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Pe3ynbtatbhl CX0AMMOCTN rpagmMeHTHOro cnycka Ans rnagkux yHkumia

IpagmenTHBIl cnyck: min f(x) T = x, — a, Vf(zy) N(V2f(z)) € [p, L], n = %
zeR™
BbiNyknas (Hernagkas) rnagkas (Hesbinyknas) rnagkas & ebinyknas rnagkas & cunbHO BbiNyknas
* M * * k:
fa) = =0(%)  mnlVil=0(F) fe)-r=0G) ln-aP=0(0-4£")
ks:a(s%) kEZO(st) ke:(g(%) ks:O(%IOg%)

lfﬂ“‘}“ MosTopeHune 0 O
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HwxxHue oueHku gns nponssonbHbix MeTonos | nopsigka Ha knacce rnagkux
dbyHkunii

reR"

k
MpownseonsbHelii MeTog | nopsigka: min f(z) T4 =T, — Zain(xi) AN(V2f(x)) € [p, L], n = %
=0

Bbinykias (Hernagkast) rnagkas (Heebinyknas)! rnagkast & Bbinyknasi rnagkas & cuabHO Bbinykaas
* : * * n—1 2k
o) -£=9(k)  mn Vi@l =2(%)  Fa)-r =90 fe)-r=o((Z))
k. =Q(%) ke =Q(%) kgzﬂ(%) k.= (% log 1)

LCarmon, Duchi, Hinder, Sidford, 2017
2Nemirovski, Yudin, 1979
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MeTop TaxEnoro wapvka

MeTtoa Tskénoro wapuka
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KonebaHus n yckopexnue

Tpyq = T — aV fy) + Bz — 2)_1).

Gradient Descent Heavy Ball
' : : — 3
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MeTog Ttaxénoro wapwuka lNMonsika
Trajectories with Contour Plot [agaiiTe npegcTaBnm naeto MoMeHTyMa (MMMYAbCa, TSXKENOrO WapKUKa), NPeaioKeHHYIo
o= Gradient Descent with step 3.56.01 ..
otz o B T. Monsikom B 1964 rogy. OBHOBNEHNE MeTOAa TSXKENOTO LAWK UMeET BUg,

a Start Point
Optimal Point

Ty =z — aV f(xy) + Blwy — 24q).

Trajectories with Contour Plot
—e— Heavy Ball with a 3.5e-01 and B 3. Ue—ﬂl§

4 Start Point
Optimal Point
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MeTog Ttaxénoro wapwuka lNMonsika

-2

Trajectories with Contour Plot

—e— Gradient Descent with step 3.5e-01 \

Start Point
Optimal Point

Trajectories with Contour Plot
&~ Heavy Ball with  3.5€-01 and B 3.0e-01 ==y

Star Foint
;r Optimal Point
v
=
S —

[ — min .
2,9,z MeTop TaxEnoro wapwka

[agaiiTe npegcTaBnm naeto MoMeHTyMa (MMMYAbCa, TSXKENOrO WapKUKa), NPeaioKeHHYIo
B.T. Nonsikom B 1964 rogy. ObHoBNEHNE METOAA TSHKENOrO WapuKa UMEET BUJ,

Ty =z — aV f(xy) + Blwy — 24q).

[agaiite Teneps NOACTaBMM B UTEPALMIO MPEAbIAYLLYIO UTEPALMIO, T.e.
z =z, —aVf(r, )+ B(xy_1 — Ty_o), a TAK Xe OTMETUM, HTO
o — Ty = —aV (@) + By — o)
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Ty =z — aV f(xy) + Blwy — 24q).
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MeTog Ttaxénoro wapwuka lNMonsika

Trajectories with Contour Plot [agaiite npegcTaBum ngeto MoMeHTyMa (MMNYbCa, TSHXKENOrO WAPUKA), NPEAIOKEHHYIO
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Optimal Point

Ty =z — aV f(xy) + Blwy — 24q).

o [agaiite Teneps NOACTaBMM B UTEPALMIO MPEAbIAYLLYIO UTEPALMIO, T.e.
z =z, —aVf(r, )+ B(xy_1 — Ty_o), a TAK Xe OTMETUM, HTO
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N—————— —
Es=s—————bi Ty = 2 — aV f(xy) + Bz — T4_q)
Trajectories ww:h Contour Plot =Tk onf(xk) + ﬁ (—OéVf(.’L'k_l) + B({I;k_l o xk—Z))
! i oi‘pwmwma§ =x, — a[Vf(zy) + BV f(z_q)] + B2 (Tpo1 — Tp_s)
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Optimal Point

-2

e~ Heavy Ball with a 3.5¢-01 and § 3.06-01
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MeTop TaxEnoro wapwka
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2y — V() + BV flap_1)] + B (w1 — 24 a)
=y, — [V () + BV f(x)_1) + B2V [y o)] + B (2 — )3)
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MeTog Ttaxénoro wapwuka lNMonsika
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ejectoreswit Contour ot =z, —aVf(zg) + B (—aVf(zey) + Blapy — 2p_2))
e rh— [V F(y) + BV flrg )] + By — )
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[agaiiTe npegcTaBnm naeto MoMeHTyMa (MMMYAbCa, TSXKENOrO WapKUKa), NPeaioKeHHYIo
B.T. Nonsikom B 1964 rogy. ObHoBNEHNE METOAA TSHKENOrO WapuKa UMEET BUJ,

Tpyy =2 — AV f(@g) + By — 7 1)

ﬂ'aBaﬁTe Tenepb NOACTAaBUM B UTEPALNIO NPeabIayLLyO UTEPAUNto, T.€.
z =z, —aVf(r, )+ B(xy_1 — Ty_o), a TAK Xe OTMETUM, HTO
T — Ty = —aV[f(zp_y) + B(a_y — o)

Tpyr =T — V(@) + Blag — x4 y)
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Taknum 0bpa3om, MeTOf, TSKENOrO LWApKKa YYUTLIBAET BCE MPEAYAYLLNE TPASUEHTbI C
TeM MeHbLUMM BecoM, HYem cTapuue ntepaums (0 < 5 < 1).
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CxoanMMoOCTb MeToaa TSXXENOro wapuka ans KBagpaTtudHoi yHkuun

i Theorem

Mpegnonoxum, 4to f SBASETCA [I-CUBHO BLINYKAOA U L-rnagkoii keagpaTuyHoi dyHkumeli. Torga metoq
TSHKENOro LWaprka C napameTpamu

(VL + ypm)?

2
4 _(VL-R
VL + /i
CXOAUNTCA NUHERHO:

k

* \/%_1 *
foe = ol < (Y257) Too o'l
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mobanbHas cxoAMMOCTbL MeTofAa TSXKENOro LWwapuka °

i Theorem

Mpegnonoxum, 4To f ABNSETCS rNagKoli N BbINYKION N YTO

gel0,1), ac (072(17;5))

Torp,a nocnenoBaTeENbHOCTb {l’k}, reHepupyemMas ntepaumnamu TSKENOro wapunka, yooBaeTBOPAET

zo—x*|? L 1— . 1*6
HQL()TJrIH) (%JFTB)v if o€ (0, I ]

el -2\ 1-8 21—8)
ST (3(1-F)—al) (LBJr = ), if € [T’ T)’

f@r)—f* <

rae T cpefHee He3apo nocnefoBaTeNbHOCTU UTEPALWA, T.e.
_ 1 &

Tp = —/——— Xy..

T T—|— 1 E k

k=0

3[nobanbHasi CXOAMMOCTb METOAA TSKENOro WapnKka Ans BbiNykaoi ontumusaumn, Euhanna Ghadimi et al.
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mobanbHas cxoaMMOCTbL MeTofAa TSXENOro wapuka

i Theorem

Mpegnonoxum, 4To f ABNSETCS rNafKoii N CUABLHO BbINYK/IOW N HYTO

2 1 242 L
ae <O’Z>’ 0gﬁ<§<@+ ﬂ+4(170‘7)>.

2 4 2

Tor,u,a nocnenoBaTe/IbHOCTb {l’k}, reHepupyemMasa ntepaynammn MeTOp,aTH)KéﬂOFO wapunka, CxoanTca JINHENHO K
€ANHCTBEHHOMY ONTUMA/IbHOMY peLUEHNIO z*. B 4aCTHOCTMH,

flzy) = < ¢ (f(zo) = 1),
rae g € [0,1).

4TnobanbHasi CXOAMMOCTb METOA TSKENOro WapnKka Ans BbiNykaoi ontumusaumn, Euhanna Ghadimi et al.
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NTorn no metony TAXKENOro wapuka

® QObecneunsaet YCKOPEHHYO CXOAUMOCTb ANA CUNbHO BbIMYK/bIX KBAAPATUYHbIX 3a4a4.
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NTorn no metony TAXKENOro wapuka

® ObecneynmBaeT yCKOPEHHYIO CXOAUMOCTb A1l CUSIBHO BbIMYK/bIX KBagpaTUYHbIX 3ajaq.
® JlokanbHO YCKOpPEHHast CXOAMMOCTL Oblfla [OKa3aHa B OPUrMHaNbHONW CTaTbe.
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NTorn no metony TAXKENOro wapuka

® ObecneynmBaeT yCKOPEHHYIO CXOAUMOCTb A1l CUSIBHO BbIMYK/bIX KBagpaTUYHbIX 3ajaq.
® JlokanbHO YCKOpPEHHast CXOAMMOCTL Oblfla [OKa3aHa B OPUrMHaNbHONW CTaTbe.
® HepnagHo ° 6bi0 OKa3aHO, YTO F106aIbHOFO YCKOPEHUs CXOAUMOCTY /1Sl METOAA HE CyLLeCTBYeT.

5Provable non-accelerations of the heavy-ball method
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NTorn no metony TAXKENOro wapuka

ObecrneynBaeT yCKOPEHHYIO CXOANMOCTb ANsi CUJIBHO BbIMYKJIbIX KBaApaTUYHbIX 3a4ad.

JlokanbHO yckopeHHast CXOAUMOCTb Bblna foKa3aHa B OPUrMHANILHON CTaTbe.

HepnagHo ° 6bi10 0Ka3aHO, YTO F10BaILHOFO YCKOPEHUs CXOAUMOCTY /1Sl METOAA HE CyLLieCTBYyeT.
Metog He bbin 4pesBbivaliHo nonynsiped go ML-byma.

5Provable non-accelerations of the heavy-ball method
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NTorn no metony TAXKENOro wapuka

ObecrneynBaeT yCKOPEHHYIO CXOANMOCTb ANsi CUJIBHO BbIMYKJIbIX KBaApaTUYHbIX 3a4ad.

JlokanbHO yckopeHHast CXOAUMOCTb Bblna foKa3aHa B OPUrMHANILHON CTaTbe.

HepnagHo ° 6bi10 0Ka3aHO, YTO F10BaILHOFO YCKOPEHUs CXOAUMOCTY /1Sl METOAA HE CyLLieCTBYyeT.

Metog He bbin 4pesBbivaliHo nonynsiped go ML-byma.

Celivac oH haKTNHeCKMN SIBNSIETCA CTaHAAPTOM ANsi MPAKTUYECKOrO YCKOPEHUsi METOAOB rPafiMeHTHOro Crycka, B
TOM 4nCAe A5 HEBbINYKbIX 33434 (0byyeHne HelipoHHbIX ceTel).

5Provable non-accelerations of the heavy-ball method

B/~ i
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B, /— min

YckopeHHbii rpagueHTHbiii metog Hecteposa

VcKopeHHbIit rpaanenTHblli meTopn Hecteposa

12
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KOHLI,El'lLl,Vlﬂ YCKOPEHHOro rpagueHTHoro metoaa HECTGPOBa
{yk+1 =y + BTy — 74_q)

T = T —aV [f(zy) Ty = T, — AV flxy) + B(x, — 7 y) Tpor = Upsr — OV (Y rr)
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KoHuenuus yckopeHHOro rpagueHtHoro metoga Hecrteposa

{yk+1 =z, + B, — 74q)

Tpg1 = Ypsr — OV (Ypr1)
Polyak momentum

zt =z —aVf(z) [pagneHTHbIN Wwar f(z)

Ty =z — aV f(zy) Ty = 2, — oV f(xy) + B2y, — 24_q)
[agaiite onpegennm cregytolne o603HaueHNs!

dp = Bp(@p — Tp1) Nmnynec

Torp,a Mbl MOXXEM 3aNnuncaTb:

Tppq = xz [pagmeHTHBIA cnyck
Ty = ([;Z +d,, MeTog, Tsaxénoro wapuka
Ty = (x), + di)*t VcKopeHHblii rpagneHTHbIll MeTog Hectepoga

‘f - 5‘5}‘3 VcKopeHHblit rpagnenTHblli meTop Hecteposa P00 O 13
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CxogumocTb ANnst BbiNyKAbIX (pyHKLWIA

i Theorem

Mpegnonoxum, uto f : R™ — R asnsderca Bobinyknoit n L-rnagkoii. VYcKOpeHHbIi rpagueHTHbI MeTog
Hecteposa (NAG) npepHasHaueH st pelleHusi 3ajadqn MUHUMU3ALUW, HAYNHAsS C HadvaslbHOW TOYKM Ty =
Yo € R™ n A\g = 0. Anropntm BbINONHSAET CNeytoLmne WArK:

1
OGHoBneune rpaguenTa: T, | =Y — va(yk>
L+ 4/1+4X2
Bec akcTpanonsuuu: Ap1 = —
A —1
e = .

Akr1

kcTpanonsauus: Ypo1 = Tpp1 + Ve (T — 21)

Mocneposatensroctb {f(x),)} ey, TeHEpUpyeMas anropuTMoM, CXOLUTCS K ONTMManbHOMY 3HaudeHuto f* co
ckopocTbto (k—lz) B 4aCTHOCTW:

_ 2Lz =P

flzy) = f 2

— min o =
‘f o VcKopeHHbIit rpaanenTHblli meTopn Hecteposa

14
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YcKkopeHHas cXoaMMOCTb AN CU/IbHO BbINYKbIX (hyHKLWIA

i Theorem

Mpegnonoxum, uto f : R™ — R asnsercs p-cunbHo Bbinyknoit n L-rnagkoii. YCKOpeHHbIi rpafueHTHbIA
metog Hecteposa (NAG) npegHasHadeH Ans pelleHUsl 3a4ad4n MUHUMW3ALMW, HAYMHAS C HAYaJIbHOW TOYKM
o =Yy € R™ n Ay = 0. Anroputm BeINONHSAET Cneaytole wary:

1
OGHoBnenve rpaguenTa: ;. = Y, — va(yk)

dkcTpanonauus: Yps1 = 1 — ¥ (Tpy1 — 1)
. VL — /i
VL + i

Bec JIKCTpanonauuvu:

MocneposatensHocTs {f(2))} ey, rEHepUpyemasi anropuTMoMm, CXOAUTCS K ONTUManbHOMY 3HadeHuto f*
JINHelHo:

L k
o) = £ < "5 g~ o (- )

— min o =
‘f o VcKopeHHbIit rpaanenTHblli meTopn Hecteposa P00 O
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B, /— min

YucneHHble 3KCNEPUMEHTbI

HYucnenuHole IKCNEPUMEHTDI
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Bbinyknas kBagpatuyHas 3agada (nvHeiHas perpeccust)

Convex quadratics: n=60, random matrix, u=0, L=10

Function Gap Domain Gap Gradient Norm

101 4

>I< é 10-1 4
x =3

10—3 4

0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
Iteration Iteration Iteration
—— Gradient Descent. a=1.00e-01 —-=-=- Heavy Ball == NAG

‘f - nin YucneHHble 3KCNEPUMEHTbI @0 O
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CunbHo Bbinyknas KBagpaTuyHan 3agada (perynsipusoBaHHas nuHelriHas

perpeccus)

Strongly convex quadratics: n=60, random matrix, u=1, L=10

Function Gap

0 25 50 75
Iteration
—— Gradient Descent. a=1.67e-01

100

B, /— min

YucneHHble 3KCNEPUMEHTbI

Domain Gap
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10712 4 N

0 25 50 75
Iteration
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Gradient Norm

100 4
S 10744
S
5 1078 -

10712 p

0 25 50 75 100
Iteration
----- NAG. a=9.09e-02, B=5.37e-01
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CunbHo Bbinyknas KBagpaTuyHan 3agada (perynsipusoBaHHas nuHelriHas
perpeccus)

Strongly convex quadratics: n=60, random matrix, u=1, L=1000

Domain Gap Gradient Norm

Function Gap
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0 250 500 750 1000 0 250 500 750 1000 0 250 500 750 1000
Iteration Iteration Iteration
—— Gradient Descent. a=2.00e-03 —--=- Heavy Ball. a=3.75e-03, =8.81e-01  ---:- NAG. a=9.99e-04, B=9.39e-01
P00 O 19
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CunbHo Bbinyknas KBagpaTuyHan 3agada (perynsipusoBaHHas nuHelriHas

perpeccus)

Strongly convex quadratics: n=1000, random matrix, p=1, L=1000

Function Gap

1000

750

500
Iteration
—— Gradient Descent. a=2.00e-03

0 250

B, /— min

YucneHHble 3KCNEPUMEHTbI

Domain Gap
107 - Do
\".'
~ 10724 N
= N
*>< 1075 4 \\
: \
= 1078+ AN
AY
1071 4 AN
| P S
0 250 500 750 1000
Iteration

——=- Heavy Ball. a=3.75e-03, f=8.81e-01

IVFAx)Il2

Gradient Norm

103 4
10—1 p
10-5 4
107° 4
S hbda L Y]
0 250 500 750 1000
Iteration
NAG. 0=9.99e-04, $=9.39e-01
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa

100 4

[fx) — £
flxe = x|

10—2 4

0 200 400
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B, /— min

YucneHHble 3KCNEPUMEHTbI

Convex binary logistic regression. mu=0.
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa

100 4

100 - £
Ixe—x 1
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0 200 400
Iteration
— GD 0.9

J — min
2,9,z YucneHHble 3KCNEPUMEHTbI

Convex binary logistic regression. mu=0.
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa

100 4

1) — £
Ixe = x|

1072 4
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B, /— min

YucneHHble 3KCNEPUMEHTbI

Convex binary logistic regression. mu=0.
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa

Convex binary logistic regression. mu=0.

1.7 x 101 0.7 4
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‘f - nin YucneHHble 3KCNEPUMEHTbI @0 O
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa

Convex binary logistic regression. mu=0.
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2,9,z YucneHHble 3KCNEPUMEHTbI
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa
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Bbll'lyKﬂaﬂ 6vn-|apHas| norncTtun4Heckasa perpeccumsa

Convex binary logistic regression. mu=0.
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2,9,z YucneHHble 3KCNEPUMEHTbI
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CunbHo Bbinyksias 6v||-|apHa9| norncTtun4Heckasa perpeccumsa

Strongly convex binary logistic regression. mu=1.

10! 4
1
10 3 0.7 A >
= — © @ 0.65 A
“ 10-2 " 1072 4 B S
J 1 o o] 0.60 -
< A © 0.6 o Y
= 1075 = 1075 -% 0
= # 0.55 1
T T T T T T T T 0‘5 L T T T T T T T T
0 100 200 300 0 100 200 300 0 100 200 300 0 100 200 300
Iteration Iteration Iteration Iteration
—— GD0.05 —— Heavy Ball. a=5.00e-02. B=2.50e-01 = —— NAG. a=5.00e-02. =2.50e-01

‘f - nin YucneHHble 3KCNEPUMEHTbI @0 O
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CunbHo Bbinyksias 6v||-|apHa9| norncTtun4Heckasa perpeccumsa

Strongly convex binary logistic regression. mu=1.
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CunbHo Bbinyksias 6v||-|apHas-| norncTtun4Heckasa perpeccumsa

Strongly convex binary logistic regression. mu=1.
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CunbHo Bbinyksias 6v|HapHa$| norncTtun4Heckasa perpeccumsa

Strongly convex binary logistic regression. mu=1.
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B, /— min

KBagpaTuynas 3agada onTumMmnsauum

KBa,D,paTM‘-IHaﬂ 3agad4a onTtmMmunaummn
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CunbHo BbiNyKJiasa KBagpatTun4dHas beHKLI,VISI

PaCCMOTpI/IM Cneayroulyro KBagpaTu4Hyo 3a4a4dy oNnTuMunsaumnn: YcnoBusi oNnTUManbHOCTU
min f(z) = min 1:vTAm —blz+c, rae A€ST,. (1) Az* =b
TER™ z€R™ 2 ’ -
Steepest Descent Conjugate Gradient
= =
4- / 4l /
2- 2
0- 0-
—2 4 —2
- - = % : : ; %
-4 -2 0 2 4 -4 -2 0 2 4

— min
‘f 2,9,z KBagpaTuynas 3agada onTuMmnsauum P00 O
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Hauckopenwnii cnyck aka To4HbIA NNHElHbIA NONCK

= arg min f(y,,) = arg min f(x, —aV f(z))
acR acRt

Bonee Teopetnyeckuii, 4em npakTuHeckunii nogxog K soibopy wara. OH Takxe nossonsiet
aHaNIM3NpPOBaTb CXOLMMOCTb, HO TOYHbIV JINHERHBIA MONCK MOXET ObITb YNCIEHHO CIOXKHBIM,
€CNN BblYUCIeHne PYHKLMIU 3aHUMAET CINLLKOM MHOIO BpeMeHu uau TpebyeT cimwkom
MHOrO pecypcos.

