BbinyknocTb: BbiNyk/ibie MHOXECTBA,
Bbinyknbie hyHkuun. Ycnosue lMonsika -
JlosicneBunya. CunbHas BbiNyK/IOCTb

Oaus Mepkynos, MNMetp OcTtpoyxos

Ontumusauyms ans scex! LY.



https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

B, /— min

Boinyknble MHOXecTBa

Bbinyknblie mHOXecTBa


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

AdcpuHHbIE MHOXeECTBa

Mycte x1, x5 nBa BekTOpa B R™. Torpa
npsiMasi, NPOXOAsLLAs Hepes HUX,
onpeaenseTcs ciegytowmm obpasom:

x=0r+(1—0)zy,0 €R

Muoxectso A HasbiBaeTcs adpuHHbIM, ecan
NS NobbIX T1, To M3 A npsMasi, npoxogsiiast
yepes Hux, Takxe nexuT B A, T.e.

V0 € R,Vay, 29 € A: 0z, + (1 —0)zy, € A

Example

® R™ - adbchnHHOE MHOXECTEO.

Puc. 1: NnniocTpauyus npsmoii Mexzay ABYMS BEKTOpPaMU T W To

‘f% 5“3‘3 Boinyknble MHOXecTBa 0 O
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AdcpuHHbIE MHOXeECTBa

Mycte x1, x5 nBa BekTOpa B R™. Torpa
npsiMasi, NPOXOAsLLAs Hepes HUX,
onpeaenseTcs ciegytowmm obpasom:

x=0r+(1—0)zy,0 €R

Muoxectso A HasbiBaeTcs adpuHHbIM, ecan
NS NobbIX T1, To M3 A npsMasi, npoxogsiiast
yepes Hux, Takxe nexuT B A, T.e.

V0 € R,Vay, 29 € A: 0z, + (1 —0)zy, € A

Example

® R™ - adbchnHHOE MHOXECTEO.

® MHOXeCTBO peLueHmii
{z | Az = b} Takxe sBnseTcs
adppUHHBIM MHOXKECTBOM.

Puc. 1: NnniocTpauyus npsmoii Mexzay ABYMS BEKTOpPaMU T W To

‘f% 5“3‘3 Boinyknble MHOXecTBa 0 O
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KoHyc

MHoXecTBO S Ha3blBaeTCS KOHYCOM, €C/iu:
VreS, 0>0 — 0xeS

Ecnn Touka npuHagnexnT KoHycy, TO U BecCb x2 A
NlyYd, NPOXOASILUNIA N3 Ha4ana KOOPAMHAT Yepes
3TY TOYKY, TaKXXe NPUHAJNEXUT STOMY KOHYCY.

\ 4

— min
‘f 2,9,z Boinyknble MHOXecTBa

Puc. 2: Nnntoctpauymsi koHyca
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Bbinyknbii KOHYC
MHoxxecTBO S Ha3bIBA€TCSA BbINYK/1bIM
KOHYCOM, eCnn:
Vo, 29 €8, 0,0, >0 — 0O,x,+0,2,€ S

Bbinyknblii KOHYC 3TO KOHYC, KOTOPbIA TaKxe
ABNSIETCS BbINYKAbIM MHOXECTBOM.

i Example

e R”

Boinyknble MHOXecTBa
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Bbinyknbii KOHYC
MHoxxecTBO S Ha3bIBA€TCSA BbINYK/1bIM

KOHYCOM, eC/u:
Vo, 29 €8, 0,0, >0 — 0O,x,+0,2,€ S
Bbinyknblii KOHYC 3TO KOHYC, KOTOPbIA TaKxe
ABNSIETCS BbINYKAbIM MHOXECTBOM.

i Example

e R”
® AdprHHbIE MHOXKECTBA,
cofepxxatue 0

Boinyknble MHOXecTBa
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Bbinyknbii KOHYC
MHoxxecTBO S Ha3bIBA€TCSA BbINYK/1bIM

KOHYCOM, eC/u:

