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AHanus cxogumocTu
n=l _ 7 _

TakuM 06pa3oM, UMeeM NIMHENHYH CXOAUMOCTb MO apryMEHTY CO CKOPOCTbIO %& %H

KBagpaTUUYHOMN 3aJauu.

WTepaumii 4O yMEHbLLEHUA OLIMBKM MO apryMeHTy B WNTepauwii 4O yMeHbLLeHUsA owmnbkm no gpyHkumm 8 10

" P 10 pas pas
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2 0.33 3 2
5 0.67 6 3
10 0.82 12 6
50 0.96 58 29
100 0.98 116 58
500 0.996 576 288
1000 0.998 1152 576
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https://fmin.xyz/docs/visualizations/condition_number_gd.mp4

Cnyuyau PL-¢pyHKUMN



PL-¢$yHKuMN. JInHenHaa cxoaMmMocTb rpagUeHTHOro
crycka 6e3 BbINyK/10CTH

losopsrT, uTto f ynosnetsopsieT ycnosuio Monsaka-losicuesunya (PL), ecnu ans HekoToporo 4 > 0 BeinonHaeTcs

IVF@)? = 2u(f(z) — f*) V=

WNHTepecHO, YTo rpagneHTHbIN CMYCK MOXET CXOAWUTLCS IMHEMHO faxke 6e3 BbiMyKNoCTU.
Cnepytowpme GyHKUMM yaOBNETBOPSIHOT YCnoBuio PL, HO He ABNAKOTCA BbIMYKIbIMU. @Kop,
f(x) = 2% + 3sin*(x)

Function, that satisfies
Polyak- Lojasiewicz condition

— f(X) = x? + 3sin?(x)



https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/PL_function.ipynb

PL-¢$yHKuMN. JInHenHaa cxoaMmMocTb rpagUeHTHOro
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losopsrT, uTto f ynosnetsopsieT ycnosuio Monsaka-losicuesunya (PL), ecnu ans HekoToporo 4 > 0 BeinonHaeTcs
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MHTepecHO, 4To rpagueHTHbIN CMyCK MOXeT CXxoauTbcA NHenHo pgaxe 6e3 BbIMyKSIOCTU.

Cnepytowpme GyHKUMM yaOBNETBOPSIHOT YCnoBuio PL, HO He ABNAKOTCA BbIMYKIbIMU. @Kop,

SN2
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https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/PL_function.ipynb

AHanns cxoguMocTH

Theorem

PaccmoTpum 3apavy

¥ Npeanonoxum, uto f aensaetcs PL-GyHKUMEN C KOHCTaHTOM v L-rnagxon, ans vekotopeix L > 1 > 0.

0

PaccmoTpum nocnepoBaTenbHOCTb (xk)kEN' CreHepunpoBaHHyO MeTO40M rpagmMeHTHOro Cnycka U3 TO4KU I~ C NOCTOAHHbIM LWarom «,

yposnetsopsatowmm 0 < a < % Myctb f* = mind f(x). Torga:
zeR

f@®) = f < (= ap)*(f(=%) = ).



AHanus cxogumocTu v

Theorem

PaccmoTpum 3apavy

¥ Npeanonoxum, uto f aensaetcs PL-GyHKUMEN C KOHCTaHTOM v L-rnagxon, ans vekotopeix L > 1 > 0.
PaccmoTpymM nocnepoBaTensHOCTb (xk)keN, CreHepPUPOBaHHY METOLOM FPagUeHTHOrO Crycka U3 TOUKK 29 ¢ NocTosHHBIM Lwarom a,
yposnetsopsatowmm 0 < a < % Mycts f* = min f(x). Torga:

zeR?

f@®) = f < (= ap)*(f(=%) = ).

Theorem

Ecnun ¢yHkuma f(L) anbdepeHUMpyema 1 [1-CUITbHO BbIMYKIIa, TO OHa sBnsieTcs PL-dyHkumen.