NHTepecHoe TeopeTnyeckoe CBONCTBO STOro MeTOAA 3aKJOHAETCs B TOM, HTO KaxkAaas
crefytollas nTepauns MeTofa OpTOroHasibHa MpeablayLLeii:

oy, = arg min flz, —aVf(zy))
aeR*

KBagpaTuynas 3agada onTuMmnsauum

38
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Hauckopenwnii cnyck aka To4HbIA NNHElHbIA NONCK

= arg min f(y,,) = arg min f(x, —aV f(z))
acR acRt

Bonee Teopetnyeckuii, 4em npakTuHeckunii nogxog K soibopy wara. OH Takxe nossonsiet
aHaNIM3NpPOBaTb CXOLMMOCTb, HO TOYHbIV JINHERHBIA MONCK MOXET ObITb YNCIEHHO CIOXKHBIM,
€CNN BblYUCIeHne PYHKLMIU 3aHUMAET CINLLKOM MHOIO BpeMeHu uau TpebyeT cimwkom

MHOIO PecypcoB.
NHTepecHoe TeopeTnyeckoe CBONCTBO STOro MeTOAA 3aKJOHAETCs B TOM, HTO KaxkAaas

clepyroLas nTepaLms MeTofa OpTOroHasbHa NpenbiayLei:

oy, = arg min flz, —aVf(zy))
aeR*

YcnoBus onTrManbHOCTK:

KBagpaTuynas 3agada onTuMmnsauum
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Hauckopenwnii cnyck aka To4HbIA NNHElHbIA NONCK
oy = arg min f(z,,,) = arg min f(zy, —aV f(z;))
acR? acRt
Bonee Teopetnyeckuii, 4em npakTuHeckunii nogxog K soibopy wara. OH Takxe nossonsiet

AHAIN3NPOBATb CXOAMMOCTb, HO TOYHBIA IMHEHBIVE MOUCK MOXET ObITb YNCIEHHO CNOXXHbIM,
€Cnn BblHUCneHmne dDyHKLI,I/II/I 3aHNMaEeT CAULWKOM MHOIro BpeEMEHN nan Tpe6yeT CNNLWKOM

MHOIO PecypcoB.
NHTepecHoe TeopeTnyeckoe CBONCTBO STOro MeTOAA 3aKJOHAETCs B TOM, HTO KaxkAaas

clepyroLas nTepaLms MeTofa OpTOroHasbHa NpenbiayLei:

oy, = arg min [l —aVif(xy))
aeR*

YcnoBus onTrManbHOCTK:

V@) 'V f(2g40) =0

O OnTumaneHoe 3HadeHNe A5t KBAAPATUYHBIX DyHKLMA

x2) TV f(z
Vf(wk)TA(iﬁk —aVf(z,)) — Vf(xk)Tb =0 Q= vajzg(pklizﬂAva;(ﬁz)

J — min
2,9,z KBagpaTuynas 3agada onTuMmnsauum

Trajectories with Contour Plot

Puc. 1: Hanckopeiiwnii
cnyck

Otkpobits B Colab &

P00 O 38
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B, /— min

OpTOroHansHoOCTL

OpToroHanbHOCTb
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COI'Ipfvl)KEHHble HanpasneHua. A—OpTOI’OHaﬂbHOCTb.

vi and VTg are orthogonal V1 and V2 are A-orthogonal
ViVo = 0.00 0= — 0.80

vIAv, =1.19 v1TAV2 = —0.00

-4 -2 0 2 4 -4 -2 0 2 4

A
‘fﬁi’f‘y‘.‘l OpTOroHansHoOCTL X1 X1 0 0O
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

I'Ipe,qnonomle, Y HacC eCTb AB€ CUCTEMbl KOOPAWUHAT U KBagpaTN4Has beHKLI,I/I;I f(l‘)

= %acTI;v BbIrNAANT TakK, KaK Ha

neBoll YacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %i‘TAi‘, roe

Aecst,.
1
—zTIz
2
Mockonbky A = QAQT:
1
~zT Az
2

— min
‘f 2,9,z OpTOroHansHoOCTL

1
~7TAz
2
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

I'Ipe,qnonomle, Y HacC eCTb AB€ CUCTEMbl KOOPAWUHAT U KBagpaTN4Has beHKLI,I/I;I f(l‘)

= %acTI;v BbIrNAANT TakK, KaK Ha

neBoll YacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %i‘TAi‘, roe

Aecst,.
1
—zTIz
2
Mockonbky A = QAQT:
1 1
Q:iTA:i = §£TQAQT£’

— min
‘f 2,9,z OpTOroHansHoOCTL

1
~7TAz
2
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

I'Ipe,qnonox(mm, Y HacC eCTb AB€ CUCTEMbl KOOPAWUHAT U KBagpaTN4Has beHKLI,I/ISI f(l‘) = %acTI;v BbIrNAANT TakK, KaK Ha

neBoll YacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %i‘TAi‘, roe

Aesn,.

1fvTIQZ: EATA:%
2 2
Mockonbky A = QAQT:
Lopy~_Lop T N
3 Az = 5% QAQ T = Pid QA2A=Q

‘f%?‘f}‘l OpTOroHansHoOCTL P00 O 41
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

I'Ipe,qnonox(mm, Y HacC eCTb AB€ CUCTEMbl KOOPAWUHAT U KBagpaTN4Has beHKLI,I/ISI f(l‘) = %acTI;v BbIrNAANT TakK, KaK Ha

neBoll YacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %i‘TAi‘, roe

Aesn,.

1 1
—2TIx ~zT Az
2 2
Mockonbky A = QAQT:
Lopg~_Lop 7~ _ Lop N S )
5% Az = 5% QAQ T = Pid QA2ZA2Q T = 7% Iz

‘f%?‘f}‘l OpTOroHansHoOCTL P00 O 41
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

I'Ipe,qnonox(mm, Y HacC eCTb AB€ CUCTEMbl KOOPAWUHAT U KBagpaTN4Has beHKLI,I/ISI f(.’I)) = %acTI;v BbIrNAANT TakK, KaK Ha

neBoll YacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %i‘TAi‘, roe

Aesn,.

1 1
—2TIx ~zT Az
2 2
Mockonbky A = QAQT:
Lopg~_Lop 7~ _ Lop N S ) - -3
5% AI:ix QAQ =57 QA2ZAZQ =5 Iznz=QA 22

‘f%gn;l} OpTOroHansHoOCTL P00 O 41
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

I'Ipe,qnonox(mm, Y HacC eCTb AB€ CUCTEMbl KOOPAWUHAT U KBagpaTN4Has beHKLI,I/ISI f(.’I)) = %acTI;v BbIrNAANT TakK, KaK Ha

neBoll YacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %i‘TAi‘, roe

Aesn,.

1 1
—2TIx ~zT Az
2 2
Mockonbky A = QAQT:
Lopg~_Lop 7~ _ Lop N S ) - -3
5% AI:ix QAQ =57 QA2ZAZQ =5 Iznz=QA 22

‘f%gn;l} OpTOroHansHoOCTL P00 O 41
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ConpsixeHHble HanpasneHusi. A-opToOroHasbHOCTb.

I'Ipe,qnonox(mm, Y HacC eCTb AB€ CUCTEMbl KOOPAWUHAT U KBagpaTN4Has beHKLI,I/I;I f(.’l)) = %J)TI’E BbIrNAANT TakK, KaK Ha

neBoll YacTn n3obpaxkeHunsi 2, B TO BPEMsl KaK B 4PYruX KOOPAUHATAX OHA BbIMSAUT Kak f(T) = %iTAi, roe
Aecst,.

1 1
—aTIz §ATA:2

Mockonbky A = QAQT:

2T Az = lfTQAQTA = %:ETQA%A%QTA = %xTIx ni=QA zz

O A-opToroHasbHbIe BEKTOPSI

Bektopbl € R™ n y € R™ HasbiBatoTcst A-opToroHanbHbiMu (Mnn A-conpsixeHHbIMI), ecan
TAy=0 1
' Ay = = xlay

Korga A = I, A-opTOroHanbHOCTb NPEBPALLAETCst B OPTOrOHANLHOCTb.

— min
‘f 2,9,z OpTOroHansHoOCTL

41
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Mpouecc Npama-LUmMupgra

BXO,D,: T, TNHENHO HE3aBUCUMbIX BEKTOPOB uo, ,unfl.
BbIXOA: 7 TNHENHO HE3aBUCUMbIX nonapHo Op'I‘OI‘OHaJU:HBIX BEKTOPOB d()’ ,dn71.
AUl
Uo

Puc. 3: Nnnoctpauns npouecca pama-LLmunara

— min
‘f o OpTOroHansHoOCTL

42


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Mpouecc Npama-LUmMupgra

BXO,D,: T, TNHENHO HE3aBUCUMbIX BEKTOPOB uo, ,unfl.
BbIXOA: 7 TNHENHO HE3aBUCUMbIX nonapHo Op'I‘OI‘OHaJU:HBIX BEKTOPOB d()’ ,dn71.
AUl
Uo

Puc. 4: Wnnoctpauns npouecca pama-LLmunara

— min
‘f o OpTOroHansHoOCTL

42
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Mpouecc Npama-LUmMupgra

BXO,D,: 7L TNHENHO HE3aBUCUMbIX BEKTOPOB Ugy, «.. y Uy _1-

BbIXOA: N NMNHERHO HE3aBUCUMbIX IIOIIapHO OPTOT OHAJIBHEIX BEKTOPOB d()’ ,d

Puc. 5: Wnntoctpauns npouecca pama-LLmunara

— min
‘f o OpTOroHansHoOCTL

n—1-

42
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Mpouecc Npama-LUmMupgra

BXO,D,: 7L TNHENHO HE3aBUCUMbIX BEKTOPOB Ugy, «.. y Uy _1-

BbIXOA: N NMNHERHO HE3aBUCUMbIX IIOIIapHO OPTOT OHAJIBHEIX BEKTOPOB d()’ ,d

Uy — T4, (ul)

u
Up 1

do

Puc. 6: Wnnoctpauns npouecca pama-LLmunara

— min
‘f o OpTOroHansHoOCTL

n—1-

42
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Mpouecc Npama-LUmMupgra

BXOA: T, TNHENHO HE3aBUCUMbIX BEKTOPOB uo, 7un71'
BbIXOA: 7 TNHENHO HE3aBUCUMbIX nonapHo OpTOI‘OHaJII:HLIX BEKTOPOB d()’ 7dn71
AUl
Uo

di

Puc. 7: Wnntoctpauyus npouecca pama-LLimugra

— min
‘f 2,9,z OpTOroHansHoOCTL

42
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Mpouecc Npama-LUmMupgra

BXOP,: 7L NTMHENHO HE3aBUCUMBbIX BEKTOPOB Ug, ...y Uy -

f — min
2,9,z OpTOroHansHOCTL
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Mpouecc Npama-LUmMupgra

BXOP,: N TNHEWNHO HE3aBUCUMbIX BEKTOPOB UO, ceey ’U,"71.
” BbIXO,q: N NNHEWHO HE3aBUCUMbIX nonapHo OpTOI‘OHa.TH:HBIX BEKTOPOB dO’
ug 1
dy = ug
do

dy

— min
‘f 2,9,z OpTOroHansHOCTL

,d

n—1-
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Mpouecc Npama-LUmMupgra

Bxopa: m AnHeliHO HE3aBNCUMbIX BEKTOPOB Uy, ... , Uy, 1 -

w Bbixoa: 7 NMHENHO HE3aBUCMMbIX TIOTIAPHO OPTOTOHAIBHLX BEKTOPOB dy, ..., d,,_ 1.

ug 1
dy = ug
do d
=u; — 7y (u
ds 1 1 do( 1)
u
(d,u)

ma(u) =

a3

‘f%m}‘: OpTOroHansHOCTL QDO


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Mpouecc Npama-LUmMupgra

BXOP,: N TNHEWNHO HE3aBUCUMbIX BEKTOPOB UO, ceey ’[1,"71.
“ Bbixoa: 7 NMHENHO HE3aBUCMMbIX TIOTIAPHO OPTOTOHAIBHLX BEKTOPOB dy, ..., d,,_ 1.
ug 1
dy = ug
do d
=u; — 7y (u
ds 1 1 do( 1)
dy = uy — Wdo(%) - Tq, (us)
u
(d, w)

ma(u) =

a3

‘f%m}‘: OpTOroHansHOCTL QDO
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Mpouecc Npama-LUmMupgra

BXOP,: N TNHEWNHO HE3aBUCUMbIX BEKTOPOB UO, ceey ’[1,"71.
“ Bbixoa: 7 NMHENHO HE3aBUCMMbIX TIOTIAPHO OPTOTOHAIBHLX BEKTOPOB dy, ..., d,,_ 1.
ug 1
dy = ug
do d
=u; — 7y (u
ds 1 1 do( 1)
dy = uy — Wdo(%) - Tq, (us)
u
(d, w)

ma(u) =

a3

‘f%m}‘: OpTOroHansHOCTL QDO
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Mpouecc Npama-LUmMupgra

BXOP,: 7L NTMHENHO HE3aBUCUMBbIX BEKTOPOB Ug, ...y Uy -

dy = ug
dy =uy — 7Tdo(ul)

dy = uy — Wdo(%) - Tq, (us)

— min
‘f 2,9,z OpTOroHansHOCTL

BbIXO,q: 7 IMHENHO HE3aBUCUMbIX IIOIIApPHO OPTOTOHAJIBHEIX BEKTOPOB dO’

,d

n—1-

43
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Mpouecc Npama-LUmMupgra

BXOP,: 7L NTMHENHO HE3aBUCUMBbIX BEKTOPOB Ug, ...y Uy -

dy = ug
dy =uy — 7Tdo(ul)

dy = uy — Wdo(%) - Tq, (us)

— min
‘f 2,9,z OpTOroHansHOCTL

BbIXO,q: 7 IMHENHO HE3aBUCUMbIX IIOIIApPHO OPTOTOHAJIBHEIX BEKTOPOB dO’

,d

n—1-

43
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Mpouecc Npama-LUmMupgra

‘f — min
Tz

BXOP,: N TNHEWNHO HE3aBUCUMbIX BEKTOPOB uo, ceey u",1.
“ Bbixoa: 7 NMHENHO HE3aBUCMMbIX TIOTIAPHO OPTOTOHAIBHLX BEKTOPOB dy, ..., d,,_ 1.
1
dy = uy
dy =uy — 7Tdo(ul)
dy = uy — Wdo(%) - Tq, (us)
k—1
dy = uy, — E Wdi(uk)
i=0
k—1 <d
U
_ _ 79 k>
dy=up+ Y Bud; Bik——T )
i=0 ir @4
OpTOFOHa.ﬂbHOCTb 9 Q

43
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B, /— min

Mertop conpsixeHnHbix Hanpasnenuii (CD)

MeTopa conpsixeHHbix Hanpaenenuii (CD)

44
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Ob6uwaa upesn

® B nzorponHoM ciyyae A = I meToa Hauckopelillero Crycka, 3anyLweHHblli 13 NPON3BOJLHONM TOYKU B 7
OPTOrOHAJIbHBLIX JINHEAHO HE3aBUCUMbIX HaMpPaBAEHUAX, COMAETCS 3a 1. WaroB B TOYHbLIX apuMeTnyeckunx
BblumcneHnsx. Mol NbiTaeMcst NOCTPOUTL aHanoruyHyto npoueaypy B cnydae A # I ¢ ncnonb3osaHnem
KoHLuenuun A-opToroHanbHOCTH.

MeTopa conpsixeHHbix Hanpaenenuii (CD) DO

45
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Ob6uwaa upesn

* B N30TPOMNHOM Cliy4Hae A=1 MEeTOoA HaMCKOpeﬁUJeFO Cnycka, 3aI'IyLLl,eHHbII7I ns3 I'IpOI/I3BOJ'IbHOﬁ TOYKN B N
OPTOroHaNbHbIX JINHENHO HE3aBUCUMBbIX HanpaBaeHUsX, <:0|7|p,eTc;| 3a 7 WaroB B TOYHbIX apmd)mequeCKmx
BbluncneHusix. Mol neitaemcsi NOCTPOUTb aHANOrM4YHYIO Npouenypy B cnydae A 7£ I ¢ ncnonb3oBaHuem

KoHLuenuun A-opToroHanbHOCTH.

® [lpeanonoxum, y Hac ecTb Habop M3 1 NINHERHO He3aBUCUMbIX A-opTOroHanbHbIX HanpasneHuii dy, ...

(koTopble ByayT BblumMcaeHbl ¢ noMolbto npouecca pama-LLmugra).

MeTopa conpsixeHHbix Hanpaenenuii (CD)

,d

n—1

45
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Ob6uwaa upesn

® B nzorponHoM ciyyae A = I meToa Hauckopelillero Crycka, 3anyLweHHblli 13 NPON3BOJLHONM TOYKU B 7
OPTOrOHAJIbHBLIX JINHEAHO HE3aBUCUMbIX HaMpPaBAEHUAX, COMAETCS 3a 1. WaroB B TOYHbLIX apuMeTnyeckunx
BblumcneHnsx. Mol NbiTaeMcst NOCTPOUTL aHanoruyHyto npoueaypy B cnydae A # I ¢ ncnonb3osaHnem
KoHLuenuun A-opToroHanbHOCTH.

® [lpeanonoxum, y Hac ecTb Habop M3 1 NNHERHO Hes3aBUCUMbIX A-opToroHanbHbIx Hanpasnenunii dy, ..., d
(koTopble ByayT BblumMcaeHbl ¢ noMolbto npouecca pama-LLmugra).

® Mbl XOTUM NOCTPOUTL METOJ, KOTOPLIA WAET N3 T B T ANS KBaAPaTUHHONM 3af4a4u C WaraMu «;, KOTOPbIA,
haKTUYeCKN, SIBNSIETCS PasioxKeHneM T — x, B HEKOTOpPOM basnce:

n—1 n—1
* oK —
x 7x0—|—g a,d; x —xofg o,d;
i=0 i=0

n—1

MeTopa conpsixeHHbix Hanpaenenuii (CD) P00 O
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Ob6uwaa upesn

B unzoTponHom cnyyae A = I meToa Hauckopelillero Crycka, 3anyLeHHblli N3 NPON3BOJLHONR TOYKU B 7
OPTOrOHAJIbHBLIX JINHEAHO HE3aBUCUMbIX HaMpPaBAEHUAX, COMAETCS 3a 1. WaroB B TOYHbLIX apuMeTnyeckunx
BblumcneHnsx. Mol NbiTaeMcst NOCTPOUTL aHanoruyHyto npoueaypy B cnydae A # I ¢ ncnonb3osaHnem
KoHLuenuun A-opToroHanbHOCTH.

lNpepnonoxum, y Hac ecTb Habop M3 1 NHERHO He3aBUCUMbIX A-OpTOroHanbHbIX HanpasneHuii dy, ..., d
(koTopble ByayT BblumMcaeHbl ¢ noMolbto npouecca pama-LLmugra).

Mbl XOTUM NOCTPONTL METOA, KOTOPbIN UAET U3 Xy B £* AN KBaAPATUYHON 3afayu C Waramu v, KOTOpBIM,
haKTUYeCKN, SIBNSIETCS PasioxKeHneM T — x, B HEKOTOpPOM basnce:

n—1 n—1
* oK —
x 7x0—|—g a,d; x —xofg o,d;
i=0 i=0

Mbl flokaxeM, 4To a; U d; MOTYT BbITb NOCTPOEHbI OYeHb SPDEKTNBHO C BbIHUCINTENLHON TOYKN 3peHNs
(MeTop conpsieHHbIX rpagueHToB).

n—1

MeTopa conpsixeHHbix Hanpaenenuii (CD) P00 O

45
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Npes metopa conpsixenHbix Hanpasnenuin (CD)
Takum obpazom, Mbl POPMYIVPYEM aNrOPUTM:

I7pe,qnono»<l/lM, H4TO HaM 3apaHee N3BECTHbI JINHEIHO-HE3aBUCUMbIE BEKTOPbI U, ...

1. dy = =V f(zg).

— min o
‘f Tz MeTopa conpsixeHHbix Hanpaenenuii (CD)

, U

n—1-

46
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Npes metopa conpsixenHbix Hanpasnenuin (CD)
Takum obpazom, Mbl POPMYIVPYEM aNrOPUTM:

I7pe,qnono»<l/lM, H4TO HaM 3apaHee N3BECTHbI JINHEIHO-HE3aBUCUMbIE BEKTOPbI Ugy,y «.. , U

1. dy = =V f(zg).

n—1-

2. C nomolubo npoueaypbl TOYHOrO JIMHENHOrO NOUCKAa HAXOAUM ONTUMANbLHYIO AJMHY wara. Beiducnsem a
muHnmusupys f(x;, + agd;,) no dopmyne

d] (Azy —b)
Q= ———="——
b ] Ad,

‘f - 5“4}‘} MeTopa conpsixeHHbix Hanpaenenuii (CD) DO

46


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Npes metopa conpsixenHbix Hanpasnenuin (CD)
Takum obpazom, Mbl POPMYIVPYEM aNrOPUTM:

I7pe,qnono»<l/lM, H4TO HaM 3apaHee N3BECTHbI JINHEIHO-HE3aBUCUMbIE BEKTOPbI U, , U

1. dy = =V f(zg).

n—1-

2. C nomolubo npoueaypbl TOYHOrO JIMHENHOrO NOUCKAa HAXOAUM ONTUMANbLHYIO AJMHY wara. Beiducnsem a
munnmusupys f(x;, + agd;,) no dopmyne

d] (Az, —b
a, = — g (Azy —b)

-
d} Ad,,
3. Bbinonusiem war anropuTma:

Tpy1 = Ty + oydy,

— min o
‘f Tz MeTopa conpsixeHHbix Hanpaenenuii (CD)
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Npes metopa conpsixenHbix Hanpasnenuin (CD)
Takum obpasom, Mbl hOpMyINpPYEM aNropUTM:

I7pe,qnono»<l/lM, H4TO HaM 3apaHee N3BECTHbI JINHEIHO-HE3aBUCUMbIE BEKTOPbI Ugy,y «.. , U

1. dy = =V f(zg).

n—1-

2. C nomolubo npoueaypbl TOYHOrO JIMHENHOrO NOUCKAa HAXOAUM ONTUMANbLHYIO AJMHY wara. Beiducnsem a
munnmusupys f(x;, + agd;,) no dopmyne

4] (An, )
ak} _ ___rkr R 7
] Ad,,
3. BbanﬂHﬂeM war anropnTtma:
Tpy1 = Ty + oydy,

4. ObHosnsiem Hanpasserue: dj | noJy4aem u3 Uy, C MOMOLYbLIO MOAUDULNPOBAHHON NPOLEAYPbI

Ipama—LLIMuaTa B ckanspHom npounssesequn (v, w) 4 = v AW OTHOCUTENLHO YXKe MOCTPOEHHbIX dy, ..., dy:
K T
4 = - 5 4. B oy, Ad;
k1l = Ugy1 k+1,i Qis k1 = T Ad.
i=0 i A0

yTo obecneqmnsaet dy .1 L 4 d; Ans Beex j < k.