Vo, 29 €8, 0,0, >0 — 0O,x,+0,2,€ S
Bbinyknblii KOHYC 3TO KOHYC, KOTOPbIA TaKxe
ABNSIETCS BbINYKAbIM MHOXECTBOM.

i Example

e R”

® AdprHHbIE MHOXKECTBA,
cofepxxatue 0

® Jlyu

— min
‘f 2,9,z Boinyknble MHOXecTBa
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Bbinyknbii KOHYC
MtoxecTBo S Ha3bIBA€TCSA BbINYK/1bIM

KOHYCOM, eCnn:

Vo, 29 €8, 0,0, >0 — 0O,x,+0,2,€ S

Bbinyknblii KOHYC 3TO KOHYC, KOTOPbIA TaKxe
ABNSIETCS BbINYKAbIM MHOXECTBOM.

Example

e R”

® AdprHHbIE MHOXKECTBA,
cofepxxatue 0

® Jlyy

® S - MHOXeCTBO CMMMETPUYHbIX
NOJIOXKNTENBHO MOJYONpPEAEsEHHbIX
maTpuL

Boinyknble MHOXecTBa
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Bbinyknbii KOHYC
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Vo, 29 €8, 0,0, >0 — 0O,x,+0,2,€ S

Bbinyknblii KOHYC 3TO KOHYC, KOTOPbIA TaKxe
ABNSIETCS BbINYKAbIM MHOXECTBOM.

Example

e R”

® AdprHHbIE MHOXKECTBA,
cofepxxatue 0

® Jlyy

® S - MHOXeCTBO CMMMETPUYHbIX
NOJIOXKNTENBHO MOJYONpPEAEsEHHbIX
maTpuL

Boinyknble MHOXecTBa
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Bbinyknbii KOHYC
MtoxecTBo S Ha3bIBA€TCSA BbINYK/1bIM

KOHYCOM, eCnn:

Vo, 29 €8, 0,0, >0 — 0O,x,+0,2,€ S T
2 A

Bbinyknblii KOHYC 3TO KOHYC, KOTOPbIA TaKxe
ABNSIETCS BbINYKAbIM MHOXECTBOM.

Example

.- S

® AdprHHbIE MHOXKECTBA,
cofepxxatue 0

® Jlyy

® S - MHOXeCTBO CMMMETPUYHbIX

MONIOXKUTENBHO MOJNyonpefeneHHbIX
maTpuL, O

Bbinyknblii KoHyC siBNsieTCs BbINYK/IbIM
MHOXECTBOM, COAEPXKALLNM BCE KOHUYeCKne
KOMDOWHALMN TOYEK B MHOXECTBE.

B/~ mi Beinykbie MHOXeCTBa Puc. 3: Winntoctpaums Bbinyknoro koHyca

\4

0
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OTpesok
Mycte z,, x5 ABa BekTOpa B R™.

Torpa oTpe3sok Mexay HUMU onpefensieTcs
cnepytownm obpasom:

x =0z, + (1—0)x,y, 0€][0,1]

Bbinyknoe MHOXXeCTBO COLEPXKUT OTPE3OK
MeXAy NoDbIMN ABYMS TOHKaMU B MHOXKECTBE.

L mi
‘f 5“3‘3 Boinyknble MHOXecTBa 0
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Bbinyknioe MmHoXXecTBO

MHoxecTBO S’ Ha3bIBAETCS BbINYKIILIM, €CU AJis1 IODbIX T, Ty 13 S OTpPe3ok
MEXY HUMUN TaKXe NexuT B S, T.e.

V0 €[0,1], Va2 € S: 0z, + (1 —0)zy €8

OD
QL X

Boinyknble MHOXecTBa

Example
MycToe MHOXECTBO "
MHOXECTBO W3  OAHOro
BEKTOpa ABNAOTCA
BbINYKAbIMU no
onpeAeneHunto.