AHanns cxoguMocTH

VMcnonb3yem L-FJ'IaJJ,KOCTb BMeCTe C NpaBuUIoOM OBHOBNEHMS!, YTOObI 3anucaTb:

FaH) < F(@F) 4 (TF(R), 2 — k) 4 Dt — gt



AHanns cxoguMocTH

Vicnonbayem L-rnagkocTb BMECTE C NPaBUIOM OGHOBINEHWS, YTOGbI 3anucaTh:
L
F@h) < f(a®) +(Vf(@h), et —ak) 4 St — 2]

2
= fa*) — ol VI + Lo |9 )2



AHanus cxoamMmocCTuU
VICI'IOJ'Ib3yeM L—rna,D,KOCTb BMeCTe C npaBuiom 06HOBJ'IEHV|$‘-|, yTObbI 3anMcaTb:
) L
FaP) < f(aF) + (Vf(2F), "t —2F) + §H$k+1 —a*|?
X . La? _ .
= f(z¥) —a|Vf(z")]? + T”Vf(l?k)ﬂz

«

= f@*) =5 2= La) [V f (M)



AHanus cxogumMocTH
MCI'IOJ'Ib3yeM L—rﬂaﬂKOCTb BMeCTe C npaBuiom 06HOBJ'|eHV|ﬂ, YTOGbI 3aNmncaTb:
FaH) < F(@F) 4 (TF(R), 2 — k) 4 Dt — gt
= 14— oV FR + L a2
= ) - 5

< J(a*) = SV,

(2= La) [Vf(=")]?
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MCI'IOJ'Ib3yeM L—rﬂaﬂKOCTb BMeCTe C npaBuiom 06HOBJ'|eHV|ﬂ, YTOGbI 3aNmncaTb:
FaH) < F(@F) 4 (TF(R), 2 — k) 4 Dt — gt
= 14— oV FR + L a2
= ) - 5
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AHanus cxogumocTu
Mcnonb3yem L-rnagkocTb BMECTE C MpaBuioM OGHOBEHWS!, YTOBbI 3anmcaTh:
FaH) < F(@F) 4 (TF(R), 2 — k) 4 Dt — gt
= 1)~ ol + E v
= fa") = 5 2= La) [V £(a")?
< fah) = SIVFEH)IE,

rae B nocnegHeM HepaBeHCTBE UCNOb30BaHa rmnoTesa o ware al < 1.



AHanus cxogumocTu Huv

MCI'IOJ'Ib3yeM L—rﬂaﬂ,KOCTb BMeCTe C npaBuiom 06HOBJ'|eHV|ﬂ, YyTO6bI 3anucaThb:
FaH) < F(@F) 4 (TF(R), 2 — k) 4 Dt — gt
= 14— oV FR + L a2
= ) - 5
< J(a*) = SV,

(2= La) [Vf(=")]?

rae B nocnegHeM HepaBeHCTBE UCNOb30BaHa rmnoTesa o ware al < 1.

Tenepb Ucnonb3yem cBONCTBO PL-QyHKUMM 1 nonydaem:

F@M) < f@*) — ap(f@@®) — ).

Bbiuta f* M3 06enx YacTeil 5TOro HepaBeHCTBa M MPUMEHMUB PEKYPCHIO, Mbl MOSTYYMM UCKOMbIN pe3ynbTar.



Bbinyknbiv rnagkum cnyJvyau



Bbinyknbi rnagkum cnydam Ry

Theorem

PaccmoTpum 3apavy

Myctb £* = arg mind f(z), a f* = f(z*). Npegnonoxum, uto f : R? — R senseTcs Bbinyknon u L-rnagkon GyHKLMeln, Ans
xR

HekoTtoporo L. > 0. Myctb (Ik)keN — rnocnefoBaTelbHOCTb UTepaLMil, CreHePUPOBaHHast METOAOM FPafMEHTHOrO CryCKa U3 TOUKM T
C MOCTOSHHbBIM LWarom «, ygosnetsopsitowmm 0 < a < %

Torpga ansa scex k € N cnpasegnvso:

|z — =*|?

flay) —f* < 2ok



YucneHHble SKCMNepnmeHTbl

Eigenvalues of A

min
zER™

Convex quadratics. n=60, random matrix.

Eigenvalues Function gap
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{f(as) = ngA:v — bTx} , =0, L=100.
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YucneHHble SKCMNepnmeHTbl

Eigenvalues of A

min
reR™

1
{f(x) = 537TA$ - bTx} , w=10, L =110.

Strongly convex quadratics. n=60, random matrix.

Eigenvalues
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YucneHHble SKCMNepnmeHTbl

Eigenvalues of A

min
zERN

1
{f(;r) = ixTAx — bTx} , =10, L = 1000.