‘f - 5‘5}‘3 MeTopa conpsixeHHbix Hanpaenenuii (CD) DO
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Npes metopa conpsixenHbix Hanpasnenuin (CD)
Takum obpasom, Mbl hOpMyINpPYEM aNropUTM:

I7pe,qnono»<l/lM, H4TO HaM 3apaHee N3BECTHbI JINHEIHO-HE3aBUCUMbIE BEKTOPbI Ugy,y «.. , U

1. dy = =V f(zg).

n—1-

2. C nomolubo npoueaypbl TOYHOrO JIMHENHOrO NOUCKAa HAXOAUM ONTUMANbLHYIO AJMHY wara. Beiducnsem a
munnmusupys f(x;, + agd;,) no dopmyne

df (Azg —b)
] Ad,,
3. Bbinonusiem war anropuTma:

Tpy1 = Ty + oydy,

4. ObHosnsiem Hanpasserue: dj | noJy4aem u3 Uy, C MOMOLYbLIO MOAUDULNPOBAHHON NPOLEAYPbI

Ipama—LLIMuaTa B ckanspHom npounssesequn (v, w) 4 = v AW OTHOCUTENLHO YXKe MOCTPOEHHbIX dy, ..., dy:
K T
4 = - 5 4. B oy, Ad;
k1l = Ugy1 k+1,i Qis k1 = T Ad.
i=0 i A0

yTo obecneqmnsaet dy .1 L 4 d; Ans Beex j < k.

5. MosTopsiem waru 2—4, Noka He NOCTPOUM 7. HAaNpaBAeHUl, rae 1 — Pa3MepHOCTb NPOCTPaHCTEa ().
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpoB dy, ... ,d,, - nonapHo A-opToroHanbHsl (Kaxgasi napa sektopoe A-opToroHansHa),
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpoB dy, ... ,d,, - nonapHo A-opToroHanbHsl (Kaxgasi napa sektopoe A-opToroHansHa),
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .

[OokasatenbcrTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To Bee kO3DDULMEHTBI JOMDKHBI BbITb PaBHbI HYJIHO:
i=1

MeTopa conpsixxeHHbix Hanpaenenuii (CD) @0 O
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpoB dy, ... ,d,, - nonapHo A-opToroHanbHsl (Kaxgasi napa sektopoe A-opToroHansHa),
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .

[OokasatenbcrTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To Bee kO3DDULMEHTBI JOMDKHBI BbITb PaBHbI HYJIHO:
i=1

0= zn: o,d;
i=1
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpoB dy, ... ,d,, - nonapHo A-opToroHanbHsl (Kaxgasi napa sektopoe A-opToroHansHa),
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .

[OokasatenbcrTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To Bee kO3DDULMEHTBI JOMDKHBI BbITb PaBHbI HYJIHO:

=1
0= Z o,d;
i1
(YmHoxaem Ha d] A) =djA Z%‘di
im1
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpoB dy, ... ,d,, - nonapHo A-opToroHanbHsl (Kaxgasi napa sektopoe A-opToroHansHa),
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .

[OokasatenbcrTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To Bee kO3DDULMEHTBI JOMDKHBI BbITb PaBHbI HYJIHO:
i=1

0

n
E a,d;
i=1

dJTA iaidi :i%’djTAdi
i= i=

(YMHOXaem Ha d]TA)
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpoB dy, ... ,d,, - nonapHo A-opToroHanbHsl (Kaxgasi napa sektopoe A-opToroHansHa),
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .

[OokasatenbcrTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To Bee kO3DDULMEHTBI JOMDKHBI BbITb PaBHbI HYJIHO:
i=1

0= zn: o,d;
i=1

dJTA iaidi :i%’djTAdi
i= i=

ajd]TAdj +0+...+0

(YMHOXaem Ha d]TA)
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpoB dy, ... ,d,, - nonapHo A-opToroHanbHsl (Kaxgasi napa sektopoe A-opToroHansHa),
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .

[OokasatenbcrTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To Bee kO3DDULMEHTBI JOMDKHBI BbITb PaBHbI HYJIHO:
i=1

0= zn: o,d;
i=1

dJTA iaidi :i%’djTAdi
i= i=

ajd]TAdj +0+...+0

(YMHOXaem Ha d]TA)
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiinas He3aBUCMMOCTb A-OpPTOroHabHbIX BEKTOPOB.

Ecnn mHoxxecTBO BeKTOpOB d1, ..., d,,
TO 3TN BEKTOPbI NINHeiHO HesaBucumbl. A € ST, .

[OokasatenbcrTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To Bee kO3DDULMEHTBI JOMDKHBI BbITb PaBHbI HYJIHO:
i=1

n
0= Z o,d;
i1
n n
(YmHoxaem Ha d] A) =djA Z%‘di = ZaidjTAdi
P )
T
— a;d] Ad; + 0+ ... + 0
Takum 0bpasom, a; = 0, A4N151 BCEX OCTANIbHBIX MHAEKCOB HYXHO MPOAENATh TOT Xe NMPoLecc

B/~ i

- nonapHo A-opToroHasbHbl (Kakgasi napa BekTopos A-opToroHasnbHa),

MeTopa conpsixeHHbix Hanpaenenuii (CD) P00 O
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Joka3satenbCTBO CXO04UMOCTU

Beegem cnegytowne obosHaveHus:

® r, =b— Az, - HeBsA3Ka

‘f — i MeTopa conpsixeHHbix Hanpaenenuii (CD)
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Joka3satenbCTBO CXO04UMOCTU

Beegem cnegytowne obosHaveHus:

® r, =b— Az, - HeBsA3Ka
® ¢, =, — 2" - ownbka
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Joka3satenbCTBO CXO04UMOCTU

Beegem cnegytowne obosHaveHus:

® r, =b— Az, - HeBsA3Ka
® ¢, =, — 2" - ownbka
® [Mockonbky Az* = b, umeem 1, = b — Az, = Az* — Az, = —A(x), — %)

T = _Aek.

— min o
‘f Tz MeTopa conpsixeHHbix Hanpaenenuii (CD)
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Joka3satenbCTBO CXO04UMOCTU

Beegem cnegytowne obosHaveHus:

® r, =b— Az, - HeBsA3Ka
® ¢, =, — 2" - ownbka

® [Mockonbky Az* = b, umeem 1, = b — Az, = Az* — Az, = —A(x), — %)
T = _Aek.
k
® Takxe 3aMeTUM, 4YTO NOCKONbKY Ty, = Ty + 2 a,;d;, nMmeem
i=0

k
€pi1 = €+ E od;.

=0

— min o
‘f Tz MeTopa conpsixeHHbix Hanpaenenuii (CD)
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

I'Ipep,nono>Kv|M, Mbl pelWaeM 7-MeEPHYIO KBaAPaTUYHYIO CUJIbHO BbINYKIYHO 3aAady ONTUMU3auumn (1)

COMNPSXKEHHBIX HanpaBaeHWl
k
T = Lo + E o;d;
=0

d;,r; -
co; = % B3ATbIM N3 TOYHOI0 JIMHENHOIO NOUCKA, CXOAUTCA 3a He bonee n waros anropnuTMma.

MeTopa conpsixxeHHbix Hanpaenenuii (CD)

MeTog,
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog
COMPSIXKEHHbIX HanpaB/eH Wi

k
T = Lo + E o;d;
=0

d;,r; -
co; = % B3ATbIM N3 TOYHOI0 JIMHENHOIO NOUCKA, CXOAUTCA 3a He bonee n waros anropnuTMma.

[Hokazatenscreo [lyctb

n—1
— *
€y =Ty — 2 = E 0;d;
i=0
[Hokaxem, 4to §; = —ay;:

MeTopa conpsixxeHHbix Hanpaenenuii (CD) @0 O
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog
COMPSIXKEHHbIX HanpaB/eH Wi

k
T = Lo + E o;d;

i=0
d . -
ca; = % B3ITbIM N3 TOYHOrO JIMHEHOrO MOWCKA, CXOANTCS 3a He Bonee n Wwaros anropuTMma.
Hokaszatenscrso [lycTb VMHOxaem obe uacTu cnesa Ha di A:
n—1 n—1
— * __
€g =Tp— T = E d;d; dl Aey = E 5,dT Ad,
i=0 =0
[Hokaxem, 4to §; = —ay;:

MeTopa conpsixxeHHbix Hanpaenenuii (CD) @0 O
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog

COMNPSI>KEHHbIX HanpaBAeHUi

(diyry)

k
T = Lo + E o;d;
=0

co; = W B35ITbIM W3 TOYHOIO JIMHEHOro Nouncka, CXOANTCA 3a He bonee n waros anropnuTMma.

[Hokazatenscreo [lyctb

n—1
— *
€y =Ty — 2 = E 0;d;
i=0
[Hokaxem, 4to §; = —ay;:

— min o
‘f Tz MeTopa conpsixxeHHbix Hanpaenenuii (CD)

VYMHOXaem obe YacTu cnesa Ha dkTA:

n—1
df Aeg = 6,d} Ad; = 6,df Ad,
=0
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog

COMNPSI>KEHHbIX HanpaBAeHUi

(diyry)

k
T = Lo + E o;d;
=0

co; = W B35ITbIM W3 TOYHOIO JIMHEHOro Nouncka, CXOANTCA 3a He bonee n waros anropnuTMma.

[Hokazatenscreo [lyctb

n—1
— *
€y =Ty — 2 = E 0;d;
i=0
[Hokaxem, 4to §; = —ay;:

— min o
‘f Tz MeTopa conpsixxeHHbix Hanpaenenuii (CD)

VYMHOXaem obe YacTu cnesa Ha dkTA:
n—1

df Aeg = 6,d} Ad; = 6,df Ad,
=0

dZ:Aek
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog
COMPSIXKEHHbIX HanpaB/eH Wi

k
T = Lo + E o;d;

i=0
ca; = % B3ITbIM N3 TOYHOrO JIMHEHOrO MOWCKA, CXOANTCS 3a He Bonee n Wwaros anropuTMma.
Hokaszatenscrso [lycTb VMHOxaem obe uacTu cnesa Ha di A:
n—1 n—1
— * __
eg=xo —x" = .E 0;d; df Aey = 6,dT Ad; = 6,d] Ad,,
=0 =0
k—1
[Hokaxem, 4to §; = —ay;:
dF Ae, =dFA | ey + E a;d;
i=0
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog
COMPSIXKEHHbIX HanpaB/eH Wi

k
T = Lo + E o;d;

i=0
d . -
ca; = % B3ATbIM M3 TOYHOrO NIMHENHOro NOUCKA, CXOANTCS 3a He Bonee N WAros aAropuTMa.
Hokaszatenscrso [lycTb VMHOxaem obe uacTu cnesa Ha di A:
n—1 n—1
— * __
g =wg—a* = &d; df Aey = 6,dT Ad; = 6,d] Ad,,
i=0 =0
k—1
Hokaxem, 4T0 §; = —q;: La
i=0
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog
COMPSIXKEHHbIX HanpaB/eH Wi

k
T = Lo + E o;d;

i=0
d . -
ca; = % B3ATbIM M3 TOYHOrO NIMHENHOro NOUCKA, CXOANTCS 3a He Bonee N WAros aAropuTMa.
Hokaszatenscrso [lycTb VMHOxaem obe uacTu cnesa Ha di A:
n—1 n—1
— * __
g =wg—a* = &d; df Aey = 6,dT Ad; = 6,d] Ad,,
i=0 =0
k—1
Hokaxem, 4T0 §; = —q;: La
i=0
T
5 = d, Aey,
= T
dy, Ad,,
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog
COMPSIXKEHHbIX HanpaB/eH Wi

k
T = Lo + E o;d;

i=0
d . -
ca; = % B3ATbIM M3 TOYHOrO NIMHENHOro NOUCKA, CXOANTCS 3a He Bonee N WAros aAropuTMa.
Hokaszatenscrso [lycTb VMHOxaem obe uacTu cnesa Ha di A:
n—1 n—1
— * __
eg=xo —x" = .E 0;d; df Aey = 6,dT Ad; = 6,d] Ad,,
i=0 =0
k—1
Hokaxem, 4T0 §; = —q;: La
i=0
T T
5 d, Aey, L di Ty,
k

-~ df'Ad,  d} Ad,
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Joka3satenbCTBO CXO04UMOCTU

. ~
1 Jlemma 2. CXOAI/IMOCTI: METOoAa COMPAXEHHbIX HanpaBAeHNN.

MpeAnonoXum, Mbl pellaeM M-MepHYtO KBaApaTUHHYKO CUILHO BbIMykyto 3agadqy ontumusaumn (1). Metog
COMPSIXKEHHbIX HanpaB/eH Wi

k
T = Lo + E o;d;

i=0
d . -
ca; = % B3ATbIM M3 TOYHOrO NIMHENHOro NOUCKA, CXOANTCS 3a He Bonee N WAros aAropuTMa.
Hokaszatenscrso [lycTb VMHOxaem obe uacTu cnesa Ha di A:
n—1 n—1
— * __
eg=xo —x" = .E 0;d; df Aey = 6,dT Ad; = 6,d] Ad,,
i=0 =0
k—1
Hokaxem, 4T0 §; = —q;: La
i=0
df Ae dlr
5/€_ k k_— k_k <:>§k:—04k

-~ df'Ad,  d} Ad,
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B, /— min

Mertop conpsixenHbix rpaguenTtos (CG)

MeTop conpsixerHbix rpagunentos (CG)
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Npes metopa conpsixenHbix rpaguentos (CG)

® 370 byKBasIbHO METOZ COMPSKEHHbIX HAMPAB/EHNIi, B KOTOPOM Mbl Bbibrpaem creuuanbHeli Habop dy, ..., d
NO3BONSAOWNA 3HaYNTENbHO yckopuTb npouecc Ipama-LLimugra.

n—11

‘f — i MeTopg conpsixerHbix rpagunentos (CG) P00 O
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Npes metopa conpsixenHbix rpaguentos (CG)

® 570 byKBaNbHO METOA COMPSXKEHHbBIX HaMpaBNeHuii, B KOTOPOM Mbl BblbMpaem cheunanbHblii Habop dy, ..., d
NO3BONSAOWNA 3HaYNTENbHO yckopuTb npouecc Ipama-LLimugra.

® Vcnonb3ayercs npouecc pama-LLmugra ¢ A-opToronansHocTbto BMecTo EBKNMAOBO OpPTOroHanbHOCTW, YTODbI
NoAYYNTb UX N3 Habopa HavasibHbIX BEKTOPOB.

n—11

‘f - 5“4}‘} MeTopg conpsixerHbix rpagunentos (CG) P00 O 51
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Npes metopa conpsixenHbix rpaguentos (CG)

® 570 byKBaNbHO METOA COMPSXKEHHbBIX HaMpaBNeHuii, B KOTOPOM Mbl BblbMpaem cheunanbHblii Habop dy, ..., d
NO3BONSAOWNA 3HaYNTENbHO yckopuTb npouecc Ipama-LLimugra.

® Vcnonb3ayercs npouecc pama-LLmugra ¢ A-opToronansHocTbto BMecTo EBKNMAOBO OpPTOroHanbHOCTW, YTODbI
NoAYYNTb UX N3 Habopa HavasibHbIX BEKTOPOB.

n—11

° Ha Ka)KAOVI nTepayun 7‘07 7’f’n_1 NCNONb3YHOTCA B KAa4e€CTBE Ha4YalbHbIX NNHEHO-HE3aBUCUMBbIX BEKTOPOB A/1A
npouecca [pama-LLmungTa.
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Npes metopa conpsixenHbix rpaguentos (CG)

70 ByKBaNbHO METOJ COMPSIXKEHHbLIX HAaMNPaBAeHUli, B KOTOPOM Mbl Bbibupaem cneuunanbHblii Habop dy, ..., d
NO3BONSAOWNA 3HaYNTENbHO yckopuTb npouecc Ipama-LLimugra.

WNcnonbsyetcs npouecc Npama-LUmugra ¢ A-opTtoroHansHocTbio BMecTo EBKIMAOBONA opToroHansHoCTU, 4TObbI
NoAYYNTb UX N3 Habopa HavasibHbIX BEKTOPOB.

n—11

Ha Ka)KAOVI nTepayun 7‘07 77’,”_1 NCNONb3YHOTCA B KAa4e€CTBE Ha4YalbHbIX NNHEHO-HE3aBUCUMBbIX BEKTOPOB A/1A
npouecca [pama-LLmungTa.

OcHoBHas ugest 3akN04aeTCst B TOM, 4To Ansi npounssosibHoro metoga CD npouecc Mpama-LLmugra
BbIYNC/IMTENBHO JOPOroli n TpebyeT KBAaAPaTUHHOrO HUCIA ONEPaLnii CIOXKEHNST BEKTOPOB 1 CKasSIPHbIX
npoussegeHnii O (n?), B To Bpems Kkak B ciydae CG Mbl NOKaXEM, HTO CIOKHOCTb 3TOW NPOLEAYPbI MOXKET
6bITb ymMeHbLueHa Ao auHeiitoi O (n).
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Npes metopa conpsixenHbix rpaguentos (CG)

70 ByKBaNbHO METOJ COMPSIXKEHHbLIX HAaMNPaBAeHUli, B KOTOPOM Mbl Bbibupaem cneuunanbHblii Habop dy, ..., d
NO3BONSAOWNA 3HaYNTENbHO yckopuTb npouecc Ipama-LLimugra.

WNcnonbsyetcs npouecc Npama-LUmugra ¢ A-opTtoroHansHocTbio BMecTo EBKIMAOBONA opToroHansHoCTU, 4TObbI
NoAYYNTb UX N3 Habopa HavasibHbIX BEKTOPOB.

n—11

Ha Ka)KAOVI nTepayun 7‘07 77’,”_1 NCNONb3YHOTCA B KAa4e€CTBE Ha4YalbHbIX NNHEHO-HE3aBUCUMBbIX BEKTOPOB A/1A
npouecca [pama-LLmungTa.

OcHoBHas ugest 3akN04aeTCst B TOM, 4To Ansi npounssosibHoro metoga CD npouecc Mpama-LLmugra
BbIYNC/IMTENBHO JOPOroli n TpebyeT KBAaAPaTUHHOrO HUCIA ONEPaLnii CIOXKEHNST BEKTOPOB 1 CKasSIPHbIX
npoussegeHnii O (n?), B To Bpems Kkak B ciydae CG Mbl NOKaXEM, HTO CIOKHOCTb 3TOW NPOLEAYPbI MOXKET
6bITb ymMeHbLueHa Ao auHeiitoi O (n).
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Npes metopa conpsixenHbix rpaguentos (CG)

® 570 byKBaNbHO METOA COMPSXKEHHbBIX HaMpaBNeHuii, B KOTOPOM Mbl BblbMpaem cheunanbHblii Habop dy, ..., d
NO3BONSAOWNA 3HaYNTENbHO yckopuTb npouecc Ipama-LLimugra.

® Vcnonb3ayercs npouecc pama-LLmugra ¢ A-opToronansHocTbto BMecTo EBKNMAOBO OpPTOroHanbHOCTW, YTODbI
NoAYYNTb UX N3 Habopa HavasibHbIX BEKTOPOB.

n—11

° Ha Ka)KAOVI nTepayun 7‘07 77’,”_1 NCNONb3YHOTCA B KAa4e€CTBE Ha4YalbHbIX NNHEHO-HE3aBUCUMBbIX BEKTOPOB A/1A
npouecca [pama-LLmungTa.

® OcHOBHasi UAes 3ak/to4aeTcsl B TOM, 4To ans npoussoashoro metoga CD npouecc pama-LLmugra
BbIYNC/IMTENBHO JOPOroli n TpebyeT KBAaAPaTUHHOrO HUCIA ONEPaLnii CIOXKEHNST BEKTOPOB 1 CKasSIPHbIX
npoussegeHnii O (n?), B To Bpems Kkak B ciydae CG Mbl NOKaXEM, HTO CIOKHOCTb 3TOW NPOLEAYPbI MOXKET
6bITb ymMeHbLueHa Ao auHeiitoi O (n).

CG=CD+ry,...,7r,_; KaK HavaibHble BeKTOpPbl Anst npouecca [pama-LLimuara + A-opToroHanbHOCTb.
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Jlemmbl ana cxogumocTun

i Jlemma 5. HeBsizku opToroHansHsl apyr apyry B metoge CG

Bce HeBszkn B MeTo e CG OPTOroHaNbHbl APYr Apyry:

Tr,=0 Vitk

r

1 Jlemma 7. KoadpduumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

rir

_ 7 7 .
Bji=—=—"—,i=j+1
Tic1Ti1

Bce octanbHble k03(hULUNEHTBI PaBHbI HYMIIO KPOME § = j, HO 3TOT CAly4all HaM HEMHTEPECEH.

‘f — i MeTop conpsixerHbix rpagunentos (CG)
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Mertop, conpsixenHbix rpaguentos (CG)

‘f — min
Tz

roi=b— Az,
€CNN T JOCTaTOYHO MaJl, TO BEPHYTb Ty KaK pe3ynsTaT
dy =1
k:=0
noBTOPATL
T'?;T'k

R SV

A0k
Tpyy = Ty + gy
Ty o= T — QpAdy
€CNAN T'p. 1 AOCTATOHHO Man, To BbIATN U3 LnKna

T
B, = Te1"k41
k= = _T..