Example
Jhoboe acdhpuHHOoE
MHOXECTEO, nyy unm
oTpesokK aBnAl0TCA

BbINYK/IbIMU MHOXXECTBaMW.
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Bbinyknas kombuHauyuns

MycTe 1, %q,...,2;, € S, Torga Touka 0,2, + 0,25 + ... + 0,7, Ha3bIBaETCH BbINYKNOW KOMOUHALMER TOuEK

k
Xy, Lo, ..., Ty ecan y, 0, =1, 0, > 0.
=1

L mi
‘f nin Boinyknble MHOXecTBa 0
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Bbinyknas obonouka
MHOXeCTBO BCex BbIMyK/bIX KOMOUHALMEA TOHYeK U3 .S Ha3bIBAeTCS BbINYKIOW 000N0YKOM MHOXECTBA S.

k k
conv(S) = Z@ixi | z; € S,ZQZ- =1,0,>0
=1 =1

® MHoxecTBo conv(S) ABNSIETCS HAUMEHBLUUM BbIMYKbIM MHOXECTBOM, coaepXawum S.

O

Puc. 5: BerZ BbINyKJble 060104KM BbINYKJIbIX MHOXECTB. Hus: BblNyKnasa obonoyka HEBbINYKJIbIX MHOXECTB.

Boinyknble MHOXecTBa @0 O
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Bbinyknas obonouka
MHOXeCTBO BCex BbIMyK/bIX KOMOUHALMEA TOHYeK U3 .S Ha3bIBAeTCS BbINYKIOW 000N0YKOM MHOXECTBA S.

k k
conv(S) = Z@ixi | z; € S,ZQZ- =1,0,>0
=1 =1

® MHoxecTBo conv(S) SBASETCH HAUMEHBLIUM BbIMYKJIbIM MHOXECTBOM, COAEpXaLLnuM S.
® MHoxecTBO S SBASETCA BbINYKbIM TOrAa U TONbKO Toraa, korga S = conv(S).

O

Puc. 5: BerZ BbINyKJble 060104KM BbINYKJIbIX MHOXECTB. Hus: BblNyKnasa obonoyka HEBbINYKJIbIX MHOXECTB.

Boinyknble MHOXecTBa @0 O
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Cymma MuHkoBckoro

Cymma MUHKOBCKOTO ABYX MHOXECTB BEKTOPOB S 1 Sy B €BKANAOBOM MPOCTPAHCTBE 0DPa3yeTCst MyTeM CIOXKEHNS

KaXKAoro BeKTOpa 13 S; C KaXAbIM BEKTOpPOM 13 Sy,
S, + Sy ={s; +85]8; €5}, sy, €55}

Takke MOXXHO ONpeaenuTb JIMHERHYIO KOMOUHALNIO MHOXKECTB.

i Example

PaccmoTpum npoctpatcteo R2. Onpegenvm: T2 T2

S, = {w e B 1a? + a3 < 1}

D70 eAnHNYHAs OKPYXKHOCTb, C LEHTPOM B Hadase koopauHat. U:
S S1+ 8
Syi={zeR?:—4<z, <—-1,-3<az,<—1} TR

370 npamoyronsHuk. Cymma mHoxecTs S; n S,
obpasyeTyBennHeHHbIi NPSMOYroNbHIK Sy C 3aKPYrIEHHBIMY
yrnamu. [onyueHHoe MHOXeCTBO DyaeT BbIMyK/bIM.

Puc. 6: S =5+ 5,

— min
‘f o Boinyknble MHOXecTBa
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lMpoBepka BbINykSOCTU

Ha NPaKTUKE OY4E€Hb Ba>XHO MOHNMATb, ABAAETCA JIN KOHKPETHOE MHOXECTBO BbIMYK/IbIM WUJIN HET. ,D,J'Iﬂ 3TOro
NCNoNb3yrTCA ABa NoaxoAa B 3aBUCUMOCTUN OT KOHTEKCTA.

® [lo onpegeneHuto.

Boinyknble MHOXecTBa DO

11
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lMpoBepka BbINykSOCTU

Ha NPaKTUKE OY4E€Hb Ba>XHO MOHNMATb, ABAAETCA JIN KOHKPETHOE MHOXECTBO BbIMYK/IbIM WUJIN HET. ,D,J'Iﬂ 3TOro
NCNoNb3yrTCA ABa NoaxoAa B 3aBUCUMOCTUN OT KOHTEKCTA.