Strongly convex quadratics. n=60, random matrix.

Function gap

Eigenvalues
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YucneHHble SKCMNepnmeHTbl

Eigenvalues of A

min
zERN

1
{f(;r) = ixTAx — bTx} , =10, L = 1000.

Strongly convex quadratics. n=60, clustered matrix.

Function gap

Eigenvalues
6
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L 1001
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YucneHHble SKCMNepnmeHTbl

Eigenvalues of A

min
zERN

1
{f(;r) = ixTAx — bTx} , =10, L = 1000.

Strongly convex quadratics. n=600, clustered matrix.

Function gap
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YucneHHble SKCMNepnmeHTbl S

1
min {f(x) = ixTAx — bTx} , 1 =10, L =1000.

zeR™

Strongly convex quadratics. n=60, uniform spectrum matrix.

Eigenvalues Function gap Norm of Gradient
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YucneHHble SKCMNepnmeHTbl

min < f(z) = leAas —bTz
{ito) = gos ot}

reR™

Strongly convex quadratics. n=60, Hilbert matrix.

Eigenvalues Function gap Norm of Gradient
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YucneHHble QKCrNnepnmeHTbl

|f(x) = £

[Fx) — ¥
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) = el + L3 toa(1 + oy, {a,))
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YucneHHble SKCMNepnmeHTbl

mi {f(:v) — et + LS log(1 + exply; o x>>>}
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mi {f(:v) — et + LS log(1 + exply; o x>>>}
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CxoanmocTb rpPagneHTHoOro cnycka S

TpaAveHTHBIN cryck: min f(z) Tpir = T — o,V fxy)
z€eR™
BbiNyKnas (Hernaakas) rnagkas (Hesbinyknasi) rnaaxas & Bbinyknas rnaaKas & CUIbHO BbiMyKnas
* H % * L k
Ja) = =0(&)  min Vi)l =0 (%) @) = =0(%) o =" =0 (1= £)")
k. =0(%) ka:O(s%) ks:(y(%) ke:g(%bg%)




CxoanmocTb rpPagneHTHoOro cnycka S

TpaAveHTHBIN cryck: min f(z) Tpir = T — o,V fxy)
z€eR™
BbiNyKnas (Hernaakas) rnagkas (Hesbinyknasi) rnaaxas & Bbinyknas rnaaKas & CUIbHO BbiMyKnas
* H % * L k
Ja) = =0(&)  min Vi)l =0 (%) @) = =0(%) o =" =0 (1= £)")
k. =0(%) ka:O(s%) ks:(y(%) ke:g(%l‘)g%)

[ns rnagKomn CUMbHO BbINYKIOW GYHKLMM Mbl UMEEM:

Fla) — < (1= 2) (fag) - 1),



CxoanmocTb rpPagneHTHoOro cnycka S

lpagneHTHbIN cryck: min f

TER™

Thp1 = T — V()

BbiNyknas (Hernagkas) rnagkas (HeBbinykas)

rmagkKas & BblnyKnasa rmagkasa & cunbHO BblnyKnasa

fla) =1 =0(%)
k. =0(z)

2 £

Og'igk IVf(z)| =0 (ﬁ)
k=0 (%)

fed—f=0()  lm-eP=o(0-")
ko =0(1) k. =0 (xlog )

[ns rnagKomn CUMbHO BbINYKIOW GYHKLMM Mbl UMEEM:

Fla) — < (1= 2) (fag) - 1),

O6paTuTe BHUMaHMKe, YTO AJis SI0BOro &, MOCKOMbKY € % Bbinykas n
1 — x aBnaeTca eé kacatenbHoi B Touke = = 0, Mbl UMeeM:

l—x<e™®



CxoanmocTb rpPagneHTHoOro cnycka

lpaaneHTHbI cnyck: min
TER™

f@) Thp1 = T — V()
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l—x<e™®
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lpaaneHTHbI cnyck: min
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lpaaneHTHbI cnyck: min
TER™
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CxoanmocTb rpPagneHTHoOro cnycka

lpaaneHTHbI cnyck: min
TER™

f@) Thp1 = T — V()

BbiNyknas (Hernagkas) rnagkas (HeBbinykas)

rmagkKas & BblnyKnasa rmagkasa & cunbHO BblnyKnasa

fla) =1 =0(%)
ke =0(3)
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Og'igk IVf(z)| =0 (ﬁ)
k=0 (%)

fed—f=0()  lm-eP=o(0-")
ko =0(1) k. =0 (xlog )