Tzrk
A1 = Tpi1 + Brdy,
k=k+1

KOHEL, NOBTOPEHNA

Bes)HyTb Tp4q1 KaK pesynbtaT

MeTopa conpsixerHbix rpagnentos (CG
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3akpbiBaem

KBagpaTU4HbIiA BONpPOC

x=1.0
—e— GD
4 - —e— Accelerated GD

—e— CG
2 -
X 01
-2
—4

-4 -2 0 2 4
X1

‘f — min
Tz

MeTop conpsixerHbix rpagunentos (CG)

x=100.0
—e— GD
4 —eo— Accelerated GD
—— CG
2 .
0 .
-2 4
—4 4
-4 -2 0 2 4
X1
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CxogumocTtb

Teopema 1. Eciim matprua A vMeeT TONILKO T PasinyHbIX COBDCTBEHHbIX 3HAYEHWUI, TO METOZ, COMPSIXKEHHbBIX
rpajVeHToOB CXOQUTCA 3a T UTepauuii.

Teopema 2. Cnep,yrom,aﬂ OUEHKa CXOA4NMMOCTU BbINMOJHAETCA ANA METOAA CONPAXXEHHbIX rpaANeHTOB, KakK Ans
NTEPALNOHHOIO MeToAa B CUJTIbHO BbIHyKﬂOI7I 3a4a4ye:r

k(A)—1
Kk(A)+1

|y, — a4 <2 lzo — "]

rpe [z]% = 2T Az w n(A) = 5 (A) - 270 4mcno obycnoenenHoCTM MaTpuLl A, A (A) > ... > X, (A) - cobeTentblie

3HaYeHust maTpuupbl A

Mpumeyanue: CpasHuTe KOI(POULMEHT reOMETPUHECKOR NPOrpeccr C ero aHasoroM B METOAE MPafNEHTHOro
cnycka.
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HYucneHHoble IKCNEPUMEHTDI

_1r T :
f(m)—ix Az —b @ — min

Convex quadratics. n=60, random matrix.

Eigenvalues Function gap

Norm of Gradient

1001 & 103 102 &h\
~ B —rr—r
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5 _ 1071 A » w\“\’w:\‘
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2 ! X 1071 |
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Dimension Iteration
—— Gradient Descent —-= Steepest Descent ——=~ Conjugate Gradients
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HYucneHHoble IKCNEPUMEHTDI

1
flz)= ixTA:c —bTr — min

xeR™

Strongly convex quadratics. n=60, random matrix.

Eigenvalues

|fix) — "]

Function gap

Norm of Gradient

10° 107 1 ™=
100 J 1076
1073 4 fN 1014
>
= -22 |
10—6 J E 10
-30 |
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10712 \ 1073 4
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Iteration
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100 ¢

< [ 4
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S 80 A
n
5
2 60
>
c
& 40
o

20 A

20 40 60
Dimension
‘f - iny": MeTop conpsixerHbix rpagunentos (CG)

—-= Steepest Descent

——=~ Conjugate Gradients
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HYucneHHoble IKCNEPUMEHTDI

Eigenvalues of A

_1r T :
f(m)—izc Az —b @ — min

Strongly convex quadratics. n=60, random matrix.

Eigenvalues Function gap Norm of Gradient

1000 & 104 1 102 | T
Py S ST e
800 1 0 10% 4 N 10-3 TTsal
— ~ Na
600 - L 10724 N = Y
| AN X 1078 4 N
i X 1075 1 R S \
400 = kY = 10-13 4 !
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Dimension Iteration
—— Gradient Descent —-= Steepest Descent ——=~ Conjugate Gradients
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HYucneHHoble IKCNEPUMEHTDI

_1r T :
f(m)—izc Az —b @ — min

Strongly convex quadratics. n=60, clustered matrix.

Eigenvalues

Function gap Norm of Gradient
1000 A (e o
10% A 10-12 4 ‘I
J 1 \
< 800 10t {1 107374 1
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B, /— min
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HYucneHHoble IKCNEPUMEHTDI
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Dimension
—— Gradient Descent
B, /— min

Eigenvalues

1
flz)= ixTA:c —bTr — min

xeR™

Strongly convex quadratics. n=600, clustered matrix.

MeTop conpsixerHbix rpagunentos (CG)

Function gap

Norm of Gradient
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HYucneHHoble IKCNEPUMEHTDI

1
flz)= ixTA:c —bTr — min

xeR™

Strongly convex quadratics. n=60, uniform spectrum matrix.

Eigenvalues

100 4

80

60 -

40 1

Eigenvalues of A

20 1

Function gap

B, /— min

Norm of Gradient

103 4 107 A ‘?:; ...............
\\'\ §\\
e B 1075 A AN
_ \ e N
1073 \ = 1071~ ™
! ) = )
X 1076 - \ B 107171 “
= \ - AN
10-9 | \ 10-23 %
\ AN
10-12 \‘ . 10-29 N
; : . . 1 E S . . . . —
20 40 60 0 25 50 75 100 0 25 50 75 100
Dimension Iteration
—— Gradient Descent =~ —-- Steepest Descent = --- Conjugate Gradients
MeTop conpsixerHbix rpagunentos (CG) P00 O
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HYucneHHoble IKCNEPUMEHTDI

1
flx) = 2T Az — b7z — min
zeR™

Strongly convex quadratics. n=60, Hilbert matrix.

Eigenvalues

10—1 p
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= |
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2 o &
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‘f — i MeTop conpsixerHbix rpagunentos (CG)

Function gap

Norm of Gradient
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HYucneHHoble IKCNEPUMEHTDI

MocmoTpum Ha Bugeo c akcnepumentamu B VS Code.

‘f — i MeTop conpsixerHbix rpagunentos (CG)
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B, /— min

Mertop conpsixxeHHbIX rpagveHToB Ans HekBagpaTuyHbix 3aaad (Non-linear CG)

MeToa conpsiXKeHHbIX rPaANEeHTOB ANsi HekBaapaTuyHbix 3aga4 (Non-linear CG) DO
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Mertop, conpsixeHHbIX rpagveHToB Ans HekBagpaTudHbix 3agad (Non-linear CG)

B cnyuae, korga HeT aHaIMTUYHECKOrO BbIPAXKEHUS 4151 (DYHKLUU WU ee TPajUeHTa, Mbl, CKOPEe BCEro, HE CMOXEM
pewnTb Of4HOMEPHYIO 3aAady MUHUMN3aLMN aHannTudeckn. MoaTomy oy noabrpaetcs obbI4HONM Npouenypoii
Nnnelitoro noncka. Ho ans Bbibopa [3;, ecTb cnepytolwmnii MaTeMaTN4ECKU TPIOK:

[ns gByx utepauuii cnpagegnuneo:
Ty — Ty = cdy,

— min .
‘f 2,9,z MeToa conpsiXXeHHbIX rPaANeHTOB ANsi HekBaapaTuyHbix 3aga4 (Non-linear CG)
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Mertop, conpsixeHHbIX rpagveHToB Ans HekBagpaTudHbix 3agad (Non-linear CG)

B cnyuae, korga HeT aHaIMTUYHECKOrO BbIPAXKEHUS 4151 (DYHKLUU WU ee TPajUeHTa, Mbl, CKOPEe BCEro, HE CMOXEM
pewnTb Of4HOMEPHYIO 3aAady MUHUMN3aLMN aHannTudeckn. MoaTomy oy noabrpaetcs obbI4HONM Npouenypoii
Nnnelitoro noncka. Ho ans Bbibopa [3;, ecTb cnepytolwmnii MaTeMaTN4ECKU TPIOK:

[ns gByx utepauuii cnpagegnuneo:
Ty — Ty = cdy,

rae ¢ - HEKOTOPAA KOHCTaHTA. Torp,a ANA KBAAPATUHHOIO Ciiy4ast Mbl UMeEEM:

Vf(@ra) = VIxg) = (Azgyy —b) — (Azy — b) = A(wgyy — ) = cAdy,

— min .
‘f 2,9,z MeToa conpsiXXeHHbIX rPaANeHTOB ANsi HekBaapaTuyHbix 3aga4 (Non-linear CG)
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Mertop, conpsixeHHbIX rpagveHToB Ans HekBagpaTudHbix 3agad (Non-linear CG)

B cnyuae, korga HeT aHaIMTUYHECKOrO BbIPAXKEHUS 4151 (DYHKLUU WU ee TPajUeHTa, Mbl, CKOPEe BCEro, HE CMOXEM
pewnTb Of4HOMEPHYIO 3aAady MUHUMN3aLMN aHannTudeckn. MoaTomy oy noabrpaetcs obbI4HONM Npouenypoii
Nnnelitoro noncka. Ho ans Bbibopa [3;, ecTb cnepytolwmnii MaTeMaTN4ECKU TPIOK:

[ns gByx utepauuii cnpagegnuneo:

Ty — Ty = cdy,

rae ¢ - HEKOTOPAA KOHCTaHTA. Torp,a ANA KBAAPATUHHOIO Ciiy4ast Mbl UMeEEM:

Vf(@ra) = VIxg) = (Azgyy —b) — (Azy — b) = A(wgyy — ) = cAdy,

1
Beipaxas us atoro ypastenns senuundy Ady, = = (Vf(z,.1) — Vf(z})), Mbl nsbaensemcs oT sHaHES yHKLUMM B
c

onpeaeneHnn Bkv TOoraa NyHKT 4 6yp,eT nepenncaH Kak:

V() (V@) — Vizy))
Al (Vf(x1) — V(xy)

DT0T MeTog, Ha3biBaeTcs meTtogom Monaka-Pubbepa.

B =

‘f - 5“4}‘} MeToa conpsiXKeHHbIX rPaANEeHTOB ANsi HekBaapaTuyHbixX 3aga4 (Non-linear CG) P00 O
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HYucneHHoble IKCNEPUMEHTDI

zeR™

My, LNC .
f(x) = 5”43”2 + m ;103;(1 + exp(—y;,(a;,r))) — min

Regularized binary logistic regression. n=300. m=1000. u=0
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‘f - iny": MeToa conpsiXKeHHbIX rPaANEeHTOB ANsi HekBaapaTuyHbix 3aga4 (Non-linear CG) P00 O
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HYucneHHoble IKCNEPUMEHTDI

zeR™

My, LNC .
f(x) = 5”35”2 + m ;log(l + exp(—y;,(a;,r))) — min

Regularized binary logistic regression. n=300. m=1000. p=1
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‘f - iny"} MeToa conpsiXKeHHbIX rPaANEeHTOB ANsi HekBaapaTuyHbix 3aga4 (Non-linear CG) P00 O
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HYucneHHoble IKCNEPUMEHTDI

zeR™

My, LNC .
f(x) = §||$H2 + m ;log(l + exp(—y;,(a;,r))) — min

Regularized binary logistic regression. n=300. m=1000. p=1
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HYucneHHoble IKCNEPUMEHTDI

zeR™

My, LNC .
f(x) = §||$H2 + m ;log(l + exp(—y;,(a;,r))) — min

Regularized binary logistic regression. n=300. m=1000. p=1
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HYucneHHoble IKCNEPUMEHTDI

zeR™

My, LNC .
f(x) = 5”43”2 + m ;101‘%(1 + exp(—y;,(a;,r))) — min

Regularized binary logistic regression. n=300. m=1000. u=10

3 |
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I 10-1 4
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HYucneHHoble IKCNEPUMEHTDI

zeR™

My, LNC .
f(x) = 5”35”2 + m ;log(l + exp(—y;,(a;,r))) — min

Regularized binary logistic regression. n=300. m=1000. u=10

3 |
10 10! -
5 10—1 4
102 4 ~
— = 1073 4
3 =
=
10' 2107
10—7 4
10° 4 L 1079
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Iteration Iteration
—— Gradient Descent ——- Conjugate Gradients PR ——- Conjugate Gradients FR
—-= Steepest Descent ~—— Conjugate Gradients PR. restart 20 —— Conjugate Gradients FR. restart 20
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B, /— min

BOHyC: AONONTHUTENIbHbIE TEXHNYECKUNE NNIeMMbl U O 0Ka3aTe/1bCTBa

BoHyc: fgononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Jlemma 3. Paznoxenue ownbku.

B, /— min

BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa

n—1

e, = Z —ajdj

j=i

(7)
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Jlemmbl ana cxogumocTun

i Jlemma 3. Paznoxenue ownbku.

[Ooka3arenbcTBo

Mo onpepenexuio

i—1
e; =ey+ E a;d;
7=0

BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa

n—1

e, = Z —ozjdj

j=i

(7)
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Jlemmbl ana cxogumocTun

i Jlemma 3. Paznoxenue ownbku.
n—1
e, = E —ozjdj

j=i

[Ooka3arenbcTBo

Mo onpepenexuio

i1 i1

—_ f— —_— * . .

e; =ey+ E a;d; =x9 —x* + E a,d;
j=0 7=0
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Jlemmbl ana cxogumocTun

i Jlemma 3. Paznoxenue ownbku.

n—1

e, = Z —ozjdj

j=i

[Ooka3arenbcTBo

Mo onpepenexuio

i—1 i—1 n—1 i—1
e; = €g+ E a;d; =zo— " + E a,d; E a,d; + E a;d;
=0 Jj=0 Jj=0 Jj=0

BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa

(7)
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Jlemmbl ana cxogumocTun

i Jlemma 3. Paznoxenue ownbku.

n—1
e, = E —ozjdj
=i
[Ooka3arenbcTBo
Mo onpepenexuio
i—1 i—1 n—1 i—1 n—1
e; = €g+ E a;d; =zo— " + E a,d; E a,d; + E a;d; E a;d;
=0 7=0 7=0 7=0 =i

BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

.
1 Jlemma 4. Hesizka opToroHanbHa Bcem npefblaywium Hanpasnenusim gns CD.

PaccmoTprm HeBsi3Ky MeTofa COMpsiXeHHbIX HanpasieHunii Ha k utepauun r,, Toraa Ans nwboro ¢ < k:

d;rrk. =0

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl gnsa cxogumocTtun
i Jlemma 4. HeBsizka opToroHasbHa BCeM npegbiaywnm Hanpasnenusim gns CD.
PaccmoTprm HeBsi3Ky MeTofa COMpsiXeHHbIX HanpasieHunii Ha k utepauun r,, Toraa Ans nwboro ¢ < k:
diTrk =0

[Ooka3atenbcreo

3anuwewm (7) gns HekoToporo
drkcupoBaHHoro nHaekca k:

BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa

(8)
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Jlemmbl ana cxogumocTun

i Jlemma 4. HeBsizka opToroHansHa BCEM npeablaylium Hanpasnenusm gns CD.
PaccmoTprm HeBsi3Ky MeTofa COMpsiXeHHbIX HanpasieHunii Ha k utepauun r,, Toraa Ans nwboro ¢ < k:

d;-TT'k. =0

[Ooka3atenbcreo

3anuwewm (7) gns HekoToporo
drkcupoBaHHoro nHaekca k:

n—1

e, = Z —ajdj

e

BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa

(8)
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Jlemmbl gnsa cxogumocTtun
i Jlemma 4. HeBsizka opToroHansHa BCEM npeablaylium Hanpasnenusm gns CD.

PaccmoTprm HeBsi3Ky MeTofa COMpsiXeHHbIX HanpasieHunii Ha k utepauun r,, Toraa Ans nwboro ¢ < k:

df'ry =0 (8)
[Ooka3atenbcreo
3anuwem (7) Ansi HEKOTOPOro ind
drkcupoBaHHoro nHaekca k: mdex
l 1 1 l >
n—1 T T T T =
€ = Z —ayd; 0 1 k n—1
=k
T, _
VMHokaem obe uacti Ha —dT A. Takum obpasom, d; r;, = 0 1 HeBsi3Ka T, OPTOroHaAbHa BCEM
! npeAblaywnm Hanpaenennsam d; ans metoga CD.
n—1
—dT Aey, = a;dT Ad; =0
j=k
P00 O 74

— min
‘f Tz BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

rTr,=0 Vi# k

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

I, =0 Vi#k
[JokasatenbcTBo
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, )

3aMeHeHHbIM Ha (-, ) 4 = 2T Ay

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

I, =0 Vi#k
[JokasatenbcTBo
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, )

3aMeHeHHbIM Ha (-, ) 4 = 2T Ay

A <d'7u'>A
di =u;+ Y Byd; B =—-"—="= (10)
j:ZO ji%s Pj (d;,d;)a

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsizkn B meToge CG opToroHanbHbl Apyr apyry:

I, =0 Vi#k
[JokasatenbcTBo
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, )

3aMeHeHHbIM Ha (-, ) 4 = 2T Ay

A <d'7u'>A
di =u;+ Y Byd; B =—-"—="= (10)
j:ZO ji%s Pj (d;,d;)a

Torga, Mbl ©CNoNb3yeM HEBSI3KW B KayecTBe
HaYaNbHbIX BEKTOPOB AJ/151 Npouecca u u; = 1;.

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsisku B MeToge CG opToroHasnbHbl Apyr Apyry:
rTr,=0 Vi#k 9)
Dokasatennctso .
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, ) index
| | | | 3>
T T T >

0 1 k

3aMeHeHHbIM Ha (-, ) 4 = 2T Ay

i—1 <d u.>
o _ \ A
d; =u; + j;ﬁjidj Bji = <dj7dj>A (10) YmHoxaem obe uactu (10) Ha 71 ans HekoToporo uHaekca k:
i1
r%di = r{ui + Z Bjﬂ"dej
=0

Torp,a, Mbl NCNOJIb3YEM HEBA3KW B Ka4ecCcTBe
J

Ha4asibHbIX BEKTOPOB ANA Npouecca n Ui = Ti'
d, =r +§5 P P C L P R
j=0 <dj’dj>A
@0 O 75

BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hesssku opToroHanbHbl apyr apyry B metoge CG

Bce HeBsisku B MeToge CG opToroHasnbHbl Apyr Apyry:
rTr,=0 Vi#k 9)
Dokasatennctso .
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, ) index
| | | | 3>
T T T >

0 1

izl <d u.>
_ o\ A
di =i+ j;ﬁjidj Bji = (dj,d;) (10) ynoxaem obe wactu (10) na L ans HekoToporo uHaekca k:

3aMeHeHHbIM Ha (-, ) 4 = 2T Ay

i—1

T; _,T T
rid; =T u; + E Bjﬂ"k dj
—

Torp,a, Mbl NCNOJIb3YEM HEBA3KW B Ka4ecCcTBe
J

HaYaslbHbIX BEKTOPOB ANSA MPOLECca u u; = T;.
Ecnn j < i < k, To umeem nemmy 4 c d¥'r, =0 n djTrk = 0. Nmeem:

= <d7 T,-)A
di=r;+ Y Bud; B;=—-"-""= (11
; e (dj,dj) A () rfu; =0 ana CD rir, =0 pna CG
@00 15

— min
‘f Tz BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnn k = 1:

B, /— min

k—1
T, _ T T
T d, =T U + E Bjkrkdj
=0

BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnn k = 1:

B, /— min

k—1
T, _ T T, _ T
rkdk—rkuk+g Bjkrkdj—rkukJrO,
=0

BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnn k = 1:

B, /— min

k—1
T, _ T T, _ T
rkdk—rkuk+g Bjkrkdj—rkukJrO,
=0
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnn k = 1:

ridy = riug, + Z Birid

n Mbl nMeem st atoboro k (n3-3a nponssonbHOro Beibopa i):

Ty _,T
T dy, = T Uy

— min
‘f Tz BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa

— T
i =Tru, +0,

(12)
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnn k = 1:

ridy = riug, + Z Birid

n Mbl nMeem st atoboro k (n3-3a nponssonbHOro Beibopa i):

Ty _,T
T dy, = T Uy

— min
‘f Tz BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa

— T
i =Tru, +0,

(12)
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Jlemmbl ana cxogumocTun

[
1 Jlemma 6. lMepecyer HeBA3KM

B, /— min

BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa

Thy1 = T — g Ady,

(13)
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Jlemmbl ana cxogumocTun

[
1 Jlemma 6. lNepecyeT HeBs3KN

Thy1 = T — g Ady, (13)

Tepr = —Aep = —Aley, + apdy) = —Aey, — a Ady, = 1), — o Ady,

HakoHeL, Bce 3Tu BbilleyKa3aHHbIE IEMMbl AOCTAaTOYHbI AJis [OKA3aTENbCTBA, YTO ﬂji = 0 gns Bcex i, J, Kpome
CoCefHNX.

— min
‘f Tz BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa P00 O
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

<dj7 ui>A

Pi = ~d, d) .

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

<dj7 ui>A - d’JTAU’z
(ddyy,  dTAd

Bji:_

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

(dju),  dTAu,  dTAr,

Ui =Ty, T dTAd, dTAd,

— min
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

(dj,u;) df Au, df Ar, rT Ad,

Bf'i = = — = — - __t i
J (dj,d;) d;fFAdj d;A,FAdj d;frAdj

— min
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

(dj,u;) df Au, df Ar, rT Ad,

Bf'i = = — = — - __t i
J (dj,d;) d;fFAdj d;A,FAdj d;frAdj

— min
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

(dj,u;) df Au, df Ar, rT Ad,

Bf'i = = — = — - __t i
J (dj,d;) d;fFAdj d;A,FAdj d;frAdj

PaccmoTpum ckansipHoe npouseegeHmne (ri,er) ncnonbays (13):

(ris 7’j+1>

— min
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

(dj,u;) df Au, df Ar, rT Ad,

Bf'i = = — = — - __t i
J (dj,d;) d;fFAdj d;A,FAdj d;frAdj

PaccmoTpum ckansipHoe npouseegeHmne (ri,er) ncnonbays (13):

<Tivrj+1> = <7"ia7’j - ajAdj>

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Jlemmbl ana cxogumocTun

i Jlemma 7. KoadpdpuumenTsl gas npouecca pama-LLmugra gns CG

B npouecce pama-LLmuara gna CG

(r5,73)

Ti1,Ti—1

Bii = ,i=j+1.

Bce ocTanbHble kK03hULUEHTLI PaBHbI HY/ILO KPOME 4 = j, HO 3TOT CAlyvali HaM HeMHTepeceH.