® [lo onpegeneHuto.
® [okasaTb, 4TO S NOMYHaAETCS N3 NPOCTbIX BbIMYKIbIX MHOXECTE C NMOMOLLLIO ONEPaLnii, COXPaHSOLMX
BbIMYKJIOCTb.

Boinyknble MHOXecTBa DO

11
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lNMpoBepka BbINYKNOCTN NO onpeaeneHnto

1,85 €5,0<0<1 — Ox;+(1—0)z, €8

i Example

[JokasaTb, 4TO MHOXXECTBO CUMMETPUYHbIX MONOXKMUTENLHO ONpPEeAeNeHHbIX MaTpuL, S
XT, X = 0} saenserca Bbinyk/bIM.

— min
‘f 2,9,z Boinyknble MHOXecTBa

n —
++ =

{XERan|X:

12
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Onepauunn, coxpaHsitowme BbiNyKIOCTb

Jlnnelinas KOM6VIH3LI,I/IH BbIMYKJIbIX MHOXECTB ABNAETCA BbINYK/IbIM MHOXECTBOM.

MycTb ecTb ABa BbIMYKAbIX MHOXECTBA S, Sy, TOrAa MHOXeCTBO

S={s|s=cz+cy, €8, Yy ES,, 1, ¢y €R}

Bosbmem gga BekTopa U3 S $1 = €T + Co¥y, So = €1 Ty + CaYy U AOKAKEM, HTO OTPE3OK MEXAY HUMM
0sq + (1 —0)s,,0 € [0, 1] Takxe npuHagnexut S

0s, + (1 —0)sy

O(crzy + coyp) + (1 — 0)(c175 + cays)
c1(0zy + (1= 0)z5) + co(0y; + (1 —0)ys)
T +cy €S

— min
‘f o Boinyknble MHOXecTBa
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MNepeceyenne nwoboro (!) uncna BbINYK/IBIX MHOXECTB SIBSIETCA BbINYKJ/1bIM

Ecnn nepeceveHne nyctoe unm copepxuT oAHYy TOYKY, CBOWCTBO [OKa3biBaeTCs No onpefeneHunto. B npoTusHom
cnyqae BO3bMEM AIBE TOYKN U OTPE3OK MEXAY HUMU. DTN TOYKMN AOMKHbI JIEXaTh BO BCEX MEPECEKAOLLMNXCS
MHOXECTBAX, U MOCKOJIbKY OHW BCE BbIMYKJble, OTPE3OK MEXAY HUMIU JIEXXUT BO BCEX MHOXECTBAX U, CNEAOBATENLHO,
B X NepeceyeHunn.

X
S

A

=4

‘f% 5‘5}‘3 Boinyknble MHOXecTBa P00 O 14
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O6pa3 Bbinyknoro mHoxecrsa npu adpcpnHHOM 0TObpakeHun aBnsieTcs

BbINYKJ1bIM

S CR" soinykno —  f(S) ={f(z) | x € S} suinykno (f(z) = Az +b)

Mpumepbl acbpnHHbBIX MHOXECTB: pacLUMpeHne, NPOEKLUs, TPaHCNOHNPOBaHNE, MHOXKECTBO pelleHunil INHERHOro
mMaTpuyHoro Hepasectea {z | ©1A4; + ... + z,, A, < B}. 3gecs A;, B € SP cuMmmeTpuyHble MaTpuLbl p X p.

Tak>xe obpaTum BHUMaHME, 4TO NPoobpa3 BbIMYKIOrO MHOXECTBA Mpu adpPUHHOM OTOBPAXKEHNUN TaKXKe SABSETCS

BbINMYKNbIM.