[ns rnagKomn CUMbHO BbINYKIOW GYHKLMM Mbl UMEEM:

Fla) — < (1= 2) (fag) - 1),

O6paTuTe BHUMaHMKe, YTO AJis SI0BOro &, MOCKOMbKY € % Bbinykas n
1 — x aBnaeTca eé kacatenbHoi B Touke = = 0, Mbl UMeeM:

l—x<e™®

HakoHeLy;:

ke

e = flay)— 1 < (1=4) " (flao) - )
<exp (k7 ) (o) = )

kgz%logf(lb)%f* :0(%Iogé)



CxoanmocTb rpPagneHTHoOro cnycka

Bonpoc: MoxHO v OBUTHCA NyyLlleint CKOPOCTH CXOAMMOCTU, UCMOSb3Ysi TONbKO MHbOPMaLIMIO NepBoro nopsaaxa?
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HWXHSAA OLieHKa Ha BbIBpaHHOM Knacce GyHKLMRA.
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BOHyC: AOKa3aTeJibCTBa CXoAMMOCTHU



JTo6asn [L-cunbHo BbiNyKnas aupdpepeHumpyemas
dyHKuua aenaetca PL-pyHKymen

Theorem

Ecnun dyHkuma ]‘(x) anddepeHUmMpyema 1 [1-CUITbHO BbIMyKI1a, TO OHa sBnsieTcs PL-yHkumen.

JokasaTtenbcTBo

Mo KPUTEPUIO CUMBbHO BbINYKIOCTY NEPBOro NopsiaKa:

fly) = f@) + V(@) (y—=2) + Gy — 2l3

Monoxum y = *:

f@) = f(@) + Vf(@)" (=" —z) + " — 2|3
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Mo KPUTEPUIO CUMBbHO BbINYKIOCTY NEPBOro NopsiaKa:

fly) = f@) + V(@) (y—=2) + Gy — 2l3

Monoxum y = *:

~

> f(z) + V@) (a* —2) + §la* — =3
f@) = f(@) < V@) (@ —a*) = §la* — a3 =



JTio6as [Li-cunbHo BbiNyKnas auddpepeHumnpyemas
dyHKuua aenaetca PL-pyHKymen
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Ecnun dyHkuma ]‘(x) anddepeHUmMpyema 1 [1-CUITbHO BbIMyKI1a, TO OHa sBnsieTcs PL-yHkumen.

JokasaTtenbcTBo

Mo KPUTEPUIO CUMLHOI BBIMYKMOCTY NEPBOrO MopsiAKa:
Fy) = F@) + V@) (y— ) + 4y — ol
Monoxum y = *:
fa*) = f(@) + V@) (@ — ) + ba* — a3
@)~ f(a*) < V@) (@ — o) — 22" — )} =
= (Vf(x) — 4" —2) (z—a) =
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Mo KPUTEPUIO CUIbHOM BbIMYKIOCTW NEPBOTrO NopsiAKa: Myctb a = %Vf(m) "
14

fly) = f@) + V(@) (y—=2) + Gy — 2l3 b= Valr—a) — V@)
Tormaa+ b= \/i(x — %) u
a—b= \%Vf(:v)—\/ﬁ(w—;zr*)

Monoxum y = *:



JTo6asn [L-cunbHo BbiNyKnas aupdpepeHumpyemas
dyHKuua aenaetca PL-pyHKymen

2
iz — 1) — %Vf(-r) )

f) — f) < 5 (;Ivf(ﬂ:)i \




JTo6asn [L-cunbHo BbiNyKnas aupdpepeHumpyemas
dyHKuua aenaetca PL-pyHKymen

2
iz — 1) — %Vf(x) )

f) — f) < 5 (;Ivf(ﬂ:)i \

f@) - fa*) < iuwmn;



JTo6asn [L-cunbHo BbiNyKnas aupdpepeHumpyemas
dyHKuua aenaetca PL-pyHKymen

2
iz — 1) — %Vf(x) )

f) — f) < 5 (;Ivf(ﬂ:)i \

f@) - fa*) < iuwmn;



JTo6asn [L-cunbHo BbiNyKnas aupdpepeHumpyemas
dyHKuua aenaetca PL-pyHKymen

JilE —a%) - =V ()

g (Yvsms -
f(w)f($)S2(M|Vf(~)z ‘ N

)

f@) - fa*) < iuwmn;

KOTOpPOE ABNSAETCA TOYHbIM ycnoBreM PL. OTo 03HayaeT, UTo Mbl y>Ke UMEeEM [,0Ka3aTeNbCTBO JIMHENHON CXOAMMOCTU A1 NI0GON CUIbHO
BbINYKNON GYHKLMN.