Paccmotpum npouecc pam-LUmugra 8 metope CG

(dj,u;) df Au, df Ar, rT Ad,

Bf'i = = — = — - __t i
J (dj,d;) d;fFAdj d;A,FAdj d;frAdj

PaccmoTpum ckansipHoe npouseegeHmne (ri,er) ncnonbays (13):

<Tivrj+1> = <7"ia7’j - ajAdj> = (r,r;) — aj<ri7Adj>

270

— min
‘f Tz BoHyc: gononHuTenbHble TEXHUYECKNE NEMMbl 1 JOKa3aTeNbCTBa
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Paccmotpum npouecc pam-LUmugra 8 metope CG

g — _(dj,u,l)A _ _d;‘-FAui _ _djTArl- _ _riTAdj
i T ydy, | dTAd, T dTAd, | dTAd,

777

PaccmoTpum ckansipHoe npouseegeHmne (ri,er) ncnonbays (13):
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ozj<rl-, Adj)
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'y
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Jlemmbl ana cxogumocTun

1. Ecwm i = j: a(r;, Ad;) = (ry,m;) — (ry,mi41) = (13, 7;). DTOT cyHall He MHTEPECEH MO MOCTPOEHMIO MPOLLECca
[pam-LLmungra.

— min
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rI Ad

B =——
7 djTAdj
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(Tk+1 ) 7’k+1>
(Ths k)

N ans wanpasnenns dy, = 15,1 + By 1y, Brri1 = Br =
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BoHyc: HUXKHME OueHKNn

ans metopos | nopsiaka (¢§

NCTOYHUK)

Tun 3agaun

Kputepnii

HuxHsas oueHka

Bepxtsis ouetka

Cebinka (Hux.)

Cebinka (Bepx.)

L-rnaakas swinyknas

3a30p onTumansHoCTH

/(7ouHoe cosnagenue)

[1], Teopema 2.1.7

[1], Teopema 2.2.2

L-rNagKas [4-CuAbHO BLINYKNAS 3a30p onTUManLHOCTM Q(ﬁ log %) v 1], Teopema 2.1.13 1], Teopema 2.2.2
Hernagkan G-nunwnuesa sbinyknas 3a30p onTumansHoCTI Q(G2e2) /(touHoe cosnagenue)  [1], Teopema 3.2.1 [1], Teopema 3.2.2
Hernankas G-nunwmLesa i-CuibHo Bbinyknas 3a30p onTumansHocTU (G2 (ne) 1) v [1], Teopema 3.2.5 [3], Teopema 3.9
L-rnapkas esinyknas (cxommmocTs o cyHkuun) CrauponapHocTs Q(VALe 1) V(¢ TouroCTbIO A0 [2], Teopema 1 [2], Mpunoxenue A.1

norapuchMuieckoro

MHOXWTEns)

L-rnagKas ebinyknan (CXOMMMOCTb Mo aprymenTy) CrauvonapHocTs Q(m e/ 2) v [2], Teopema 1 6], Passen 6.5
L-rnapkas Hesbinyknas CrayuonapHocTs Q(AL 672> v [5], Teopema 1 [7], Teopema 10.15
Hernapkas G-nunumuesa p-crabo seinyknas (WC) Keasu-crauonapHocTs HeussectHo o(e=4) / 8], Cneacraue 2.2
L-rnapkas p-PL 3asop onTuManbHOCTH Q(%log %) v [9], Teopema 3 [10], Teopema 1
I/Icrouwmm 0603na-1envm

[1] - Lectures on Convex Optimization, Y. Nesterov.
® [2] - Lower bounds for finding stationary points Il: first-order methods, Y. Carmon, J.C. Duchi, O.
Hinder, A. Sidford.

.
® [3] - Convex optimization: Algorithms and complexity, S. Bubeck, others.
® [4] - Optimizing the efficiency of first-order methods for decreasing the gradient of smooth
convex functions D. Kim, J.A. Fessler. .
[5] - Lower bounds for finding stationary points I, Y. Carmon, J.C. Duchi, O. Hinder, A. Sidford. .
[6] - Optimizing the efficiency of first-order methods for decreasing the gradient of smooth
convex functions, D. Kim, J.A. Fessler.
® [7] - First-order methods in optimization, A. Beck. SIAM. 2017 °
® [8] - Stochastic subgradient method converges at the rate $ O (k*{-1/4}) $ on weakly convex
functions, D. Davis, D. Drusvyatskiy. .
® [9] - On the lower bound of minimizing Polyak-Lojasiewicz functions, P. Yue, C. Fang, Z. Lin. .
.

[10] - Linear convergence of gradient and proximal-gradient methods under the

Polyak-Lojasiewicz condition, H. Karimi, J. Nutini, M. Schmidt.

‘f — min
-

BoHyc: fononHuTenbHble TEXHUYECKNE NEMMbI 1 JOKa3aTeNbCTBa

3a3op ontumansroctn: f(w ) — f* < e
Crauvonaprocts: [V f(z )| < e

Keasu-craumonaprocte: |V fy ()| < €, rae fy (z) =

Jlvnwuuesocts dyukyun: | f(x) — f(y)| <
Junwmyesocts rpagventa ( L-rnagkocts): ||

J4-CNbHAS BBINYKIOCTb:

Fz+(1-XNy) < Af(z
p-cnabo Bbinyknas beHKLlMﬂ
Fz+(1=XNy) <A f(z
Yucno obycnosnerHoctn: 3¢ = s

3asop B HavanbHoii Touke: f(x() —

3asop no aprymenty: D =

A f(y)+pA(1—

nt (£ + gy —=I?)
Ye
Sle vz, yeR"

=Vl < Llz—y|ve,y eR™

(1= fly) - GAa-x

<

Nz —y|?

Mz - y|?va, y € R™
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B, /— min

EOHyC: HUXXHNE OUEHKN Ana rpaguneHTHbIX MeTon0B

BoHyc: HUWKHWE OUEeHKN ANS rPaAUEHTHbBIX METOA0B
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HEépHbI awmk

I/ITepa Unsa rpagueHTHOro cnycka:

B, /— min

L1 = L — a,Vf(zy)

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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HEépHbI awmk

I/ITepa Unsa rpagueHTHOro cnycka:

L1 = L — a,Vf(zy)
=2 — o 1 V(2pq) — . Vf(zy)

f — min .
Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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HEépHbI awmk

I/ITepa Unsa rpagueHTHOro cnycka:

‘f — min
Tz

L1 = L — a,Vf(zy)
=2 — o 1 V(2pq) — . Vf(zy)

k
= Zg — Z V()
i=0

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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HEépHbI awmk

I/ITepa Unsa rpagueHTHOro cnycka:

L1 = L — a,Vf(zy)
=2 — o 1 V(2pq) — . Vf(zy)

k
=Ty — E . Vf(r,_,)
i=0
PaccmoTpum cemelicTBO MeTOLOB nepBOro nopsiaka, rae

Ty € 2o+ Lin{Vf(zy), Vf(z),...,Vflz)} f — rnapkas
Ty € 2o+ Lin{gg, 91, -, 9}, toe g; € Of(x;)  f — wvernapkas

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

(14)
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HEépHbI awmk

I/ITepa Unsa rpagueHTHOro cnycka:

L1 = L — a,Vf(zy)
=2 — o 1 V(2pq) — . Vf(zy)

k
= Zg — Z V()
i=0

PaccmoTpum cemelicTBO MeTOLOB nepBOro nopsiaka, rae

Ty €z +Lin{Vf(zy),Vf(zy),....Vf(zy)} f — rnagkas
Ty €@y +Lin{gy,91,-.,9:}, rBe g; € Of(x;) f — Hernagkast

YT0bbl NOCTPOUTL HUXKHIOK OLEHKY, HaM HY>XHO HaiiTu pyHKLUMIO f N3 COOTBETCTBYIOLWENO KJacca, Takyko, Y4To
ntoboii metog n3 cemelictea (14) byger paboTath He BbICTpee 3TOV HUXKHEN OLEHKM.

— min
‘f Ty BOHYC: HWKHUE OLUEHKN ANA rPAfUeHTHbIX METOAOB DO

(14)
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Fnapgknii cny4yai

i Theorem

Cywectsyet L-rnagkas u Bbinyknas dyHkunsi f, Takas, 4yto soboii meton (14) ans scex k, 1 < k <

YOOBNIETBOPAET:

« o 3Llzo — 273

D A TCESE

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

® ‘
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Fnapgknii cny4yai

i Theorem

n—

CywecTsyet L-rnagkas n Bbinyknas cdynkuus f, Takas, yto noboii meton (14) ans scex k, 1 < k < 75

YOOBNIETBOPAET:
3L[zy — 73*”%
— >
flaw) = fr 2 320k + 1)2

® Kakoii bbl MeTog 13 cemeiicTBa METOLOB NEPBOro MOpsifKa Bbl HU UCMOBb30BanN, Halgétcs dyHkums f, Ha
KOTOPOIi CKOPOCTb CXOANMOCTU He sy4we O (,}—2)

— min
‘f Ty BOHYC: HWKHUE OLUEHKN ANA MPAfUEHTHbIX METOAOB PO

1
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Fnapgknii cny4yai

i Theorem

CywecTsyet L-rnagkas n Bbinyknas cdynkuus f, Takas, yto noboii meton (14) ans scex k, 1 < k < 75

YAOBNETBOPSIET:
« o 3Llzo — 273

Fo) =12 o1y

n—1

® Kakoii bbl MeTog 13 cemeiicTBa METOLOB NEPBOro MOpsifKa Bbl HU UCMOBb30BanN, Halgétcs dyHkums f, Ha

KOTOPOIi CKOPOCTb CXOANMOCTU He sy4we O (k%)
® Knto4om K foKasaTenbCTBY SIBNSIETCS sIBHOE NMOCTPOEHMe CreunansHoll dyHkunm f.

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Fnapgknii cny4yai

i Theorem

< n—1
Cywectsyet L-rnagkas u Bbinyknas dyHkunsi f, Takas, 4yto soboii meton (14) ans scex k, 1 < k < 5

YOOBNIETBOPAET:

3L, — 2|3
fla) — > 2l =Tl

® Kakoii bbl MeTog 13 cemeiicTBa METOLOB NEPBOro MOpsifKa Bbl HU UCMOBb30BanN, Halgétcs dyHkums f, Ha
KOTOPOIi CKOPOCTb CXOANMOCTU He sy4we O (k%)

® Knto4om K foKasaTenbCTBY SIBNSIETCS sIBHOE NMOCTPOEHMEe CreunansHoll dyHkunm f.

® ObpaTtuTe BHUMaHWe, 4TO 3Ta rpanuua O (k%) He COOTBETCTBYET CKOPOCTM rpajmeHTHoOro cnycka (%) OBa
BO3MOXHbIX BapuaHTa:
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Cywectsyet L-rnagkas u Bbinyknas dyHkunsi f, Takas, 4yto soboii meton (14) ans scex k, 1 < k < 5

YOOBNIETBOPAET:

3L, — 2|3
fla) — > 2l =Tl

® Kakoii bbl MeTog 13 cemeiicTBa METOLOB NEPBOro MOpsifKa Bbl HU UCMOBb30BanN, Halgétcs dyHkums f, Ha
KOTOPOIi CKOPOCTb CXOANMOCTU He sy4we O (k%)

® Knto4om K foKasaTenbCTBY SIBNSIETCS sIBHOE NMOCTPOEHMEe CreunansHoll dyHkunm f.

® ObpaTtuTe BHUMaHWe, 4TO 3Ta rpanuua O (k%) He COOTBETCTBYET CKOPOCTM rpajmeHTHoOro cnycka (%) OBa

BO3MOXXHbIX BapuaHTa:
a. HwxHss oueHka He sIBNSieTCs TOYHOIA.
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i Theorem
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Cywectsyet L-rnagkas u Bbinyknas dyHkunsi f, Takas, 4yto soboii meton (14) ans scex k, 1 < k < 5

YOOBNIETBOPAET:

3L, — 2|3
fla) — > 2l =Tl

® Kakoii bbl MeTog 13 cemeiicTBa METOLOB NEPBOro MOpsifKa Bbl HU UCMOBb30BanN, Halgétcs dyHkums f, Ha
KOTOPOIi CKOPOCTb CXOANMOCTU He sy4we O (k%)

® Knto4om K foKasaTenbCTBY SIBNSIETCS sIBHOE NMOCTPOEHMEe CreunansHoll dyHkunm f.

® ObpaTtuTe BHUMaHWe, 4TO 3Ta rpanuua O (k%) He COOTBETCTBYET CKOPOCTM rpajmeHTHoOro cnycka (%) OBa

BO3MOXXHbIX BapuaHTa:
a. HwxHss oueHka He sIBNSieTCs TOYHOIA.
b. Metog rpagneHTHOro cnycka He sIBASIETCS ONTUMabHBLIM AJisl 3TON 3ajaqu.
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Fnapgknii cny4yai

i Theorem

- n—1
CywecTsyet L-rnagkas n Bbinyknast coynkuus f, Takas, uTo nioboii meton (14) ans scex k, 1 < k < 7=,

YOOBNIETBOPAET!

320k + 1)2
® Kakoii 66l MeToa M3 cemelicTBa METOA0B NEPBOro MOPSAAKA Bbl HU UCNONbL30BaAN, HalaETcs dyHKkums f, Ha
KOTOPOM CKOPOCTb CXOANMOCTU HE nydlle 0 (k/ig)
® Knto4om K [oKasaTenbCTBY SIBNSIETCS sIBHOE MOCTPOEHMe creunansHoll dyHkunm f.
° O6paT|/|Te BHUMaHNE, Y4TO 3Ta rpaHuua 0 (k%) HE COOTBETCTBYET CKOPOCTWU rpaANeHTHOro cnycka 0 (%) ﬂ,Ba

BO3MOXXHbIX BapuvaHTa:
a. HwxHss oueHka He siBNSieTCS TOYHOIA.
b. Metopg rpagueHTHOro cnycka He sIBASIETCS ONTMMAaNbHLIM A5 3TOM 3agaqu.
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Hauxyawasa c¢dyHkuua Hecteposa
® Myctbn=2k+1un AeR"™™,

=
|
—
o
|
_
T oococo

f — min .
2,9,z BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Hauxyawasa c¢dyHkuua Hecteposa
® Myctbn=2k+1un AeR"™™,

=
|
—
o
|
_
oococo

® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 < A <X 41.

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 < A <X 41.

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

Mpumep, korga n = 3:
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® Myctbn=2k+1un AeR"™™,
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® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 <X A < 41.

‘f — min
Tz

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

Mpumep, korga n = 3:

HuxHsis oueHka:
2T Az = 222 + 222 + 222 — 22,25 — 22974
=2? + 2 — 22,7y + 23 + 23 — 22,14 + 2} + 23

=]+ () — 25)> + (33 —23)* + 23 >0
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® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 <X A < 41.

‘f — min
Tz

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

Mpumep, korga n = 3:

HuxHsis oueHka:
2T Az = 222 + 222 + 222 — 22,25 — 22974
=22 + 2% — 22,3y + 23 + 2% — 22974 + 23 + 22
=i+ (1) —22) + (2, — 23)° + 23>0
BepxHsis oueHka

2T Az = 222 + 222 + 222 — 22,05 — 22524
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® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 <X A < 41.

‘f — min
Tz

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

Mpumep, korga n = 3:

HuxHsis oueHka:
2T Az = 222 + 222 + 222 — 22,25 — 22974
=2? + 2 — 22,7y + 23 + 23 — 22,14 + 2} + 23
=] + (1) —25) + (xy —23)* +25 2 0
BepxHsis oueHka
2T Az = 222 + 222 + 222 — 22,05 — 22524

< 4(2? + 2% + 22)
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® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 <X A < 41.

‘f — min
Tz

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

Mpumep, korga n = 3:

HuxHsis oueHka:
ol Ax = 223 + 223 + 223 — 22,3, — 22574
=2? + 2 — 22,7y + 23 + 23 — 22,14 + 2} + 23
=] + (1) —25) + (xy —23)* +25 2 0
BepxHsis oueHka
2T Az = 222 + 222 + 222 — 22,05 — 22524
< 4(xf + 23 + 23)
0 < 222 + 223 + 223 + 23,25 + 27574
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® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 <X A < 41.

‘f — min
Tz

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

Mpumep, korga n = 3:

HuxHsis oueHka:
ol Ax = 223 + 223 + 223 — 22,3, — 22574
=2? + 2 — 22,7y + 23 + 23 — 22,14 + 2} + 23
=] + (1) —25) + (xy —23)* +25 2 0
BepxHsis oueHka
2T Az = 222 + 222 + 222 — 22,05 — 22524
< 4(xf + 23 + 23)
0 < 222 + 223 + 223 + 23,25 + 27574

0 < 2? + 2% + 22,20 + 23 + 23 + 2325 + 23 + 23
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® Myctbn=2k+1un AeR"™™,
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® QObpaTuTe BHUMAaHMeE, 4YTO

n—1
T A — 22 2 2
xt Ar = a1 + a5 + E (; —xiq)?,
i—1

CnepoBatenbHo, 2T Az > 0. Takxe nerko YBUAETD,
yto 0 <X A < 41.

‘f — min
Tz

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

Mpumep, korga n = 3:

HuxHsis oueHka:
2T Az = 222 + 222 + 222 — 22,25 — 22974
=22 + 2?2 — 2,2y + 23 + 22 —2x2x3+x§ +x§
=] + (2 — ) + (2 — 23)° + 25 > 0
BepxHsis oueHka
2T Az = 222 + 222 + 222 — 22,05 — 22524
<Az +2d+2%)
0 < 222 + 223 + 223 + 23,25 + 27574
0 < 2? + 2% + 22,20 + 23 + 23 + 2325 + 23 + 23

0 <22+ (21 +39)% + (29 + 25)% + 22
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Hauxyawasa c¢dyHkuua Hecteposa

® Onpegenum cnepytowyto L-rnagkyto Beinykayto dyrkuymio: f(x) = % (%xTAx — e{z) = %xTA:c — %e{x.

— min
‘f 2,9,z BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B P00 O
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Hauxyawasa c¢dyHkuua Hecteposa
® Onpegenum cnepytowyto L-rnagkyto Beinykayto dyrkuymio: f(x) = % (%xTAx — e{x) = %ITAI — %e{x.
® OntumanbHoe peleHne z* yposnetsopsieT Ax* = e;, U peleHne 3Toli CUCTeMbl ypaBHEHUN AaeT:

2 -1 0 0 - 0

] 1
-1 2 -1 0 0 - 0 9z — a5 =1
0o -1 2 -1 0 2 . o .
0 0 -1 2 ol [*3] = 0 —rj_ +2x;—2;,,=0,i=2,...,n—1
: : : T : : —xy_ +2x;, =0
: : : : oL 0
o 0 0 0 - 2 "

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B P00 O
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Hauxyawasa c¢dyHkuua Hecteposa
® Onpegenum cnepytowyto L-rnagkyto Beinykayto dyrkuymio: f(x) = % (%ITAI — e{x) = %ITACL’ — %e{x.
® OntumanbHoe peleHne z* yposnetsopsieT Ax* = e;, U peleHne 3Toli CUCTeMbl ypaBHEHUN AaeT:

2 -1 0 0 - 0 X

1
-1 2 -1 0 of |1 0 203 — a5 = 1
0 -1 2 -1 of |*2 . - .
0 0 -1 2 ol [*3] = 0 —rj_ +2x;—2;,,=0,i=2,...,n—1
: : : : : —xn_y 23, =0
: e 0
0 0 0 0 2 n

® lunotesa: x} = a + bi (BaoxHoBnéHHas dusnkoit). MMpoBepbTe, YTO BLINOJHEHO BTOPOE YPaBHEHMUE, B TO BPeMs:
Kak @ n b BBIYNCNSOTCA U3 NEPBOro U NOCAELHENO YPABHEHWIA.

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B P00 O
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Hauxyawasa c¢dyHkuua Hecteposa
® Onpegenum cnepytowyto L-rnagkyto Beinykayto dyrkuymio: f(x) = % (%ITAI — e{x) = %ITACL’ — %e{x.
® OntumanbHoe peleHne z* yposnetsopsieT Ax* = e;, U peleHne 3Toli CUCTeMbl ypaBHEHUN AaeT:

2 -1 0 0 - 0 X

1
-1 2 -1 0 of |1 0 203 — a5 = 1
0 -1 2 -1 of |*2 . - .
0 0 -1 2 ol [*3] = 0 —rj_ +2x;—2;,,=0,i=2,...,n—1
: : : : : —xn_y 23, =0
: e 0
0 0 0 0 2 n

® lunotesa: x} = a + bi (BaoxHoBnéHHas dusnkoit). MMpoBepbTe, YTO BLINOJHEHO BTOPOE YPaBHEHMUE, B TO BPeMs:
Kak @ n b BBIYNCNSOTCA U3 NEPBOro U NOCAELHENO YPABHEHWIA.

® PeweHne:

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B P00 O
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Hauxyawasa c¢dyHkuua Hecteposa
® Onpegenum cnepytowyto L-rnagkyto Beinykayto dyrkuymio: f(x) = % (%ITAI — e{x) = %ITACL’ — %e{x.
® OntumanbHoe peleHne z* yposnetsopsieT Ax* = e;, U peleHne 3Toli CUCTeMbl ypaBHEHUN AaeT:

2 -1 0 0 - 0 X

1
-1 2 -1 0 of |1 0 203 — a5 = 1
0 -1 2 -1 of |*2 . - .
0 0 -1 2 ol [*3] = 0 —rj_ +2x;—2;,,=0,i=2,...,n—1
: : : : : —xn_y 23, =0
: e 0
0 0 0 0 2 n

lunotesa: x} = a + bi (BaoxHoBnéHHast dusnkoit). MpoBepbTe, YTO BLINOJHEHO BTOPOE YPaBHEHUE, B TO BPeMs
Kak @ n b BBIYNCNSOTCA U3 NEPBOro U NOCAELHENO YPABHEHWIA.

® PeweHne:

® U 3HayeHue yHKUNM paBHO

oL ooy o L, _ L, . __L 1
fa*) = ol ae = Jlate) = L @) = —5 (1= —).

