMHENHO.
(d) Cnyyain @ > 1 HEBO3MOXEH.
JlokasaTenbCcTBO.

1.

Mokasxem, uto ecrm (1,)72.,, cxoauTest MHeiHo ¢ KoHeTanToin 0 < 3 < 1,10 a < 3. [lefCTBUTENBHO, MO OMPEENEHNIO KOHCTaHTBI
NMHENHOM CXOAUMOCTH, Ana Mto6oro £ > 0 Takoro, uto 3 + & < 1, cywectayer C' > 0 Takoe, uto 7, < C(B + )F ans seex

k > m. Otciopa, r,:i,/k' < CY*(B + ¢) ansiseex k > m. Mepexoas k npeaeny npu k — 0o n ucnonbays C1/% — 1, mbi nonyuaem
a < 8+ €. YuutbiBasi NpoMsBobHOCTS &, nonyyaem o < f.

. Takum 06pa3som, B criysae ov = 1 nocneposatensHocTb (77,) 0., HE MOXET UMETb JIMHEMHOM CXOANMOCTM B COOTBETCTBUM C

k=m
npueeneHHbIM Bbllle pe3ysibTaToM (,D,OKa3aHO oT I'IpOTMBHOrO). Tem He MeHee, (rk)gim CXOQUTCA K HYynKO, NO3TOMY OHa A0J1KHa

CXOANTbCS CYyBNUHENHO.



TecT KOpHen S

Theorem

1. Tenepb paccmoTtpum cnyvan 0 < o < 1. MycTtb € > 0 - npoussonbHOe Yncno Takoe, Yto @ + € < 1. CornacHo cBowcTeam limsup,

cyuwectsyer N > m Takoe, 4TO r,lc/k < a+epnascex k > N.Otcrona, T < (a + s)k ans scex k > N. CneposaTenbHo,

(T‘k)zc:m cxognTca JIMHEWNHO C napamMeTpom « +e€ (He MMeeT 3HaYeHUA, YTO HepaBEHCTBO BbINOJIHAETCA TOJIbKO OJ14 Y1cna N)

YuntbiBas NPOM3BOMBHOCTb £, 3TO 03HAYAET, YTO KOHCTaHTa JIMHENHOW CXOAMMOCTH (Tk)zoz7n He npeBbiWwaeT . [1ockonbKy, Kak

rNoKasaHo BblLLEe, KOHCTaHTa IMHENHON CXOAMMOCTU HE MOXET ObITb MEHbLLE (¥, 3TO 03Ha4YaeT, YTO KOHCTaHTa JIMHENHON CXOAUMOCTHU
(73,) %2, TOUHO paBHa Cv.



TecT KOpHen S

1.

Theorem

Tenepb paccmoTpum cnyvain 0 < o < 1. MycTb € > 0 - npoussBonbHOe Yuchno Takoe, Yto @ + € < 1. CornacHo cBowcTeam limsup,
cyuwectsyer N > m Takoe, 4TO r,lc/k < a+epnascex k > N.Otcrona, T < (a + E)k ans scex k > N. CneposaTenbHo,
(rk)z‘;m CXOAMTCA SIMHENHO C NapameTpoM (v + € (He UMeeT 3HaYeHUs, YTO HEPaBEHCTBO BbINOJIHAETCS TONMbKO Asis umcna V).
YynTblBas NPOU3BOSILHOCTL £, 3TO 03HAYAET, YTO KOHCTaHTa JIMHEMHOM CXOAMMOCTH (rk)zi7n He npeBblWwaeT a. MocKosbKy, Kak
rNoKasaHo BblLLEe, KOHCTaHTa IMHENHON CXOAMMOCTU HE MOXET ObITb MEHbLLE (¥, 3TO 03Ha4YaeT, YTO KOHCTaHTa JIMHENHON CXOAUMOCTHU
(73,) %2, TOUHO paBHa Cv.