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [1/4]

Theorem

PaccmoTpum 3agady

min f(z)

zeR4
Myctb f* = newlilgd f(T) Mpeanonoxum, yto f : R? — R sBasietcs Bbinyknoi n L-rnagkoin ¢pyHkumen, ana Hekotoporo L > 0. MycTb
x

(xk)kEN — nocnenoBaTesibHOCTb I/ITepaLl,I/IIZ, CreHepupoBaHHaa MeTo40M rpagMeHTHOro cnycka ns3 To4Ykun .’L'O C MOCTOAHHbIM LWarom «,
yanosneteopsowmm 0 < a < %
Torpa ans secex k € N cnpasepnvso:
*|2
X . Ty —T
2ak

3ameTuM, 4TO Mbl 3[4,€Cb HUKaK He YNIOMUHAeM TOUKY MUHUMYMa. TO eCTb, 3TO CXOAMMOCTb Vi € R4 (8 Tom uncne 1 [o TOUKM MUHUMYMa).



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [2/4]

Haw nHcTpymeHTapui:

1. BbInyknocTb:

flx) > fly) +(Vf(y),z—y), Vr,y. 1)



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [2/4]

Haw nHcTpymeHTapui:

1. BbInyknocTb:
f@) = fy) +(Vf(y),z—y), Ya,y. )

2. nagkocTb:

7(@) < F&) + (VI whw =) + 5 lo— ol V. @



CxoauMoCTb rpaguUeHTHOro criycka B BbiMyKJ/IOM rN1agKom
cnyvae [2/4]

Haw nHcTpymeHTapui:
1. BbInyknocTb:
f@) = fy) +(Vf(y),z—y), Yo,y
2. nagkocTb:
7(@) < F&) + (VI whw =) + 5 lo— ol V.
3. 3-point identity (no cyTu, kKBagpaT pasHocTK):
la=bl*=la—c—(b-0)* =la—c*—2(a—cb—c)+[b—c|?
nepeHocuM cripasa Bce kpome |[b — c||? Haneso 1 MeHsiem MecTamm BCe GaKTOPBI BHYTPU KaXAOTO U3 MEPEHECEHHBIX UNEHOB:
[b—cl® =lb—al* + 2(c — a,c — b) — |c —al.

()

(2)

(3)
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« Mopnctaensem s (3) b = x, ¢ = ¥y, 1, @ = T}, M AOMHOXaeM BCe Ha 5°
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(2)

(3)

(4)
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Haw nHcTpymeHTapui:
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f@) = fy) +(Vf(y),z—y), Yo,y
2. nagkocTb:
7(@) < F&) + (VI whw =) + 5 lo— ol V.
3. 3-point identity (no cyTu, kKBagpaT pasHocTK):
la—=b* =lla—c—(—c)|*=la—c|* —2(a—c,b—c) + b —c|?
nepeHocuM cripasa Bce kpome |[b — c||? Haneso 1 MeHsiem MecTamm BCe GaKTOPBI BHYTPU KaXAOTO U3 MEPEHECEHHBIX UNEHOB:
[b—cl* =1b—al* +2(c —a,c = b) — e —al.

1

« Mopnctaensem s (3) b = x, ¢ = ¥y, 1, @ = T}, M AOMHOXaeM BCe Ha 5°

1 1 2 1 2
gﬂx - $k+1H2 = D) |z — 24" + <$k+1 T P Vg1 — T) — 3 H$k+1 —

()

(2)

(3)

(4)



CxoauMoCTb rpaguUeHTHOro criycka B BbiMyKJ/IOM rN1agKom
cnyvae [2/4]

Haw nHcTpymeHTapui:
1. BbInyknocTb:
2. nagkocTb:

7(@) < F&) + (VI whw =) + 5 lo— ol V.