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B P00 O
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apkuin cnyyain (pokasartenscrso)
® [lpeanonoXum, 4To Mbl HaunHaem c zy = 0.

3anpocuB y opakyna rpagneHT, Mbl MOJayHaem
go = fﬁel. Torpa, x; BOMKEH NexaTb Ha
JIMHUNK, TeHepupyemoii e;. B aToii Touke Bce
KOMMOHEHTbI Ty PaBHbl HY/O, KPOME NEPBOWA,
nosTomy

.’L‘lz

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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apkuin cnyyain (pokasartenscrso)
® [lpeanonoXum, 4To Mbl HaunHaem c zy = 0.

3anpocuB y opakyna rpagneHT, Mbl MOJayHaem
go = fﬁel. Torpa, x; BOMKEH NexaTb Ha
JIMHUNK, TeHepupyemoii e;. B aToii Touke Bce
KOMMOHEHTbI Ty PaBHbl HY/O, KPOME NEPBOWA,

nosTomy
L]

10

Ty = |,

0

® Ha BTopoii MTepaumn opakyn BO3BpaLiaeT
rpapnent g = £ (Az; —¢;). Torga, z,
AOJDKEH N1EXaTb HA INHUN, FeHepUpyemoii e 1
Az, — e;. Bce koMNOHeHTBbI o paBHbI HysHO,
KpOMe NMepBbIX ABYX, MOITOMY

2 -1 0 - 0] .
-1 2 —1 - 0] g .
0 =1 2 = 0| |/|=a=10
0 0 0 - 2t 0

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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® [lpeanonoXum, 4To Mbl HaunHaem c zy = 0.

3anpocuB y opakyna rpagneHT, Mbl MOJayHaem
go = fﬁel. Torpa, x; BOMKEH NexaTb Ha
JIMHUNK, TeHepupyemoii e;. B aToii Touke Bce
KOMMOHEHTbI Ty PaBHbl HY/O, KPOME NEPBOWA,

nosTomy
L]

10

Ty = |,

0

® Ha BTopoii MTepaumn opakyn BO3BpaLiaeT
rpapnent g = £ (Az; —¢;). Torga, z,
AOJDKEH N1EXaTb HA INHUN, FeHepUpyemoii e 1
Az, — e;. Bce koMNOHeHTBbI o paBHbI HysHO,
KpOMe NMepBbIX ABYX, MOITOMY

2 -1 0 - 0] .
-1 2 —1 - 0] g .
0 =1 2 = 0| |/|=a=10
0 0 0 - 2t 0

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

® |13-3a cTpyKkTypbl MaTpuLbl A MOXHO NOKasaTb, 4TO nocne
k wTepaunii Bce nocnegHne 1 — k KOMMNOHEHTbI X, PaBHbI
HYJHO.

1

x, = |e| k
0] k+1

0l n
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apkuin cnyyain (pokasartenscrso)
® [lpeanonoXum, 4To Mbl HaunHaem c zy = 0.

3anpocuB y opakyna rpagneHT, Mbl MOJayHaem
go = fﬁel. Torpa, x; BOMKEH NexaTb Ha
JIMHUNK, TeHepupyemoii e;. B aToii Touke Bce
KOMMOHEHTbI Ty PaBHbl HY/O, KPOME NEPBOWA,
nosTomy

T, =
0
® Ha BTopoii MTepaumn opakyn BO3BpaLiaeT
rpapnent g = £ (Az; —¢;). Torga, z,
AOJDKEH N1EXaTb HA INHUN, FeHepUpyemoii e 1

Az, — e;. Bce koMNOHeHTBbI o paBHbI HysHO,
KpoMme MnepBbIX fBYX, NO3TOMY

2 -1 0 - 0] .
-1 2 -1 0 .
0 -1 2 o] .| =ay=10

0 0 .. 2t 0

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

® |13-3a cTpyKkTypbl MaTpuLbl A MOXHO NOKasaTb, 4TO nocne
k wTepaunii Bce nocnegHne 1 — k KOMMNOHEHTbI X, PaBHbI
HYJHO.

o] 1
o| 2
x, = |e| k
0| k+1
0l n
® OpHako, NOCKOMbKY KaAas UTepauus I, Npou3BefeHHas
HawunmM meTogom, nexut B S, = Lin{ey, ey, ..., €.} (Te.
nmeeT Hynu B KoopamHaTtax k + 1,...,n), oHa He moxeT

“pocTuyb’ nonHoro onTuManbHoro sektopa x*. Opyrumu
cnoBamu, faxke ecin bbl Mbl BbIBpanu nyywnli BOSMOXHbIA
BeKTOp 13 .S}, 0bo3HaYaeMmbiii

Z), = arg min f(z),
k

3HadeHne yHkuun B HEM f(T;) ByaeT Bbiwe, Yem f(z*).
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Mapkuin cnyyain (pokasartenscrso)

® [Mockonbky x), € S, = Lin{ey, €q, ..., €5} 1 T, ABAAETCA NyHLWNM BO3MOXHBIM npubavmxernem k x* 8 Sy, Mbl
nmeem

flzy) > f(7)

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B @0 O
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Mapkuin cnyyain (pokasartenscrso)

® [Mockonbky x), € S, = Lin{ey, €q, ..., €5} 1 T, ABAAETCA NyHLWNM BO3MOXHBIM npubavmxernem k x* 8 Sy, Mbl
nmeem

flzy) > f(7)
® (CnepoBaTesibHO,

fxy) = f(z) = f(Z,) — f(z7).

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B @0 O
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Mapkuin cnyyain (pokasartenscrso)

® [Mockonbky x), € S, = Lin{ey, €q, ..., €5} 1 T, ABAAETCA NyHLWNM BO3MOXHBIM npubavmxernem k x* 8 Sy, Mbl

nMmeem

f(zg) > f(@)-

® (CnepoBaTesibHO,

fxy) = f(z) = f(Z,) — f(z7).

® AHanoruyHo, ANst ONTUMyMa UCXOAHON hyHKLNW, Mbl UMeeM Jﬂckm =1—qnf(@) = —% (1— kil)

B, /— min 00

BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Mapkuin cnyyain (pokasartenscrso)

® [Mockonbky x), € S, = Lin{ey, €q, ..., €5} 1 T, ABAAETCA NyHLWNM BO3MOXHBIM npubavmxernem k x* 8 Sy, Mbl
nmeem
flay) = f(Zy).
® (CnepoBaTesibHO,
flay) = f(&7) = f(@) — fa").
® AHanornyHo, A4/is ONTUMYMa UCXOLHOW PYHKLNU, Mbl UMEEM i‘k(z) =1-— kil n f(Zy) = 75 (1— ﬁ)
® Tenepb Mbl UMeeM:

flay) = f(@) = f(Z) — f(z7)

(15)

‘f - 5“4}‘3 BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B @0 O 87


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Mapkuin cnyyain (pokasartenscrso)

® [Mockonbky x), € S, = Lin{ey, €q, ..., €5} 1 T, ABAAETCA NyHLWNM BO3MOXHBIM npubavmxernem k x* 8 Sy, Mbl
nmeem
flay) = f(Zy).
® (CnepoBaTesibHO,
flay) = f(&7) = f(@) — fa").
® AHanornyHo, A4/is ONTUMYMa UCXOLHOW PYHKLNU, Mbl UMEEM i‘km =1-— kil n f(Zy) = 75 (1— ﬁ)
® Tenepb Mbl UMeeM:

flay) = f(@) = f(Z) — f(z7)

= (1m) - (5 (759))

(15)
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Mapkuin cnyyain (pokasartenscrso)

® [Mockonbky x), € S, = Lin{ey, €q, ..., €5} 1 T, ABAAETCA NyHLWNM BO3MOXHBIM npubavmxernem k x* 8 Sy, Mbl

nMmeem

f(zg) > f(@)-

® (CnepoBaTesibHO,

fxy) = f(z) = f(Z,) — f(z7).

® AHanoruyHo, ANst ONTUMyMa UCXOAHON hyHKLNW, Mbl UMeeM i‘km =1- kil n f(@) =—-%(1— ﬁ)
® Tenepb Mbl UMeEM:
flap) = f(&*) = f(&) — f(z¥)
-5 (- 57) - (5 (0-57)
8 k41 8 n+1
Ly 1\ L n—k
'_§(Eif_n+d)_“§<®+dxn+n>

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

(15)
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Mapkuin cnyyain (pokasartenscrso)

® [Mockonbky x), € S, = Lin{ey, €q, ..., €5} 1 T, ABAAETCA NyHLWNM BO3MOXHBIM npubavmxernem k x* 8 Sy, Mbl
nmeem

f(zg) > f(@)-

® (CnepoBaTesibHO,

fxy) = f(z) = f(Z,) — f(z7).

® AHanoruyHo, ANst ONTUMyMa UCXOAHON hyHKLNW, Mbl UMeeM i‘km =1- kil n f(Z,) = —% (1 - ﬁ)
® Tenepb Mbl MMeeM:
flay) = f@*) = f(E) — f(27)
~ (e ) (5 (- k)
8 k+1 8 n+1
L1 1\ L n—k (15)
'_§(Eif_n+d)_“§<®+dxn+n>
n:gﬁ»l L
T 16(k+1)
P00 O 87
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Mapkuin cnyyain (pokasartenscrso)

® Tenepb Mbl orpatnineaem R = |z, — z*|y:

n

oo — "3 = -3 = la* I3 = Y (1

i=1

f — min .
2,9,z BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

o
n+1

)

2
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Mapkuin cnyyain (pokasartenscrso)

® Tenepb Mbl orpatnineaem R = |z, — z*|y:

n

oo — "3 = -3 = la* I3 = Y (1

i=1

2 o 1
TP Mg v

f — min .
2,9,z BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

o
n+1

n

>

i=1

)

2
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Mapkuin cnyyain (pokasartenscrso)

® Tenepb Mbl orpatnineaem R = |z, — z*|y:

n - 2
* * * ¢
by~ B =10 - =l =3 (1- )
2 K. 1 o,
7n_n+1;Z+(n+1)2;Z
P 2 n(n+1) 1 '(n+1)‘
- n+1 2 (n+1)2 3

f — min .
Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Mapkuin cnyyain (pokasartenscrso)

® Tenepb Mbl orpatnineaem R = |z, — z*|y:

oo — "3 = -3 = la* I3 = Y (1

n . 2
o
im1 n+1)
2 K. 1 o,
n_n+1;Z+(n+l)2;Z
<n_ 2 n(n+1) 1 (n+1)
n+1 2 (n+1)2 3

n41 n=2k+1 2(k + 1)
3 B 3

f — min .
Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Mapkuin cnyyain (pokasartenscrso)

® Tenepb Mbl orpatnineaem R = |z, — z*|y:

n - 2
* * * ¢
by~ B =10 - =l =3 (1- )
2 K. 1 o,
e Y
P 2 n(n+1) 1 '(n+1)‘
- n+1 2 (n+1)2 3
n41 n=2k+1 2(k + 1)

3 N 3
® CnepoBaTenbHoO,

3 3
kt+12>gllzg—a ||§:§R2

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Mapkuin cnyyain (pokasartenscrso)

® Tenepb Mbl orpatnineaem R = |z, — z*|y:

n - 2
* * * ¢
by~ B =10 - =l =3 (1- )
2 K. 1 o,
e Y
P 2 n(n+1) 1 '(n+1)‘
- n+1 2 (n+1)2 3
n41 n=2k+1 2(k + 1)

3 N 3
® CnepoBaTenbHoO,

3 3
kt+12>gllzg—a ||§:§R2

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Mapkuin cnyyain (pokasartenscrso)

® Tenepb Mbl orpatnineaem R = |z, — z*|y:

7*2:07*2: *2: (17 Z)
lzo —2*[3 = | 2|3 = |l=*[3 Z nt1

2

=1
2 K. 1 o,
7n_7n+1;Z+7(n+1)2;Z
3
<n_ 2 n(n+1) 1 (n+1)
n+1 2 (n+1)2 3
 nA+1 n=2k1 2(k+1)
3 307

® CnepoBaTenbHoO,
3 . 3
kt+12>gllzg—a I3 = 532

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

3ameTum, 4TO

n(n+1)
2

3 -
Il M§
—

17 = 6

(n+1)°
3

~
Il
-

nn+1)(2n+1)
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Mapkuin cnyyain (pokasartenscrso)

Hakonew, ucnonbsys (15) u (16), mbl nonyvaem:

L

flaw) = fa) > 1

f — min .
2,9,z BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

(k+1)
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Mapkuin cnyyain (pokasartenscrso)

Hakonew, ucnonbsys (15) u (16), mbl nonyvaem:

fa) = f@") 2 oo =

f — min .
Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B

L Lk+1
(k+1)  16(k+1)2
L 3

> - 00~
= 16(k+1)2 2
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Mapkuin cnyyain (pokasartenscrso)

Hakonew, ucnonbsys (15) u (16), mbl nonyvaem:

L

f(zy) — f(z*) > 160k + 1) =

> L 3
T 16(k+1)22
_ 3LR?

- 32(k+1)2

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Mapkuin cnyyain (pokasartenscrso)

Hakonew, ucnonbsys (15) u (16), mbl nonyvaem:

. L _ L(k+
He) =1 2 50775 = Tor 102
L 3
Z ot zal
_ 3LR?
T2kt 1)?

DTO 3aBepLUAET LOKA3ATENbCTBO C XKEIAEMOIi CcKopocTbto ( (k%)

— min
‘f Tz BoHyc: HUWKHWE OUEHKN ANS rPaAUEHTHbBIX METOA0B
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Hun>xHue oueHkn ans rnagkoro cay4as

° - o o
1 rﬂap.KI/II/I BbINYK/bIN Ciy4an

o n—1
CywecteyeT L-rnagkas sbinyknast doyHkums f, Takas, 4o aoboli metog B chopme 14 ans eeex k, 1 < k < 5

YOOBJIETBOPAET:
. o 3Llzo — 73

(] - ~ ~
1 Fnap,Kvm CUJIbHO BbINYKJbIN Cny4Yan

Ons noboro zy u ntoboro 1t > 0, » = }% > 1, cywecTByeT L-rnafKas n p-CunbHO Bbinyknas dyHkuus f, Takas,

4TO ANnA noboro METOoa B cbopme 14 BbinonHsatoTCA HEepaBeHCTBA:

k
* ﬂ_l *
R e

2k

fon =125 (V) ho—al

v

— min
‘f Ty BOHYC: HWKHUE OLUEHKN ANA FPAfUeHTHbIX METOAOB DO
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B, /— min

BoHyc: yckopenuve gns kBagpatuudtbix yHKUMIA

BoHyc: yckopeHue ans KBagpaTUYHbIX DYHKLUNIA

91
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Pe3ynbtat cxogumocTtu gns kBagpatudHbix pyHKunii

MpeanonoXum, 4To Mbl peluaem 3agaqy MUHUMU3ALNN CUIBHO BbINYKIIONA KBagPaTUYHONR OYHKLMN, C MOMOLLbIO
METOAA MPajMEHTHOrO CMycKa:

1
fla) = 5$TA$ b Ty =T — .V f(3y).

‘f - nin BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI P00 O
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Pe3ynbtat cxogumocTtu gns kBagpatudHbix pyHKunii

MpeanonoXum, 4To Mbl peluaem 3agaqy MUHUMU3ALNN CUIBHO BbINYKIIONA KBagPaTUYHONR OYHKLMN, C MOMOLLbIO
METOAA rPajMEeHTHOrO CNyCcKa:

1
fla) = 5$TA37 b Ty =T — .V f(3y).

i Theorem

["papmeHTHbIN cnyck ¢ WaroMm oy, = HLL CXOANTCS K ONTUMaNbHOMY PELIEHNIO T CO CnenytoLLeid rapaHTueii:

+

k

) lo—ale S -6 <

2k

) (o)~ fa)

n—1
n+1

n—1
n +

o =3l < (

roe uw = % ABnseTcs Ynciom obycnosnernoctu A.

‘f - min BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI P00 O
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Yucno O6yCJ'IOBJ'IEHHOCTI/I n

x=1.0
4_
2_
< 04 <
_2_
_4_
-4 -2 0 2 4
X1

f— min . u
2,9,z BoHyc: yckopeHue ans KBagpaTUYHbIX DYHKLUNIA

x=100.0

4_
2 -
0 -
_2 -
_4_

-4 -2 0 4

X1
DO
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YckopeHune 13 nepsBbix NPUHLUNOB

1
fla) = 2" Az — "z Ty = T — 4.V f(zy).

Myctb 2* OyaeT eANHCTBEHHLIM PELLEHNEM CUCTEMbI IHElHbIX ypaBHeHuit Az = b u nyctb e, = x;, — z*
Ty = T, — 0y, (Azy, — b) onpenensietcs pekypCUBHO, HauMHAsH C HEKOTOPOTO I, @ (y, — LUAT, KOTOPbIA Mbl

, rhe

onpeaennm No3xxe.
e = (L — oy Aey.

[ — min . u
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA
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YckopeHune 13 nepsBbix NPUHLUNOB

1
fla) = 2" Az — "z Ty = T — 4.V f(zy).

*

Myctb 2* OyaeT eANHCTBEHHLIM PELLEHNEM CUCTEMbI IMHERHBIX ypaBHeHnA Ax = b u nycTb e, = 2}, — T

, rhe

Ty = T, — 0y, (Azy, — b) onpenensietcs pekypCUBHO, HauMHAsH C HEKOTOPOTO I, @ (y, — LUAT, KOTOPbIA Mbl

onpeaennm No3xxe.
e = (L — oy Aey.

MonnHombl
BbiweykasaHHblii pacyeT gaet Ham e, = p,(A)ey,
rAe pj, ABASIETCS NOJMHOMOM

k

pe(a) = [](1 — ).

i=1

f — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA
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YckopeHune 13 nepsBbix NPUHLUNOB

1
fla) = 2" Az — "z Ty = T — 4.V f(zy).

Myctb 2* OyaeT eANHCTBEHHLIM PELLEHNEM CUCTEMbI IHElHbIX ypaBHeHuit Az = b u nyctb e, = x;, — z*

, rhe

Ty = T, — 0y, (Azy, — b) onpenensietcs pekypCUBHO, HauMHAsH C HEKOTOPOTO I, @ (y, — LUAT, KOTOPbIA Mbl

onpeaennm No3xxe.
e = (L — oy Aey.

MonnHombl
BbiweykasaHHblii pacyeT gaet Ham e, = p,(A)ey,
rAe pj, ABASIETCS NOJMHOMOM

k
pila) = [[0 - aa).

Mol MOXeM OrpaHu4MTbL HOPMY OLWIMDKM Kak

lexll < Ipi (A - lleol -

f — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA
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YckopeHune 13 nepsBbix NPUHLUNOB

1
fla) = 2" Az — "z Ty = T — 4.V f(zy).

Myctb 2* OyaeT eANHCTBEHHLIM PELLEHNEM CUCTEMbI INHElHbIX ypaBHeHuit Az = b u nyctb e, = x;, — x*, rge

Ty = T, — 0y, (Azy, — b) onpenensietcs pekypCUBHO, HauMHAsH C HEKOTOPOTO I, @ (y, — LUAT, KOTOPbIA Mbl

onpeaennm No3xxe.
e = (L — oy Aey.

[MonnHombl

BbiweykasaHHblii pacyeT gaet Ham e, = p,(A)ey,
rAe pj, ABASIETCS NOJMHOMOM

Mockonbky A siBnsieTcs cUMMeTpUYHON MaTpuuelt ¢
cobcTBeHHbIMM 3HadYeHusMu B [, L],:

E Ip(A)] < max [py(a)] -
pel(a) = [[(1 — sa). psasi
=1 3TO ApnBOANT K I/IHTepeCHOﬁ NOCTAaHOBKE 3aja4u: cpean

BCEX MOJIMHOMOB, yaosneTBopsitownx p,(0) = 1, mbl uwem
MOJIMHOM, 3HaYeHNe KOTOPOro Kak MOXKHO MeHbLLE

lex ! < lpe(A)] - lleoll- OTK/IOHSETCS OT HyAs Ha uHTepsane [u, L].

Mbl MOXeM OrpaHu4uTL HOPMY OLLIMBKMN Kak

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI
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HaVIBHOE noJinHoOMuanbHOE pewleHune
HaugHoe peliermne coctonT B ToM, 4TObbI BbIOpPaTH

paBHOMEpHbIiA wWwar oy, = WLL Bnarogapsa stomy
[pr, ()| = Ipx(L)].
k

n—1
leel < (227 ) teol

DTO TOYHO Ta XKe CKOPOCTb, KOTOPYHO Mbl [OKa3anu B
npeabigylieli nekuun ans aoboii rnagkoli u CuabHO
BbINYKONA OyHKLMN.

[agaiiTe nocMoTpuM Ha 3TOT nosauHom nobnamxe. Ha
npaBom pucyHke mbl Boibupaem =1 n L = 10 Tak, 4To
» = 10. CnepoBaTensHo, COOTBETCTBYIOWUI UHTEPBAN
paseH [1,10].

Moxem nu mbl caenate nyqwe? OTeer — ga.

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

HawuBHbIe MONIMHOMBI A0 2 CTeneHn

0.8 1

0.6 1

0.4 1

0.2 1

0.0 A

—-0.2 1

—0.4 A

— p2(a)

-0.6
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HaVIBHOE noJinHoOMuanbHOE pewleHune
HaugHoe peliermne coctonT B ToM, 4TObbI BbIOpPaTH

paBHOMEpHbIiA wWwar oy, = WLL Bnarogapsa stomy
[pr, ()| = Ipx(L)].
k

n—1
leel < (227 ) teol

DTO TOYHO Ta XKe CKOPOCTb, KOTOPYHO Mbl [OKa3anu B
npeabigylieli nekuun ans aoboii rnagkoli u CuabHO
BbINYKONA OyHKLMN.

[agaiiTe nocMoTpuM Ha 3TOT nosauHom nobnamxe. Ha
npaBom pucyHke mbl Boibupaem =1 n L = 10 Tak, 4To
» = 10. CnepoBaTensHo, COOTBETCTBYIOWUI UHTEPBAN
paseH [1,10].