S CR™ geinykno — f71(S) = {x € R" | f(z) € S} suinykno (f(x) = Az +b)

— min
‘f o Boinyknble MHOXecTBa

15
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Mpumep

Myctb & € R - cnyyaiiHas BeMYNHA C 334aHHBIM BEPOSITHOCTHBIM pacnpegenednem P(x =a,;) = p;, rae i =1,...,n,

na; <..<a,. Torpa BekTop BeposaTHocTell p € R™ npuHagneXxut BepoOSTHOCTHOMY CUMIIEKCY, T.€.

P={p|1Tp=1,p=0t={p|p +...+p, =1,p; > 0}.
Oﬂpep'eﬂVITb, ABNAAKTCA N Cﬂep'yIOI.IJ'VIe MHO>XXECTBaA BepOﬂTHOCTHbIX BeKTOpOB p BbII'IyKJ'IbIMVI:

*Plx>a)<p

— min
‘f 2,9,z Boinyknble MHOXecTBa

16
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Mpumep

Myctb & € R - cnyyaiiHas BeMYNHA C 334aHHBIM BEPOSITHOCTHBIM pacnpegenednem P(x =a,;) = p;, rae i =1,...,n,

na; <..<a,. Torpa BekTop BeposaTHocTell p € R™ npuHagneXxut BepoOSTHOCTHOMY CUMIIEKCY, T.€.

P={p|1Tp=1,p=0t={p|p +...+p, =1,p; > 0}.
Oﬂpep'eﬂVITb, ABNAAKTCA N Cﬂep'yIOI.IJ'VIe MHO>XXECTBaA BepOﬂTHOCTHbIX BeKTOpOB p BbII'IyKJ'IbIMVI:

*Plx>a)<p
° E|2z29Y < aF|z|

— min
‘f 2,9,z Boinyknble MHOXecTBa
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Mpumep

Myctb & € R - cnyyaiinas BeMYNHA C 334aHHBIM BEPOSITHOCTHBIM pacnpegenednem Pz =a;) = p;, rae i =1, ...

na; <..<a,. Torpa BekTop BeposaTHocTell p € R™ npuHagneXxut BepoOSTHOCTHOMY CUMIIEKCY, T.€.

P={p|1Tp=1,p=0t={p|p +...+p, =1,p; > 0}.
Oﬂpep'eﬂVITb, ABNAAKTCA N Cﬂep'yIOI.IJ'VIe MHO>XXECTBaA BepOﬂTHOCTHbIX BeKTOpOB p BbII'IyKJ'IbIMVI:

*Plx>a)<p
° E|2z29Y < aF|z|
° Elz?| > a

L mi
‘f 5‘5}‘3 Boinyknble MHOXecTBa DO

7n'

16
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Mpumep

Myctb & € R - cnyyaiinas BeMYNHA C 334aHHBIM BEPOSITHOCTHBIM pacnpegenednem Pz =a;) = p;, rae i =1, ...

na; <..<a,. Torpa BekTop BeposaTHocTell p € R™ npuHagneXxut BepoOSTHOCTHOMY CUMIIEKCY, T.€.

P={p[1"p=1p=0}={p|p; +..+p, =1,p; > 0}.
Orlpep,enVITb, SABAAKOTCA 1N CﬂeAyIOLlJ'Vle MHO>XECTBaA BepOHTHOCTHbIX BeKTOpOB p Bbll'lyKJ'lblMVl:
Pz >a)<p
E|229Y| < aE|z|
E|lz?| > «
V> «

— min
‘f 2,9,z Boinyknble MHOXecTBa DO

7n'
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B, /— min

Beinykable cyHKUMN

Boinyknbie cyHkuumn

17
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HepaseHctBo MeHceHa

®ynkuns f(z), onpegenenHas Ha BbINyKIOM
mHoxectee S C R", Ha3biBaeTca BbINyKO

Ha S, ecnu: f(a:)

FOx + (1= Nzg) < Af(2q) + (1= N) f(zo)

AN NobbIX 1,25 €S0 < A <1,
Ecnu BbilweykasaHHoe HepaBeHCTBO
BbIMOJIHSIETCS CTPOrNIM HEPABEHCTBOM AJ1si
Ty Fxon 0 <A< 1, To yHKums
Ha3bIBAETCS CTPOrO BbIMYKOW Ha S.