3. 3-point identity (no cyTu, kKBagpaT pasHocTK):
la—b*=la—c—(0—c)*=la—c|>—2(a—c,b—c) +[b—c|?
nepeHocuM cripasa Bce kpome |[b — c||? Haneso 1 MeHsiem MecTamm BCe GaKTOPBI BHYTPU KaXAOTO U3 MEPEHECEHHBIX UNEHOB:
[b—cl? = b —al® +2{c —a,c = b) — e —al.

1

« Mopnctaensem s (3) b = x, ¢ = ¥y, 1, @ = T}, M AOMHOXaeM BCe Ha 5°

1 2 1 2
3 |z — 24" + (g1 — Tpy Ty — @) — 3 |1 — 2l

1
§H37*95k+1H2

1 2 1 2
) [z — 2" — o <Vf(l“k)7$k+1 —z)— 5 ||$k+1 —z]"-

()

(2)

(3)

(4)



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [3/4]

» [MocMOTPVM BHUMaTENbHEE Ha CKansipHoe Npou3BeaeHne —o <Vf(mk.), Tpiq — Z) M BOCMOAb3yeMcA CHayana BbinyknocTbio (1), a notom —
rnagKocTbio (2):



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [3/4]

+ MocMOTPUM BHUMaTenNbHee Ha ckansipHoe nponsseaeHve —a (V f(x;,), Tpy1 — Z) M BOCMOAb3yeMcA CHayana BbinyknocTbio (1), a notom —
rnagKocTbio (2):

-« <vf($k)7xk:+1 - I> =« (<Vf(l‘k),$ - xk> + <Vf($k), Ly — xk:+1>)



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [3/4]
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rnagKocTbio (2):

-« <vf($k)7xk:+1 - I> =« (<Vf(l‘k),$ - xk> + <Vf($k), Ly — xk:+1>)
(U]

< o (f(x) = flag) + (Vf(@p), 2 — 2p11))
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) L
< a (@) = flopn) + 5 lowr — il
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+ MocMOTPUM BHUMaTenNbHee Ha ckansipHoe nponsseaeHve —a (V f(x;,), Tpy1 — Z) M BOCMOAb3yeMcA CHayana BbinyknocTbio (1), a notom —
rnagKocTbio (2):

—« <vf($k)7xk:+1 - I> =« (<Vf(l‘k),l’ - xk> + <Vf($k), Ty — xk:+1>)
S o (f() = flay) + (VI (@) 2 — 2en))
< a (@) = fopn) + 5 o — )

=

 [NopcTaBnsieM 3T0 BCe 06paTHO B (4) U UCMOMb3yeM YCNoBUE Ha pa3mep wara o <

1 2 1 2 . al 1 2
2=zl < Sllo = ol +a(f@) — fogn) + (5 = 5) b — il



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [3/4]

+ MocMOTPUM BHUMaTenNbHee Ha ckansipHoe nponsseaeHve —a (V f(x;,), Tpy1 — Z) M BOCMOAb3yeMcA CHayana BbinyknocTbio (1), a notom —
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—« <vf($k)7xk:+1 - I> =« (<Vf(l‘k),l’ - xk> + <Vf($k), Ty — xk:+1>)
S o (f() = flay) + (VI (@) 2 — 2en))
< a (@) = fopn) + 5 o — )

« [MopcTaBnsieM 3To Bce 06paTHO B (4) 1 Ucnosib3yem ycnosue Ha pasmep wara o < %:
1 2 1 2 . al 1 2
Sle =zl < 5 le =2 " + e (f(@) = flapa) + | 5 = 5 ) Ik —
2 2 2 2

1 2 1 2 alL 1 2
o= aall = 2 el <0 (@) — Fa) + (% 1) b — )



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [3/4]

+ MocMOTPUM BHUMaTenNbHee Ha ckansipHoe nponsseaeHve —a (V f(x;,), Tpy1 — Z) M BOCMOAb3yeMcA CHayana BbinyknocTbio (1), a notom —
rnagKocTbio (2):

—« <vf($k)7xk:+1 - I> =« (<Vf(l‘k),$ - xk> + <Vf($k), Ty — xk:+1>)
S o (f() = flay) + (VI (@) 2 — 2en))
(2)

< a (@) — f@a) + 3 b —ol?)