Moxem nn mbl cgenaTs aydwe? Otser — ga.

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

HawuBHbIe MONIMHOMBI A0 3 CTeneHn

0.8 1

0.6 1

0.4 1

0.2 1

0.0 A

—-0.2 1

—0.4 A

-0.6
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HaVIBHOE noJinHoOMuanbHOE pewleHune
HaugHoe peliermne coctonT B ToM, 4TObbI BbIOpPaTH

paBHOMEpHbIiA wWwar oy, = WLL Bnarogapsa stomy
[pr, ()| = Ipx(L)].
k

n—1
leel < (227 ) teol

DTO TOYHO Ta XKe CKOPOCTb, KOTOPYHO Mbl [OKa3anu B
npeabigylieli nekuun ans aoboii rnagkoli u CuabHO
BbINYKONA OyHKLMN.

[agaiiTe nocMoTpuM Ha 3TOT nosauHom nobnamxe. Ha
npaBom pucyHke mbl Boibupaem =1 n L = 10 Tak, 4To
» = 10. CnepoBaTensHo, COOTBETCTBYIOWUI UHTEPBAN
paseH [1,10].

Moxem nu mbl caenate nyqwe? OTeer — ga.

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

HawuBHbIe MONMHOMBI A0 4 cTeneHun

0.8 1
0.6 1
0.4
0.2
0.0
—0.2 1
— p2(a)
—-0.4 ps(a)
H — pala) :
_0-6 T T T T T
0 2 4 6 10
P00 O
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HaVIBHOE noJinHoOMuanbHOE pewleHune
HaugHoe peliermne coctonT B ToM, 4TObbI BbIOpPaTH

paBHOMEpHbIiA wWwar oy, = WLL Bnarogapsa stomy
[pr, ()| = Ipx(L)].
k

n—1
leel < (227 ) teol

DTO TOYHO Ta XKe CKOPOCTb, KOTOPYHO Mbl [OKa3anu B
npeabigylieli nekuun ans aoboii rnagkoli u CuabHO
BbINYKONA OyHKLMN.

[agaiiTe nocMoTpuM Ha 3TOT nosauHom nobnamxe. Ha
npaBom pucyHke mbl Boibupaem =1 n L = 10 Tak, 4To
» = 10. CnepoBaTensHo, COOTBETCTBYIOWUI UHTEPBAN
paseH [1,10].

Moxem nu mbl caenate nyqwe? OTeer — ga.

‘f — min
Tz

BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

HawuBHbIe MONIMHOMBI A0 5 cTeneHn

H — ps(a)

-0.6
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HaVIBHoe noJinHoOMuanbHOE pewleHune
HaugHoe peliermne coctonT B ToM, 4TObbI BbIOpPaTH

paBHOMEpHbIiA wWwar oy, = WLL Bnarogapsa stomy
[pr, ()| = Ipx(L)].
k

n—1
leel < (227 ) teol

DTO TOYHO Ta XKe CKOPOCTb, KOTOPYHO Mbl [OKa3anu B
npeabigylieli nekuun ans aoboii rnagkoli u CuabHO

BbINYKONA OyHKLMN.

[agaiiTe nocMoTpuM Ha 3TOT nosauHom nobnamxe. Ha

npaBom pucyHke mbl Boibupaem =1 n L = 10 Tak, 4To
» = 10. CnepoBaTensHo, COOTBETCTBYIOWUI UHTEPBAN

paseH [1,10].
Moxem nn Mmbi caenath aydwe? OteeT — ga.

B, /— min

BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

HawuBHbIe MONIMHOMBI A0 6 CTeneHn



https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

MonuHombl Hebbiwesa
MonnHomsbl Yebbiwésa aaroT onTUManbHbIl OTBET Ha

nocTaBneHHbIl Bonpoc. Mpu cooTeeTCTByOLWEM
LWKaNNpoBaHUN OHN MUHUMWU3NPYIOT 36COJ'||0THO€
3HaYeHne Ha 3agaHHOM uHTepsane [, L] , ogHoBpemeHHO
YAOBNETEOPSAs HOpMUpoBo4HoMy ycnosuio p(0) = 1.

To(z) =1
T (z)==x
Ty (x) = 22Ty (2) = T _o(x), k=2

[agaiiTe noctponM cTaHAapTHble nonnHoMbl Yebbiwéra
(6e3 macwTabnposaHus):

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

MonuHombl YebbiwéBa 0o 1 cTteneHn

1.00

0.75 A

0.50 1

0.25 1

0.00 +

—0.25 A

—0.50 A

—0.75 A

—1.00 —
-1.0

-0.5

0.0
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MonuHombl Hebbiwesa
MonnHomsbl Yebbiwésa aaroT onTUManbHbIl OTBET Ha

nocTaBneHHbIl Bonpoc. Mpu cooTeeTCTByOLWEM
LWKaNNpoBaHUN OHN MUHUMWU3NPYIOT 36COJ'||0THO€
3HaYeHne Ha 3agaHHOM uHTepsane [, L] , ogHoBpemeHHO
YAOBNETEOPSAs HOpMUpoBo4HoMy ycnosuio p(0) = 1.

To(z) =1
T (z)==x
Ty (x) = 22Ty (2) = T _o(x), k=2

[agaiiTe noctponM cTaHAapTHble nonnHoMbl Yebbiwéra
(6e3 macwTabnposaHus):

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

MonnHoMbl YebbiwéBa 00 2 cTeneHn

1.00

0.75 A

0.50 1

0.25 1

0.00 +

—0.25 A

—0.50 A

—0.75 A
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-1.0

-0.5

0.0
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MonuHombl Hebbiwesa
MonnHomsbl Yebbiwésa aaroT onTUManbHbIl OTBET Ha

nocTaBneHHbIl Bonpoc. Mpu cooTeeTCTByOLWEM
LWKaNNpoBaHUN OHN MUHUMWU3NPYIOT 36COJ'||0THoe
3HaYeHne Ha 3agaHHOM uHTepsane [, L] , ogHoBpemeHHO
yAOBNETEOPAs HOpMuposodHomy ycaosuio p(0) = 1.

To(x) =1
T (z)==x
Ty (x) = 22Ty (2) = T _o(x), k=2

[agaiiTe noctponM cTaHAapTHble nonnHoMbl Yebbiwéra
(6e3 macwTabnposaHus):

[ — min . N
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

MonnHomMbl YebbiwéBa 00 3 cTeneHun

1.00

0.75 A

0.50 1

0.25 1

0.00 +

—0.25 A

—0.50 A

—0.75 A

—1.00 ——
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0.0
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MonuHombl Hebbiwesa
MonnHomsbl Yebbiwésa aaroT onTUManbHbIl OTBET Ha

nocTaBneHHbIl Bonpoc. Mpu cooTeeTCTByOLWEM
LWKaNNpoBaHUN OHN MUHUMWU3NPYIOT 36COJ'||0THoe
3HaYeHne Ha 3agaHHOM uHTepsane [, L] , ogHoBpemeHHO
yAOBNETEOPAs HOpMuposodHomy ycaosuio p(0) = 1.

To(x) =1
T (z)==x
Ty (x) = 22Ty (2) = T _o(x), k=2

[agaiiTe noctponM cTaHAapTHble nonnHoMbl Yebbiwéra
(6e3 macwTabnposaHus):

[ — min . N
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

MonnHombl YebbiwéBa 00 4 cTeneHn

1.00

0.75 A

0.50 1

0.25 1

0.00 +

—0.25 A

—0.50 A

—0.75 A

—1.00 ——
-1.0

-0.5

0.0
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MonuHombl Yebbiwesa
MonnHomebl Yebbiwésa faloT onTUMabHLIA OTBET Ha

nocTaBneHHbIl Bonpoc. Mpu cooTeeTCTBYIOLLEM
WKaNMPOBaHMN OHU MUHUMU3UPYIOT abcontoTHoe
3HaYeHne Ha 3agaHHOM uHTepsane [, L] , ogHoBpemeHHO
YAOBNETBOPsisSi HopMupoBodHoMy ycnosuio p(0) = 1.

To(x) =1
T (z)==x
Ty (x) = 22Ty (2) = T _o(x), k=2

[agaiiTe nocTpouM cTaHgapTHbie noanHoMsbl Yebbiwésa
(6e3 macluTabuposaHusi):

[ — min . u
2,9,z BoHyc: yckopeHue ans KBagpaTUYHbIX DYHKLNIA

MonnHombl YebbiwéBa 0o 5 cTeneHn

1.00

0.75 1

0.50 +

0.25 1

0.00 +

—0.25 A

—0.50 A

—0.75 A

—1.00
-1.0

-0.5

0.0
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OTwkanupoBaHHbie nonuHombl Hebbiwésa
OpurunansHbie noanHombl Yeboiwésa onpegenensl Ha unTtepsane [—1,1]. YTobbl ncnonb3osath nx gs Hawmx
uenel, Mbl JOSKHbI OTLIKAAMPOBaTh UX Ha uHTepBan [u, L].

‘f - m}‘l BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA PO
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

Opurunanshele nonnHomsl Yebriwésa onpeaenersl Ha unTepsane [—1,1]. YTobbl ncnonbzosaTts Ux AN Hawmx
uenel, Mbl AOSKHbI OTLIKAAMPOBATh UX Ha UHTepBan [, L].
Mebi 6yaem ucnonbsosath cnegytolee acppurHoe ObBpatuTe BHUMaHMe, 4To T = 1 cooTBeTCTBYET a = [,
npeobpasosaHne: 2 = —1 cootsetcTByeT @ = L u x = 0 cooTBeTCTBYET
a= % 70 npeobpasoBaHue rapaHTMpyeT, 4TO
noseaeHne nonnHoma Yebuiwésa Ha nHtepsane [—1,1]
TpaHcaupyetcs Ha unTepsan [u, L].

L -2
w:%ﬂaa ae[:uvL]v 966[—1,1}~

‘f — min
Tz

BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI
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OTwkanupoBaHHbie nonuHombl Hebbiwésa
OpurunansHbie noanHombl Yeboiwésa onpegenensl Ha unTtepsane [—1,1]. YTobbl ncnonb3osath nx gs Hawmx
uenel, Mbl AOSKHbI OTLIKAAMPOBATh UX Ha UHTepBan [, L].

Mbi 6yaem ncnonb3osaTh cnegytowee addurHoe ObpaTtute BHUMaHMe, 4To T = 1 cooTBeTCTBYET O = [,
npeobpasosaHue: x = —1 cootserctyeT @ = L n x = 0 cooTsercTByeT
a= % 370 npeobpasoBaHue rapaHTUpyeT, 4TO
= M, acu L], zc[-1,1]. noseaeHne nonnHoma Yebuiwésa Ha nHtepsane [—1,1]
L—p TpaHcaupyetcs Ha unTepsan [u, L].

B Hawem ananuse ownbok mbl Tpebyem, 4Tobbl nonuHom 6bin pased 1 B 0 (T.e. p;(0) = 1). Mocne npumenexus
npeobpasoBaHus 3HayeHne T}, B Touke, cooTeTcTBytoWel ¢ = 0, MOxeT He bbITb 1. CnefoBaTesbHO, Mbl YMHOXAeM
Ha obpaTHyto BennuuHy 1), B Touke

L L -0 L
ﬂ, 41O obecneynsaer P.(0) =T, <L> - T, ( + M)
L—p L—p L—p

-1

‘f - min BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI P00 O
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OTwkanupoBaHHbie nonuHombl Hebbiwésa
OpurunansHbie noanHombl Yeboiwésa onpegenensl Ha unTtepsane [—1,1]. YTobbl ncnonb3osath nx gs Hawmx
uenel, Mbl AOSKHbI OTLIKAAMPOBATh UX Ha UHTepBan [, L].

Mbi 6yaem ncnonb3osaTh cnegytowee addurHoe ObpaTtute BHUMaHMe, 4To T = 1 cooTBeTCTBYET O = [,
npeobpasosaHue: x = —1 cootserctyeT @ = L n x = 0 cooTsercTByeT
a= % 370 npeobpasoBaHue rapaHTUpyeT, 4TO
= M, acu L], zc[-1,1]. noseaeHne nonnHoma Yebuiwésa Ha nHtepsane [—1,1]
L—p TpaHcaupyetcs Ha unTepsan [u, L].

B Hawem ananuse ownbok mbl Tpebyem, 4Tobbl nonuHom 6bin pased 1 B 0 (T.e. p;(0) = 1). Mocne npumenexus
npeobpasoBaHus 3HayeHne T}, B Touke, cooTeTcTBytoWel ¢ = 0, MOxeT He bbITb 1. CnefoBaTesbHO, Mbl YMHOXAeM
Ha obpaTHyto BennuuHy 1), B Touke

L L -0 L
ﬂ, 41O obecneynsaer P.(0) =T, <L> - T, ( + M)
L—p L—p L—p

-1

MocTpoum oTwkanmposaHHble nonarHombl Hebbiwéna

L+u—2a) e <L+u)
L—p k L—p

Py(a) =T, ( h

n yBugnum, 410 OHU bonblue noaxoaAT Ans Haleii 3aj4a4yun, 4eM HaunBHbl€ NOJIMHOMbI Ha NHTEpPBane [/L,L}
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

NMonunHoMbl cTeneHn 1

1.0
~ — HaWuBHblE
YebbIwéBa
0.5 A
0.0 ~
054 M L
0 2 4 6 8 10

J — min . o
o BoHyc: yckopenue ans kBagpaTU4HbIX ByHKUNI
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

NMonunHOMbI cTenexHn 2

1.0 :
—— HauBHble
—— YebblWwEBa
0.5 A
0.0 A
—0.5 A

f— min . N
2,9,z BoHyc: yckopenue ans kBagpaTU4HbIX ByHKUNI
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

MonMHOMBLI cTeneHn 3

1.0 :
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0.5 A
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~0.5 - H

f— min . N
2,9,z BoHyc: yckopenue ans kBagpaTU4HbIX ByHKUNI
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

[MonnHOMBbI cTeneHn 4
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—054 M L

f— min . N
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

MoIMHOMBLI CcTerneHn 5

1.0 ;

—— HauBHble

—— YebblWwéEBa

0.5 + i

0.0 1 /\\/Q

—054 K L.}

f— min . N
2,9,z BoHyc: yckopenue ans kBagpaTU4HbIX ByHKUNI
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OTwkanupoBaHHbie nonuHombl Hebbiwésa
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2,9,z BoHyc: yckopenue ans kBagpaTU4HbIX ByHKUNI
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

NMonuHoMbl cTeneHn 7
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

MonMHOMBLI cTeneHn 8
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

MonMHOMBLI cTeneHn 9

1.0
—— HauBHble

YebbIwéBa
0.5 -

0.0 | _—ﬁ
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OTwkanupoBaHHbie nonuHombl Hebbiwésa

NMonuHoMbl cTeneHn 10

1.0
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054 M L
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BepxHaa oueHka gns nonnHomos YHebObiwéBa

Mbl MOXEM BUAETb, 4TO MaKCUManbHoe 3HadeHue noanHoma Yeboiwésa Ha untepsane [u, L] pocturaercs Ha koHuax
oTpeska B Toukax a = ft n a = L. CnepoBaTenbHO, Mbl MOXXEM NCMOb30BaTh CAEAYIOLLYIO BEPXHIOI OLEHKY:

-1 -1

Al < P =T (S ) (1) =mn () = ()

-1
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BepxHaa oueHka gns nonnHomos YHebObiwéBa

Mbl MOXEM BUAETb, 4TO MaKCUManbHoe 3HadeHue noanHoma Yeboiwésa Ha untepsane [u, L] pocturaercs Ha koHuax
oTpeska B Toukax a = ft n a = L. CnepoBaTenbHO, Mbl MOXXEM NCMOb30BaTh CAEAYIOLLYIO BEPXHIOI OLEHKY:

-1 -1

it = -, (5552 () () ()

-1

|/|C|'|0J1b3yﬂ onpeneneHne 4mcna 06yCJ'IOB}'IeHHOCTI/I n = %, Mbl NoJslyHaem:

w+1\ " 2 \ ! 1 2
Pl <7 (25]) =1 (1+22) =Ta+a. o=

n —

w—1
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BepxHaa oueHka gns nonnHomos YHebObiwéBa

Mbl MOXEM BUAETb, 4TO MaKCUManbHoe 3HadeHue noanHoma Yeboiwésa Ha untepsane [u, L] pocturaercs Ha koHuax
oTpeska B Toukax a = ft n a = L. CnepoBaTenbHO, Mbl MOXXEM NCMOb30BaTh CAEAYIOLLYIO BEPXHIOI OLEHKY:

-1 -1

L+p—2 L+p\"" L+ L+
P < P =T (=) m (28] =m-m(22) = m(2)

I/lCI'IOﬂbBySI onpeneneHne 4mcna 06yCJ‘IOB}'IeHHOCTI/I n = %, Mbl NoJslyHaem:

w1\ 2\ S 2
P.(A)|, <T, =T 1+ — =T (1 = .
1P (A, < k( 1) k( +%_1) k(l+e) , € 1

n —

VIMeHHO B 3TOT MOMEHT sIBHO BO3HUKHET yckopeue. Mol orpannynm 3nadenve | P (A)|, ceepxy BenmunHoi

k
(1+1\/g) . Ons atoro getansHo usydum sennuuny [T, (1 + €.

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI
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BepxHaa oueHka gns nonnHomos YHebObiwéBa
Yr0bbl orpannunTs |Py| cBepxy, Mbl gomxHbl orpaunanTs |13, (1 + €)| cHusy.

[ — min . N
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA
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BepxHaa oueHka gns nonnHomos YHebObiwéBa

Yr0bbl orpannunTs |Py| cBepxy, Mbl gomxHbl orpaunanTs |13, (1 + €)| cHusy.

1. Ons noboro x > 1, nonnHombl Yebbiwéra nepsoro
poda MoryT BbITb 3anMcaHbl Kak

T,.(x) = cosh (k arccosh(x))
T,.(1 + €) = cosh (karccosh(1l +€)) .

f — min . =
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

100


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

BepxHaa oueHka gns nonnHomos YHebObiwéBa

Yr10bbl orpannuunTs | Py| ceepxy, Mbl goskHbl orpaununtb |1 (1 + €)| cHusy.

1. Ons noboro x > 1, nonnHombl Yebbiwéra nepsoro
poda MoryT BbITb 3anMcaHbl Kak

T,.(x) = cosh (k arccosh(x))
T,.(1 + €) = cosh (karccosh(1l +€)) .
2. MomHuTe, yTO:

et 4+ e "

cosh(z) = —5 arccosh(z) = In(z+Vvaz2 —1).

f — min . =
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI
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BepxHaa oueHka gns nonnHomos YHebObiwéBa

Yr10bbl orpannuunTs | Py| ceepxy, Mbl goskHbl orpaununtb |1 (1 + €)| cHusy.

1. Ons noboro x > 1, nonnHombl Yebbiwéra nepsoro
poda MoryT BbITb 3anMcaHbl Kak

T,.(x) = cosh (k arccosh(x))
T,.(1 + €) = cosh (karccosh(1l +€)) .
2. MomHuTe, yTO:
e’ +e”

3 arccosh(z) = In(z+Vvaz2 —1).

cosh(z) =
3. Teneps, nyctb ¢ = arccosh(1l + ¢),

e =1+e+V2e+e2>1+ /e

f — min . =
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI
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BepxHaa oueHka gns nonnHomos YHebObiwéBa
Yr10bbl orpannuunTs | Py| ceepxy, Mbl goskHbl orpaununtb |1 (1 + €)| cHusy.

1. [Onsa nwboro x > 1, nonnHombl Hebbiwésa nepsoro 4. CnepoBaTensHo,

poja MoryT BbiTb 3anMcaHbl Kak
T,.(1 + €) = cosh (karccosh(1 + €))

T,.(x) = cosh (k arccosh(x)) = cosh (k¢)
T,.(1 + €) = cosh (karccosh(1l +€)) .

2. NomHuTe, yTO: B 2 2

i (1+vo"

cosh(x) = 5 arccosh(z) = In(z+Vva2 —1). - 2

3. Teneps, nyctb ¢ = arccosh(1l + ¢),

e =1+e+V2e+e2>1+ /e

‘f - 5“4}‘3 BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI @O
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BepxHaa oueHka gns nonnHomos YHebObiwéBa
Yr10bbl orpannuunTs | Py| ceepxy, Mbl goskHbl orpaununtb |1 (1 + €)| cHusy.

1. [Onsa nwboro x > 1, nonnHombl Hebbiwésa nepsoro

poaa MoryTt ObITb 3anuMcaHbl Kak

T,.(x) = cosh (k arccosh(x))

T,.(1 + €) = cosh (karccosh(1l +€)) .

2. NomHuTe, yTO:
et 4+ e "

cosh(z) = 3

3. Teneps, nyctb ¢ = arccosh(1l + ¢),

e =1+e+V2e+e2>1+ /e

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI

arccosh(z) = In(z+vz2 —1).