HakoHeL, nokaxem, uto cnydan v > 1 HeBo3MOXeH. [JeNCTBUTENbHO, NPeanonoxum, uto a > 1. Torga u3 onpegenexus limsup
cnepyert, uto ans noéoro N > m cywectsyeT k > N Takoe, 4To r,lc/k > 1,1, ByacTHocTH, 7, > 1. Ho 3T0 03HauaeT, 4To 7, UMeeT
noAnocnefoBaTeNbHOCTb, KOTOPasi He orpaHnyeHa oT Hyns. CnefoBaTenbHO, (rk),;";m He MOXET CXOAUTBCS K HYMHO, YTO
NPOTUBOPEYUT YCITOBUIO.



TeCcT OTHOLUEHUU

MycTb {’lk}zo:m - NOCNe[oBaTeNIbHOCTb CTPOro NMOMOXMUTENbHbBIX YnCen, cxogalasaca K Hynto. MycTb

7
g= lim kt1
k—oo  Tp

» Ecnmcywecteyetqgun 0 < g < 1,70 {rk}zczm MUMEET IMHENHYIO CXOAMMOCTb C KOHCTaHTOM ¢.
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TeCcT OTHOLUEHUU

MycTb {’lk}zo:m - NOCNe[oBaTeNIbHOCTb CTPOro NMOMOXMUTENbHbBIX YnCen, cxogalasaca K Hynto. MycTb

r
g = lim k41
k—oo Ty

» Ecnmcywecteyetqgun 0 < g < 1,70 {rk}zczm MUMEET IMHENHYIO CXOAMMOCTb C KOHCTaHTOM ¢.

+ BuactHocTi, ecim ¢ = 0,10 {7, }7° MMeeT CBEPXIMHEINHYIO CXOANMOCTb.



TeCcT OTHOLUEHUU

MycTb {’lk}zo:m - NOCNe[oBaTeNIbHOCTb CTPOro NMOMOXMUTENbHbBIX YnCen, cxogalasaca K Hynto. MycTb

r
g = lim k41
k—oo Ty

+ Ecrm cywectsyeT gu 0 < ¢ < 1,70 {1, }72,., MMeeT MHENHYIO CXOAUMOCTb C KOHCTaHTOM .
+ BuactHocTi, ecim ¢ = 0,10 {7, }7° MMeeT CBEPXIIMHEINHYIO CXOANMOCTb.
Tk+1

 Ecnu g He cywlecTteyeT, HOo ¢ = lim sup,,
k—oo Tk

<170 {rk}gczm MMEET NIMHEWNHYIO CXOAMMOCTb C KOHCTaHTOW, He NPEBbILLAOLLEN ¢.



TeCcT OTHOLUEHUU

MycTb {Tk}lzo:m - NOCNe[oBaTeNIbHOCTb CTPOro NMOMOXMUTENbHbBIX YnCen, cxogalasaca K Hynto. MycTb

r
g = lim k41
k—oo Ty

Ecnm cywecteyetqgun 0 < ¢ < 1,70 {rk}gim MUMEET IMHENHYIO CXOAMMOCTb C KOHCTaHTOM ¢.

B vacTHoctn, ecim g = 0,70 {r; }

Ecnm g He cywecTsyeT, Ho ¢ = lim sup,,
k—oo

Ecrm lim inf,
k—o0

Tk+1

Tk

oo

ey, IMEET CBEPX/IMHENHYIO CXOAMMOCTb.

Tk+1

Tk
— oo A
= 1,710 {1, }72,,, “MeeT Cy6rMHeHyI0 CXOANMOCTb.

< 1,70 {rk}gczm MMEET NIMHEWNHYIO CXOAMMOCTb C KOHCTaHTOW, He NPEBbILLAOLLEN ¢.



TeCcT OTHOLUEHUU

MycTb {Tk}lzo:m - NOCNe[oBaTeNIbHOCTb CTPOro NMOMOXMUTENbHbBIX YnCen, cxogalasaca K Hynto. MycTb

r
g = lim k41
k—oo Ty

Ecnm cywecteyetqgun 0 < ¢ < 1,70 {rk}gim MUMEET IMHENHYIO CXOAMMOCTb C KOHCTaHTOM ¢.