Non convex

Convex

xr

Puc. 8: Pasnuua mMexxay BbIMyKIOA U HEBLINYKIONA OyHKL e

‘f - 5“4}‘3 Boinyknble yHkunm

18
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HepaseHctBo MeHceHa

i Theorem

Myctb f(x) BbInyknas dyHkumus Ha Boinykaom mHoxectee X C R™ n nycts z; € X, 1 < i < m, npoussosbHble

Toukm us X. Torpa
m

m
f Z Ay | < Z Aif(z;)
=1 =1
Anst aboro A = [Aq,..., A, ] € A, - BEPOSTHOCTHOrO CMMIEKCA.

[OokasatenbcTBo

m
1. Bo-nepsbix, obpaTM BHUMaHME, 4TO TOYKa Zi_l A;Z; KaK BbIMyKNasi KOMOMHALMS TOHEK M3 BbIMYKIOrO
MHoxecTBa X npuHagnexut X.

‘fﬁ}fnﬁxl Boinyknble yHkunm P00 O

19
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HepaseHctBo MeHceHa

i Theorem

Myctb f(x) BbInyknas dyHkumus Ha Boinykaom mHoxectee X C R™ n nycts z; € X, 1 < i < m, npoussosbHble

Toukm us X. Torpa
m

m
f Z Ay | < Z Aif(z;)
=1 =1
Anst aboro A = [Aq,..., A, ] € A, - BEPOSTHOCTHOrO CMMIEKCA.

[OokasatenbcTBo

m
1. Bo-nepsbix, 0BpaTm BHUMaHME, 4TO TOYKA Y. - A, Z; KaK BbiMyKNas KOMBMHALMS TOYEK U3 BbIMYKIOrO
i=1 "t
MHoxecTBa X npuHagnexnt X.
2. MbI pokaxkem 370 nHgykuuveid. Jns m = 1, yTBepKaeHne o4eBUAHO, U ANst M = 2, OHO ClefyeT u3
onpefeneHnst BoINyKAOHA OyHKLMN.

‘fﬁ}fn‘}‘} Boinyknble yHkunm P00 O

19
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HepaseHctBo MeHceHa

3. MNpeanonoxum, 4To OHO BepHO ANs BCeX M A0 M = K, n Mbl gokaxem ero anam =k + 1. Mycte A € Ay n
E+1 k
T = E Ay = E Ay + A1 -
i=1 i=1
Mpeanonoxum, 4to 0 < Ay, < 1, MHa4e, OHO CBOAMTCS K PACCMOTPEHHBLIM paHee CAy4asiM, TOrAa Mbl MeEEM

T = AT + (1= A 0)T,

_ k v .
eI =) . T MY = M >0,1<i<k

1-Ap1 =

‘f% 5‘5}‘3 Boinyknbie yHKLMM P00 O 20
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HepaseHctBo MeHceHa

3. MNpeanonoxum, 4To OHO BepHO ANs BCeX M A0 M = K, n Mbl gokaxem ero anam =k + 1. Mycte A € Ay n

k+1

x—Z)\x —Z)\ TRRVSSEINEE

Mpepnonoxum, 410 0 < A,y < 1, MHaye, OHO CBOAUTCS K PACCMOTPEHHBLIM paHee CilyH4asM, TOrAa Mbl UMEEM

T = AT + (1= A 0)T,

rne;E:Zleyixim%f e 20 1<i<k
4. Mockonbky A € Ay 1, T0 ¥ = [V,...,7) € A Cnegoatensro, £ € X u no eeinyknoctu f(x) u runortese
NHAYKLMK:
kt1 k+l
f (Z Az‘%‘) = M1 Trar + (1= Xe1)Z) < N1 f(@gga) + (1= X)) f(2) < Z)\z‘f(%‘)
i=1 i=1

Takum O6p330M, NCXOAHOE HEPABEHCTBO BbINOJIHAETCA ANA T — k + 1.