4. CnepoBaTensHo,

T,.(1 + €) = cosh (karccosh(1 + €))

= cosh (ko)
Mot eho ek
2 -2
k
_ (1+Ve
= 5 .
5. HakoHel, mbl nonyyaem:
2
lexl < 1P (Allleol < ———lleol
+Ve)

—k
2
§2<1+ %1> leol
<2exp [ =1/ —2—k | el
o [ ]2
- P n—1 0

@O
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YckopenHbin metog, [1/2]
N3-3a pekypcnmBHOro onpegeneHnst nonnHoMos HebbllwéBa Mbl HEMOCPEACTBEHHO MOJYHAEM NTEPALMOHHYIO CXEMY
yckopeHHoro anroputma. [Nepedopmynnpysi pekypcrio B TEPMUHAX HALIMX OTLUKAIWPOBaHHbLIX NoanHoMoB Yebbiwéra,

Mbl NOJyHaeM:
Ty (2) = 22T (x) — T, ()

‘f - 5“}‘3 BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA @0 O 101
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YckopenHbin metog, [1/2]
N3-3a pekypcnmBHOro onpegeneHnst nonnHoMos HebbllwéBa Mbl HEMOCPEACTBEHHO MOJYHAEM NTEPALMOHHYIO CXEMY
yckopeHHoro anroputma. [Nepedopmynnpysi pekypcrio B TEPMUHAX HALIMX OTLUKAIWPOBaHHbLIX NoanHoMoB Yebbiwéra,

Mbl NOJTyHaeMm:
Tyoi1(2) = 22T} (x) — T4 (2)

MprvHuMasi BO BHUMaHUE, 4TO T = %ﬁ,
L+pu—2a L+p\ "
Pk(a):Tk( L—u )Tk(L—;)
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YckopenHbin metog, [1/2]

M3-3a pekypcuBHOro onpegenenunsi noanHomMoB YebbIléBa Mbl HEMOCPELCTBEHHO MOJYHAEM UTEPALMOHHYIO CXEMY
yckopeHHoro anroputma. [Nepedopmynnpysi pekypcrio B TEPMUHAX HALIMX OTLUKAIWPOBaHHbLIX NoanHoMoB Yebbiwéra,
Mbl MOJyHaeMm:

Tyoi1(2) = 22T} (x) — T4 (2)

MprvHuMasi BO BHUMaHUE, 4TO T = %ﬁ,
L+pu—2a L+p\ "
Pk(a):Tk( L—u )Tk(L—;)
L+ p—2a L—l—,u)
T, |———— | =P.(a)T}, | ——
k( L—u ) k(a)k<L7M
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YckopenHbin metog, [1/2]

M3-3a pekypcuBHOro onpegenenunsi noanHomMoB YebbIléBa Mbl HEMOCPELCTBEHHO MOJYHAEM UTEPALMOHHYIO CXEMY
yckopeHHoro anroputma. [Nepedopmynnpysi pekypcrio B TEPMUHAX HALIMX OTLUKAIWPOBaHHbLIX NoanHoMoB Yebbiwéra,
Mbl MOJyHaeMm:

Tyoi1(2) = 22T} (x) — T4 (2)

MprvHuMasi BO BHUMaHUE, 4TO T = %ﬁ,
L+ p—2a L+p
o =, () ey o (R = ()
F y L—p F L—p T L+p—2a _p T L+p
T (S < R (1) o (T ) = P @t (7)
k L—pu Tk F\L—p

‘f - 5‘5}‘3 BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA @0 O 101
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YckopenHbin metog, [1/2]

M3-3a pekypcuBHOro onpegenenunsi noanHomMoB YebbIléBa Mbl HEMOCPELCTBEHHO MOJYHAEM UTEPALMOHHYIO CXEMY
yckopeHHoro anroputma. [Nepedopmynnpysi pekypcrio B TEPMUHAX HALIMX OTLUKAIWPOBaHHbLIX NoanHoMoB Yebbiwéra,

Mbl NOJyHaeM:

Tyoi1(2) = 22T} ()

L+p—2a "

I_IpI/IHI/IMaﬂ BO BHUMaHWNE, 410 T = L y
—n

L+p—2a L+p\
Pk(a):Tk( )Tk(L [

L—p
L+ p—2a L—l—,u)
T, |——— | =P.(a)T}, | ——
k( L—u ) k(a)k<L7M
L+ p—2a

Pey(a)typy =2 L—u

f — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA

Py (a)t, — P,_1(a)ty_q, rAe tk_Tk(

=Ty ()

L—pu L—pu
L+ p—2a L+p
Tk+1< L—p ) = DPp1(a)Typy (7];_#)
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YckopenHbin metog, [1/2]

M3-3a pekypcuBHOro onpegenenunsi noanHomMoB YebbIléBa Mbl HEMOCPELCTBEHHO MOJYHAEM UTEPALMOHHYIO CXEMY

yckopeHHoro anroputma. [Nepedopmynnpysi pekypcrio B TEPMUHAX HALIMX OTLUKAIWPOBaHHbLIX NoanHoMoB Yebbiwéra,

Mbl NOJTyHaeMm:
Tyoi1(2) = 22T} (x) — T4 (2)

I_IpI/IHI/IMaﬂ BO BHUMaHWNE, 410 T = H%_:fa, n
L+ p—2a L+p
o =, () ey o (R = ()
rla) = 1y k
L— L L -2 L
g g Tt chai L = DPp1(a)Typy =L
T(L+u—2a>7p<a)T <L+u) * L—u * HAL—pu
k L—pu Tk F\L—p
L+ p—2a L+p
Pp(a)ty = Zﬁpk(a)tk — P (a)ty_y, rae ty =T, (Lf,u>
L+p—2a ty 79
P, =2 — — -
o1 (@) L—p ) )tk+1 kil(a)tkﬂ

‘f - min BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI @0 O
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YckopenHbin metog, [1/2]

M3-3a pekypcuBHOro onpegenenunsi noanHomMoB YebbIléBa Mbl HEMOCPELCTBEHHO MOJYHAEM UTEPALMOHHYIO CXEMY

yckopeHHoro anroputma. [Nepedopmynnpysi pekypcrio B TEPMUHAX HALIMX OTLUKAIWPOBaHHbLIX NoanHoMoB Yebbiwéra,

Mbl NOJTyHaeMm:
Tyoi1(2) = 22T} (x) — T4 (2)

I_IpI/IHVIMaﬂ BO BHUMaHWNE, 410 T = %ﬁl, n
L+ p—2a L+p
pioa (L) eyt LS ) ()
rla) = 1y k
L— L L -2 L
g g Tt chai L = DPp1(a)Typy =L
T(L+u—2a>7p<a)T <L+u) * L—u * HAL—pu
k L—pu Tk F\L—p
L+ p—2a L+p
Pp(a)ty = Zﬁpk(a)tk — P (a)ty_y, rae ty =T, (Lf,u>
L+ﬂ_20/ tk tk71
P, =2———P(a)— — P, ==
o1 (@) L—p k(a)tk+1 kil(a)tkﬂ

Mockonbky mel umeem P (0) = P, (0) = P,_;(0) = 1, nonyyaem pekyppeHTHYto dhopmyny Buga:
Pri(a) = (1 = aga)Py(a) + By, (Py(a) — Py (a)).

‘f - min BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI @0 O
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YckopeHHbin metog, [2/2]

ﬂeperpynnmpyﬂ YNE€Hbl, Mbl Nosy4aeMm:

Pyi1(a) = (1+ By)Py(a) — agaPy(a) — B P4 (a),

[ — min . N
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA

102
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YckopeHHbin metog, [2/2]

ﬂeperpynnmpyﬂ YNE€Hbl, Mbl Nosy4aeMm:

Plc+1(a) =

Pii(a) =

B, /— min

(1 + By)Py(a) — apaPy(a) — B Py (a),
L+p ty da t

—— P, (a) — — P, (a
[ P~ R -

BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA

1
" +LP, i (a)
ki1

102
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YckopeHHbin metog, [2/2]
ﬂeperpynnmpyﬂ YNE€Hbl, Mbl Nosy4aeMm:
Piyi(a) = (14 By) Py(a) — oyaby(a) — BBy, (a),

L+p ty da t, te 1
P —P — —P P
wr1(a) = L—pty, (@) L— ity (@) — th 1 (@)

[ — min . u
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA

ty_
5]@ tk 1

kel

_ k
) NLtkH
+p ty
1 =
P L—ptyy,

102
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YckopeHHbin metog, [2/2]

Meperpynnupys 4neHbl, Mbl NONy4YaeM: 8, = te 1
t
Ppii(a) = (1+ By)Py(a) — apaPy(a) — BiPp_q(a), k+41 b
Lyt da t t ay, =
Ppii(a) = I _ t’“Pka—L_ TLkPk(a) tk F2Py(a) L—ptin’
H gy Ml k+1 148, = L+p t
R
L—pty

Mei nouTu 3akoHuunn :) Momuum, uto e, = Py (A)ey. Takke obpatm BHAMaHME, 4TO Mbl paboTaem ¢
KBaZIpaTU4HOli 3afaqeli, NOITOMY Mbl MOXXeM npeanonoxute T = 0 be3 orpaHuyenus obujHocTn. B sTom cnyyae

€0 = To W Cpy1 = Tpy-

f — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA
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YckopeHHbin metog, [2/2]

Meperpynnupys 4neHbl, Mbl NONy4YaeM: 8, = te 1
t
Ppii(a) = (1+ By)Py(a) — apaPy(a) — BiPp_q(a), k+41 b
Lyt da t t ay, =
Ppii(a) = I _ t’“Pka—L_ TLkPk(a) tk F2Py(a) L—ptin’
H gy Ml k+1 148, = L+p t
R
L—pty

Mei nouTu 3akoHuunn :) Momuum, uto e, = Py (A)ey. Takke obpatm BHAMaHME, 4TO Mbl paboTaem ¢
KBaZIpaTU4HOli 3afaqeli, NOITOMY Mbl MOXXeM npeanonoxute T = 0 be3 orpaHuyenus obujHocTn. B sTom cnyyae

€0 = To W Cpy1 = Tpy-

Ty = Pyi(A)xg

f — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA
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YckopeHHbin metog, [2/2]

Meperpynnupys 4neHbl, Mbl NONy4YaeM: 8, = te 1
t
Ppii(a) = (1+ By)Py(a) — apaPy(a) — BiPp_q(a), k+41 b
Lyt da t t ay, =
Ppii(a) = I _ t’“Pka—L_ TLkPk(a) tk F2Py(a) L—ptin’
H gy Ml k+1 148, = L+p t
R
L—pty

Mei nouTu 3akoHuunn :) Momuum, uto e, = Py (A)ey. Takke obpatm BHAMaHME, 4TO Mbl paboTaem ¢
KBaZIpaTU4HOli 3afaqeli, NOITOMY Mbl MOXXeM npeanonoxute T = 0 be3 orpaHuyenus obujHocTn. B sTom cnyyae

€0 = To W Cpy1 = Tpy-

Ty = Pry(A)zg = (I — o A)Py(A)zg + By (Pr(A) — Py (A)) x

f — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKLNMIA
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YckopeHHbin metog, [2/2]

Meperpynnupys 4neHbl, Mbl NONy4YaeM: 8, = te 1
t
Ppii(a) = (1+ By)Py(a) — apaPy(a) — BiPp_q(a), k+41 b
Lyt da t t ay, =
Ppii(a) = I _ t’“Pka—L_ TLkPk(a) tk F2Py(a) L—ptin’
H gy Ml k+1 148, = L+p t
R
L—pty

Mei nouTu 3akoHuunn :) Momuum, uto e, = Py (A)ey. Takke obpatm BHAMaHME, 4TO Mbl paboTaem ¢
KBaZIpaTU4HOli 3afaqeli, NOITOMY Mbl MOXXeM npeanonoxute T = 0 be3 orpaHuyenus obujHocTn. B sTom cnyyae

€0 = To W Cpy1 = Tpy-
Ty = Pry(A)zg = (I — o A)Py(A)zg + By (Pr(A) — Py (A)) x
= (I — o A)zy + By (7, — 7))

J — min . o
2,9,z BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI
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YckopeHHbin metog, [2/2]

Meperpynnupys 4neHbl, Mbl NONy4YaeM: 3 te 1
k=7
t
Ppii(a) = (1+ By)Py(a) — apaPy(a) — BiPp_q(a), k+41 b
Lyt da t t ay, =
Ppii(a) = I _ ’Cpka_L_ —-Py(a) — 2L P (a) L—ptin’
Pt Bt 2381 148, = Ltp t
F L—pty

Mei nouTu 3akoHuunn :) Momuum, uto e, = Py (A)ey. Takke obpatm BHAMaHME, 4TO Mbl paboTaem ¢
KBaZpaTU4HON 3adadeli, NO3TOMY Mbl MOXeM npeanonokuTe £* = 0 6e3 orpaHudenuns obuHoctn. B aTtom cnyvae
€0 = To W Cpy1 = Tpy-
Ti1 = P (A)zg = (I — o A) P (A)zg + B, (Pp(A) — Py (A)) g
= —apA)zy, + By (3, — 24 1)

Ons kBagpaTuyHoll 3aga4n Mol umeem V f () = Axj,, No3TOMY Mbl MOXeM nepenncaTb OBHOBNEHNE Kak:

’ Ty = T — oV f(xy) + By (T, — 2p1) ‘

‘f - 5‘5}‘3 BoHyc: yckopeHue ans KBagpaTU4HbIX ByHKUNMI @0 O 102


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

YckopeHne 13 nepsbix NPUHLUNOB

x=1.0
—e— GD
4 —e— Accelerated GD
2 -
<07 <
—2 -
—4 -
-4 -2 0 2 4
X1

[ — min . =
2,9,z BoHyc: yckopenue ans kBagpaTU4HbIX ByHKUNI

x=100.0

—e— GD
—e— Accelerated GD
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B, /— min

BoHyc: aHanu3 cxoguUMOCTU MeToaa TSHKENOro Lapuka

BoHyc: aHann3 cxoanmocTn MeToaa TSXENOro Wapuka

104
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MeTog Ttaxénoro wapwuka lNMonsika
Trajectories with Contour Plot [agaiiTe npegcTaBnm naeto MoMeHTyMa (MMMYAbCa, TSXKENOrO WapKUKa), NPeaioKeHHYIo
o= Gradient Descent with step 3.56.01 ..
otz o B T. Monsikom B 1964 rogy. OBHOBNEHNE MeTOAa TSXKENOTO LAWK UMeET BUg,

a Start Point
Optimal Point

Ty = T — aV f(zy) + By, — 2p0_1).

Trajectories with Contour Plot
—e— Heavy Ball with a 3.5e-01 and B 3. Ue—ﬂl§

4 Start Point
Optimal Point

— min o
‘f 2,9,z BoHyc: aHann3 cxoanmocTn MeToaa TSXENOro Wapuka @0 O 105
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MeTog Ttaxénoro wapwuka lNMonsika
Trajectories with Contour Plot [agaiiTe npegcTaBnm naeto MoMeHTyMa (MMMYAbCa, TSXKENOrO WapKUKa), NPeaioKeHHYIo

-2

—e— Gradient Descent with step 3.5e-01 \

Optimal Point

Ty = T — aV f(zy) + By, — 2p0_1).

B Hawem (kBagpaTuyHoMm) ciydae 1o

Trajectories with Contour Plot
&~ Heavy Ball with  3.5€-01 and B 3.0e-01 ==y

Start Point
Optimal Point

f — min . "
T,z SOHyC. AHaNN3 CXOANMOCTN METOAA TAXKENOro Wwapuka

g soron B.T. Nonsikom B 1964 rogy. ObHoBNEHNE METOAA TSHKENOrO WapuKa UMEET BUJ,

Ty = Ty, — ATy + (T, — Tpq) = (I — @A+ BTy, — BTy,

105
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MeTog Ttaxénoro wapwuka lNMonsika
[agaiiTe npegcTaBnm naeto MoMeHTyMa (MMMYAbCa, TSXKENOrO WapKUKa), NPeaioKeHHYIo

-2

B, /— min

Trajectories with Contour Plot

—e— Gradient Descent with step 3.5e-01 \

Start Point
Optimal Point

Trajectories with Contour Plot
&~ Heavy Ball with  3.5€-01 and B 3.0e-01 ==y

Start Point
Optimal Point

B.T. Nonsikom B 1964 rogy. ObHoBNEHNE METOAA TSHKENOrO WapuKa UMEET BUJ,

Ty = T — AV flay) + B2 — 24 y).
B Hawem (kBagpaTuyHOM) caydae 1o
Ty = Tp — ATy + B(Z, — Tpy) = (L — A+ BI)Ty, — BTy 4

OT0 MOXHO nepenncaTtb Kak

Ty = (I — oA+ BTy, — BTy,

Ty = Ty
=
S —
/IR T 7
o
EOHyC: AHaNN3 CXOAUMOCTN METOoAa TAXKENOro wapuka 6 O
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MeTog Ttaxénoro wapwuka lNMonsika
[agaiiTe npegcTaBnm naeto MoMeHTyMa (MMMYAbCa, TSXKENOrO WapKUKa), NPeaioKeHHYIo

-2

‘f — min
Tz

Trajectories with Contour Plot

—e— Gradient Descent with step 3.5e-01 \
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Ty = Ty,
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CeegeHue K CKansipHOMY C/y4ato

ObpaTtum BHUMaHue, 4To M siBnsietca matpuuein 2d X 2d ¢ 4eTbipbMsi 6J104YHO-ANATOHANBHBIMI MaTPULAMKU pa3Mepa
d X d BHYTpW. DTO O3HAYaeT, YTO Mbl MOXEM NU3MEHUTbL NOPSAOK KOOPAMHAT, 4Tobbl caenate M
6no4Ho-gnaroransHoin. ObpaTute BHUMaHWE, Y4TO B ypaBHeHUM Huxe MaTpuua M obosHavaeT TO e camoe, YTO U B
0603HauYeHNN BbILLE, 33 UCKIIOYEHNEM OMUCAHHOMN NEPECTaHOBKU CTPOK U cTonbuos. Mbl ucnonssyem aty HebonbLuyto
neperpysky obosHaqeHuli o NpoCToThI.
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- A(l) -
i &
: " M
~(d) (1 1
T k-1
> Pl i ] M= M,
0 S
o Tk M,
‘ 5(d)
_:Egi_)l_ L1

Puc. 8: Wnntoctpauns nepectaHoskn matpuubl M

roe fzg) SIBNISIETCS i-ii KOOPANHATON BekTOpa T), € R? un M, obosHauaeT 2 X 2 maTpuuy. [lepeynopsgouerne

NO3BONAET HaM NCCNeA0BaTb ANHAMNKY METOAA HE3ABNCMMO OT Pa3MEPHOCTN. AcumMmnToTnyeckas CKOpPOCTb
CXOQNMOCTH Qd-MepHOVI nocnenoBaTe/ibHOCTUN BEKTOPOB 2]9 onpenensaeTcs Hamxy,u,meﬁ CKOPOCTbIO CXOA4NMOCTU Cpean

ero 6noka KOOPANHAT. CﬂeAOBaTeﬂbHO, AOCTATOYHO NCCNefoBaTb ONTUMN3ALNKO B O4HOMEPHOM Ciy4ae.
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CeegeHue K CKansipHOMY C/y4ato

[ns i-ii KoopAuHaThI, rae \; — i-e cobCTBeHHOE 3HaueHMe MaTpuLsl A, nmeem:

M. =

K3

l—a)\+8 -8
1 0]

J — min . "
T,z SOHyC. AHANN3 CXOANMOCTN METOAA TAXKENOro Wwapuka
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CeegeHue K CKansipHOMY C/y4ato

[ns i-ii KoopAuHaThI, rae \; — i-e cobCTBeHHOE 3HaueHMe MaTpuLsl A, nmeem:
l—aX,+8 -8
M, = 1 R

MeTog byaet cxoputbes, ecam p(M) < 1, n onTumanbHble napameTpbl MOTyT BbITh BbIYUCEHBI NyTeM OATUMU3aLMK
CneKkTpasibHOro paguyca

- (VL4 yp)? VL+yi)

a*, f* = arg min max p(M,),
a,B 1

— min o
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CeegeHue K CKansipHOMY C/y4ato

Onst -t koopguHaThl, rae A; — i-e cobCTBeHHOe 3HadeHne MaTpulsl A, nmeem:
l—aX,+8 -8
M, = 1 R

MeTog byaet cxoputbes, ecam p(M) < 1, n onTumanbHble napameTpbl MOTyT BbITh BbIYUCEHBI NyTeM OATUMU3aLMK
CneKkTpasibHOro paguyca

4 VL— /i

* *

T (VI+yh)? VL + i

o, B = argmi[gmaxp(Mi), a!
«, 7

MoxHO MoKasaTb, 4TO /ISt TaKUX NapamMeTpoB MaTpuua M NMeeT KOMMIEKCHbIE COBCTBEHHbIE 3HAYEHUS, KOTOPbIE
06pasytoT KOMMNEKCHO-COMPSDKEHHYIO Napy, NOSTOMY PaccTOsiHUE 0 ONTUMyMa (B 3TOM ciyHae ||z, ]|) obbltHo He
ybbIBaET MOHOTOHHO.

— min "
T,z OHYC: aHaNIN3 CXOAUMOCTN METOAA TAXKENOro Wwapuka
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CxoanMMoOCTb MeToaa TSXXENOro wapuka ans KBagpaTtudHoi yHkuun

Mbl MOXeM SIBHO BbIYMCINTL COBCTBEHHbIE 3HaYeHus M:

0 2

A;M,Ay:A(F*afﬁﬁ fBD _1+B-ah+/I+F-a)—48

J — min . "
T,z SOHyC. AHANN3 CXOANMOCTN METOAA TAXKENOro Wwapuka
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CxoanMMoOCTb MeToaa TSXXENOro wapuka ans KBagpaTtudHoi yHkuun

Mbl MOXeM SIBHO BbIYMCINTL COBCTBEHHbIE 3HaYeHus M:

\M AM:A(F—M#B BD_1+6—akii\/(1+6—a&)2—46
172 1 0 9 .

Korpa av v B ontumanshbl (a*, 5*), cobCTBEHHbIE 3HAYEHNS SIBASIOTCS KOMIJIEKCHO-COMPSIXXEHHON Napoii

(1+B8—a))?—43<0,1e. 82> (1—/a),)?

— min o
‘f 2,9,z BoHyc: aHann3 cxoaMmocTn MeToaa TSXENOro Wapuka
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. LHp—2) OM _ £2 (L =X\ — ) M L—n
Re(\) = s ImO) e W= e

— min o
‘f 2,9,z BoHyc: aHann3 cxoaMmocTn MeToaa TSXENOro Wapuka
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= =t

_ +2¢/(L =) (N — p) .
(VL + /i)

(VL + /i)

Re(AM) = Ltu—2xn Im(AM)

(VL +/R)?’

’

/ ckopocTb cxofMMOCTY He 3aBUCUT OT Lwara u pasHa +/[3*.

B, /— min ® 00 108
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