B vacTHoctn, ecim g = 0,70 {r; }

o
k=m

Ecnm g He cywecTsyeT, Ho ¢ = lim sup,,
k—oo

r
Ecrm lim infkﬂ
r

k—oo

Cnyuan lim inf,,
k—o0

k
Tkt1

Tk

> 1 HEBO3MOXEH.

Tk+1

Tk

nmeet CBer}'IVIHeVIHyIO CXOQUMOCTb.

< 1,70 {rk}gczm MMEET NIMHEWNHYIO CXOAMMOCTb C KOHCTaHTOW, He NPEBbILLAOLLEN ¢.

= 1,710 {1, }72,,, “MeeT Cy6rMHeHyI0 CXOANMOCTb.



TecT oTHOLWIEHUMN S

MycTb {Tk}lzo:m - NOCNe[oBaTeNIbHOCTb CTPOro NMOMOXMUTENbHbBIX YnCen, cxogalasaca K Hynto. MycTb

r
g = lim k41
k—oo Ty

Ecm cywecteyeT g u 0 < ¢ < 1,70 {1}, }72,,, IMeeT NuHeilHyto CXOAMMOCTb C KOHCTAHTO g.

B yacTHocT, ecnn ¢ = 0, To {1}, }32,,, MEeT CBEPX/IMHENHYIO CXOAMMOCTb.

TEkt1
Tk

L = 1,10 {r,}52,,, uMeeT cybnuHeiinyio cxopumMocTs.

=m

Ecnm g He cywecTeyeT, Ho ¢ = lim sup, < 1,70 {r,}72,,, MeeT MHENHYIO CXOAUMOCTb C KOHCTAHTOM, HE MPEBbILLAIOLEN ¢.
k—oo -

Ecrm lim inf, Tht1
k—o0 ’I‘k

Ic+1

Tk

B ocTanbHbIx ciyyasx (T.e., korga lim inf, Tkt <1< I|m supk kel ) Mbl HE MOXEM CAEeNaTb HUKaKNX KOHKPETHbIX YTBEPXAEHMIN O
k—o0 Ty Tk

> 1 HEBO3MOXEH.

Cnyuan I|m inf,,

ckopocTi cxopumocty {7, 172 .



Jlemma o TecTe OTHOLWLEHUM .

Theorem

Mycts ( )koom - MoCneaoBaTeNbHOCTb CTPOrO MONOXMUTENbHLIX unces. (CTporas NonoXUTENbHOCTb HeoBXxoauma Ast TOro, YToGbi

OTHOLLEHUS! 1’:‘“ , KOTOpble NOABNAOTCA HUXeE, Bbinn onpegeneHbl.) Toraa
k

k+1

lim inf +1 <liminfr, L/k <limsupr, L/k < limsup ——
k—o0 T‘k k—o0 k—00 k—oo Tk

JlokasaTenbcTBo.
1. CpepHee HepaBeHCTBO creayeT U3 Toro, YTo liminf nto6on nocnegoBaTenbHOCTM BCErga MeHbLUe unn paseH eé limsup. Jokaxem

nocneaHee HepPaBeHCTBO, NepBoOe A0oKa3blBaeTCA aHaNnormM4Ho.



Jlemma o TecTe OTHOLWLEHUM Ky

Theorem

MycTb (rk)z‘;m - MoCneaoBaTeNbHOCTb CTPOrO MONOXMUTENbHLIX unces. (CTporas NonoXUTENbHOCTb HeoBXxoauma Ast TOro, YToGbi
s

OTHOLLEHUA 1’:‘“ , KOTOpble MoABAATCA HUXeE, 6blIn onpeaeneHbl.) Toraa
k
N L 1)k . 1/k . Tr+1
lim inf —F+1 < lim |nf7’k/ < lim suprk/ < lim supk—+.
k—oo Ty k—o0 k—00 k—oo Tk
JlokasaTenbCcTBO.