‘f% 5‘5}‘3 Boinyknble yHkunm P00 O
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Mpumepsbl BbinykAbix yHKUMIT

‘f - nin Boinyknble yHkunm

e f(x)=2aP,p>1, xeR,

© F(@) = Jo]?, p> 1,2 € R”

° f(x)=e", ceR,zeR

® f(z)=—Inz, ze R,

* f(x)=xlnz, xeR

® Cymma k Hanbonbmx koopauHat f(x) =
® f(X)=—logdet X, X € S7,

x(l) + + iE(k), T € Rn

21
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Haarpadumk

Ons dyrkuun f(x), onpepenentoii Ha S C R™,
MHOXeCTBO:

epi f={[z,n] €S xR: f(z) < pu} f(x) Epl f

Ha3biBaeTcs naarpadukom dyHkunmn f(z).
i BeinyknocTts Hagrpacbuka = BbINyKAOCTL yHKLAN

Ons Toro utobbl dyHkuus f(x), onpepenenHas
Ha BbINykAOM MHOxecTBe X, Oblna Bbinykaol Ha
X, HeobxoanMo U [OCTaTO4YHO, 4TOBLI Hagrpadumk
cbyHKLMM f BbIN BbINYK/IBIM MHOXECTBOM.

Puc. 9: Haarpadwuk dyHkyun

‘f%gn&l} Boinyknble yHkunm P00 O 22
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BbinyknocTtb Hagrpacuka = BbinykaocTb hyHKL UM

1. Heobxopumocts: lMpeanonoxunm, 4to f(z) Boinykna Ha X. Bosbmem tobble e NPOU3BOSbHbIE TOHKM
[, 1] € epif n [z4, pty] € epif. Takke BosbMmem 0 < A < 1 1 0603Ha4UM
zy = Azy + (1= N)ag, py = Ay + (1= A)py. Toraa,

SR R e

W3 Beinyknoctn mHoxectea X cneayet, 4to 2, € X. Kpome Toro, nockonbky f(z) Bbinyknas dyHkuus,
flay) S Af(aq) + (1= A) fla) < Ay + (1= ANy = iy

T .
HepaBeHcTBO BbllLe 03HaYaeT, 4TO [MA] € epif. Takum obpasom, Hagrpacpuk pyHkLMK f ABNSETCA BbIMYKIbIM
A

MHOXXECTBOM.

‘fﬁ}gn‘}‘l Boinyknble yHkunm P00 O 23
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BbinyknocTtb Hagrpacuka = BbinykaocTb hyHKL UM

2. Doctatounocts: lNpeanonoxum, 4to Hagrpaduk dyHkuun f, epif, sBnseTca BbINyKAbIM MHOXeCTBOM. Toraa,
U3 NPUHASNEXHOCTU TOYEK [T, (iy] 1 [Tq, fig] HAArpaduKky dyHkyum f, cnegyeT, 4To

=l e nfi] o

Mo M1

ans moboro 0 < A <1, e, f(zy) < py = Apy + (1 — A)pty. Ho 370 BepHo ansi Beex 1y > f(xy) n
o > f(zy), B YacTHOCTM, KoOrga py = f(xy) u py = f(z,). CnepoBaTensHO, Mbl NPUXOAUM K HEPABEHCTBY
x

fxy) = fQzy + (1= Nay) < Af(zy) + (1= A) f(z).

Mockonbky Toukn x; € X n x5 € X moryT 6biTb BbIbpatbl npon3sonibHO, f(x) sBnsieTcs BbINyKNON byHKLMEN
Ha X.