 [NopcTaBnsieM 3T0 BCe 06paTHO B (4) U UCMOMb3yeM YCNoBUE Ha pa3mep wara o <
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CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [3/4]

+ MocMOTPUM BHUMaTenNbHee Ha ckansipHoe nponsseaeHve —a (V f(x;,), Tpy1 — Z) M BOCMOAb3yeMcA CHayana BbinyknocTbio (1), a notom —
rnagKocTbio (2):

—« <vf($k)7xk:+1 - I> =« (<Vf(l‘k),$ - xk> + <Vf($k), Ty — xk:+1>)
S o (f() = flay) + (VI (@) 2 — 2en))

(2)

< a (@) — f@a) + 3 b —ol?)

 [NopcTaBnsieM 3T0 BCe 06paTHO B (4) U UCMOMb3yeM YCNoBUE Ha pa3mep wara o <

=

1 2 1 2 . al 1 2
Sl ol < 5 lo =yl +a (@) = f@n) + (5 = 5) e — il
2 2 2 2
2 1 2 alL 1 2
Sl —anll = o —al <a (7@ = fn) + (5 = 5) o — il
2 2 2 2
(a<1/L) 1

7 (f(l) - f(wk+1)) .

« [epeHocyM NpaByto YacTb BIIEBO, SIEBYIO - BNPaBO 1 JOMHOXaeM Ha L:
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CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [4/4]

» BepeM cpeaHee OT NeBoit 1 Npasoi YacTel oT no scem kot 0 go N — 1:
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» BepeM cpeaHee OT NeBoit 1 Npasoi YacTel oT no scem kot 0 go N — 1:
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CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [4/4]

» BepeM cpeaHee OT NeBoit 1 Npasoi YacTel oT no scem kot 0 go N — 1:
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CxoauMoCTb rpaguUeHTHOro criycka B BbiMyKJ/IOM rN1agKom
cnyvae [4/4]

» BepeM cpeaHee OT NeBoit 1 Npasoi YacTel oT no scem kot 0 go N — 1:
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CxoanmocTb rPagneHTHoOro CriyCka B BbIlNyKJ1IOM rNagKom

cnyvae [4/4]

» BepeM cpeaHee OT NeBoit 1 Npasoi YacTel oT no scem kot 0 go N — 1:

1 Mol 7 N-1 ,
N 2 (f(@pr1) = fl@) < N 2 (Hf el C $k+1H>
L 2 2
=l wlf — le— )
L
SON lz — o]

» Tak KaK Af1s1 BbiNyKibIx GyHKUWMIA (1) rpafMeHTHbIR CyCK MOHOTOHEH:

f(@g) > f(@q) (VF(@pi0), T — Tpyq)

= f(@p41) + |V (@)
2 f(‘%'k-%—l)v
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cnyvae [4/4]

» BepeM cpeaHee OT NeBoit 1 Npasoi YacTel oT no scem kot 0 go N — 1:

1 Mol 7 N-1 ,
N 2 (f(@pr1) = fl@) < N 2 (Hf el C Ik+1”>
L 2 2
=l wlf — le— )
L
SON lz — o]

» Tak KaK Af1s1 BbiNyKibIx GyHKUWMIA (1) rpafMeHTHbIR CyCK MOHOTOHEH:

f(@g) > f(@q) (VF(@pi0), T — Tpyq)

= f(@p41) + |V (@)
> f(zhe1),

10 & SN (flap) — f@) 2 min_g o1 fl@i) — fl@) = flzy) — f(2).



CXOAMMOCTb FPafMEHTHOro CNycKa B BbINYK/OM rnagkom v
cnyvae [4/4]

» BepeM cpeaHee OT NeBoit 1 Npasoi YacTel oT no scem kot 0 go N — 1:

1 Mol 7 N-1 ,
N 2 (f(@pr1) = fl@) < N 2 (Hf el C Ik+1”>
L 2 2 (5)
=l wlf — le— )
L
SON lz — o]

» Tak KaK Af1s1 BbiNyKibIx GyHKUWMIA (1) rpafMeHTHbIR CyCK MOHOTOHEH:

flxy) > fl@p) (V@) 2 — Tppq)
= f(@p41) + |V (@)
2 f(‘%'k-%—l)v

T0 & Z?:OI (f(@pyr) = f(@) = min_y  n 1 (@) — flz) = f(xy) — f(x). NoacTasnss s70 B (5), Nonyyaem UCKOMbiiA
pesynbTart.
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