1. CpepHee HepaBeHCTBO creayeT U3 Toro, YTo liminf nto6on nocnegoBaTenbHOCTM BCErga MeHbLUe unn paseH eé limsup. Jokaxem
nocrnegHee HePaBeHCTBO; NEPBOE [0Ka3bIBAETCS aHaNormyHo.

2. O603Hauum L := lim SUPL_, oo 7':':“ .Ecnm L = 400, To HepaBeHCTBO 04YEBMAHO, NOITOMY MPEANoNOXUM, 4To L KoHeuHo. 3ameTum,
k

T
yto L > 0, NockonbKy OTHOLLEHWE 7’1“ nonoxurensHo ans scex k > m. Myctb € > 0 - nponssonbHoe uncno. CornacHo
k

ceocTteaM limsup, cywecteyetr N > m Takoe, 4To T’;—Zl < L + ¢ pnascex k > N.OTtcroaa, Tl < (L+ s)rk anascex k > N.

MpumeHsis unaykumio, nonydaem 1y, < (L + €)k7NT‘N anascex k > N.Nycts C := (L + &) Nry. Toraar, < C(L + e)* ana
Bcex k > N, oTkyna rllg/k < Cl/k(L + ). NMepexogs k limsup npn k& — 0o v ucnonbays CY* — 1, nonyuaem

. 1/k . 1/k
limsup,,_, rk/ < L + €. YuuTbiBas NpousBosibHOCTL €, noflyyaem limsup, ., rk/ < L.



Utorun



NUtorun

Onpepenexus

MonoxwuTtenbHo onpeaenéHHas maTpumua.

EBknnpoBa Hopma BekTopa.

HepaBeHcTBO TpeyronbHWKa A1 HOPMbI.

. p-HOpMa BeKkTopa.

Kak BbIrnaanT e4UHUYHBIN Lap B P - HOPMe Ha MI0CKOCTU Ans

p=1,2 007

Hopma ®pobeHnyca ans matpuupl.

CnekTpasnbHasi HopMa MaTpuLpl.

CkansipHoe npou3BefeHe ABYX BEKTOPOB.

CkansipHoe nNpou3BefeHne ABYX MaTpuL, COrnacoBaHHoe ¢

Hopmol OpobeHnyca.

10. Co6CTBEHHbIE 3HAaYeHMsT MaTpULbl. CNekTp MaTpuLbl.

11. CBsi3b cneKkTpa MaTpuupl 1 e€ onpeaeneHHOCTU.

12. CnekTpanbHoe pasnoxeHne MaTpuLibl.

13. CuHrynsipHoe pasnoxeHne mMaTpuubl.

14. Csi3b onpegenuTens u CO6CTBEHHbIX YNCEN Ans KBagpaTHOM
MaTpuLpl.

I NEAINEES

© o N

15. CBsi3b cnefa M CO6CTBEHHbIX YMCEN ANst KBaApaTHOW MaTpuLbl.

16. JlnHelHas cxoAMMOCTb NocnefoBaTeNbHOCTU.

17. Cy6nuHenHasn cxoanMMOCTb NoCef0BaTeIbHOCTH.

18. CBepxnMHENHasA CXOAMMOCTb NOCNEeA0BaTENBHOCTY.
19. KBagpaTuyHasa cXoauMocTb NOCNefoBaTENbHOCTY.
20.TecT KOpHen ans onpeaeneHns CKOPOCTU CXOAUMOCTH

nocnenoBaTesibHOCTU.

21. TecT OTHOLLEHWU ANA ONPefeneHns CKOPOCTN CXOANMOCTH

nocnenoBaTesibHOCTU.

Teopembl

1

KpuTepuit NonoXxunTenbHom onpeaeneHHOCTY MaTpuLbl Yepes
3HaKM COBCTBEHHBIX 3HAYEHU MaTPULIbI.

TecT KOpHen

TecT oTHOLWEHUN
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