‘f% 5‘5}‘3 Boinyknbie yHKLMM P00 O 24
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Mpumep: kKoHyC HOpMBI
MycTb Hopma | - || onpeaenena B npoctparcTee U. PaccmoTpum MHOXeCTBO:

K :={(z,t) e U xR : |z| < t}

KoTopoe npeacTasnsieT coboii Hagrpaduk pyHkLuN T 5 |x||. ITO MHOXKECTBO Ha3bIBAETCA KOHYCOM HOPMbI
CornacHo yTeepXeHuio Bbllle, MHOXeCTBO K siBnsieTcs BhinyknbiM. @Koa ans pucyHkos

p =~ Norm Cone

p =2 Norm Cone

p =1 Norm Cone

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25

1.0

-0.5

0.5
X 1.0 -1.0

Puc. 10: KoHycbl HOpMbI 4151 pa3HbIX P - HOPM

‘f - nin Beinykable cyHKUMN

25


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/Norm_cones.ipynb
https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

MHoxxecTBO nogypoBHs

Puc. 11: MHoxecTBO NoaypoBHS PyHKLUM C ypoBHEM [3

‘f - 5“4}‘3 Boinyknble yHkunm

Ons dynkunn f(x), onpepenentoii Ha S C R™,
cneflytoLiee MHOXXECTBO:
Lg={xecS: f(xr)<p}

Ha3bIBAETC MHOXXECTBOM NOAYPOBHSA NI MHOXECTBOM
JNebera dynkuynn f(x).

26
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MHoxxecTBO nogypoBHs

Ons dynkunn f(x), onpepenentoii Ha S C R™,
cneflytoLiee MHOXXECTBO:

Ly={z€S: f(x)< B}

Ha3bIBaETCS MHOXXECTBOM NOAYPOBHS W/ MHOXECTBOM
JNebera dynkuynn f(x).

ObpatuTe BHUMaHMe, 4TO ecnu yHkums f(x) Bbinykna,
TO ee MHOXECTBA MOAYPOBHS BbINyKAbI As sitoboro 5 € R.
OgHako obpaTHoe HesepHo. (PaccmoTpum dyHKumMo

f(x) = /])

Puc. 11: MHoxecTBO NoaypoBHS PyHKLUM C ypoBHEM [3
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CeegeHue K npsamoii

f:S — R Bbinykna Torga v Tonbko Toraa, korga S eoinykno u yrkums g(t) = f(x + tv) onpeaenena Ha
{t |z +tv € S} n Boinykna ansa nwboro = € S,v € R™, 4To no3sonsieT NpoBepsTb BbINYKAOCTb CKaNsPHOV
pyHKUNYN ANS YCTAHOBIEHUS BbIMYKIOCTU BEKTOPHONA (hyHKLMN.

‘f - 5‘5}‘3 Boinyknble yHkunm DO
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CeepeHue Kk npsimoi

f:S — R Bbinykna Torga v Tonbko Toraa, korga S eoinykno u yrkums g(t) = f(x + tv) onpeaenena Ha
{t |z +tv € S} n Boinykna ansa nwboro = € S,v € R™, 4To no3sonsieT NpoBepsTb BbINYKAOCTb CKaNsPHOV
PyHKLMN ANSt YCTAHOBIEHUS BbIMYKIOCTY BEKTOPHOM (PYHKLMU.

Ecnu cywecteyet Hanpasnenue v ans kotoporo ¢(t) He BbiNykno, To f He Bbinykna.

No Dropout. Plane projection of loss surface.

Before training After training

~
@ 2.33
+ 0.6
= 06
o
+ 2.32 05
<
‘
= 5 ob 0.4
7 I
231 ' 4 R
o
S
o §
~
o Q o
a B a
oY 2
% Trainloss M Testloss « Weights before training §% Trainloss §% Testloss o Weights after training

‘f - nin Beinykable dyHKUMN
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Onepauun, coxpaHsitouive BbiMyKAOCTb
® [loToueudHblli Makcumym (cynpemym) atoboro Hncna

@) = max{fi(a), (o), fa)) B B F(a) (1) sy, 7o

fi(z)
fa(z)

f3(z)

Puc. 12: MoToueuHblii Makcumym (Cynpemym) BbinyKbIX
byHKLU BbINYKbIN
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Onepauun, coxpaHsitouive BbiMyKAOCTb
® [loToueudHblli Makcumym (cynpemym) atoboro Hncna

@) = max{fi(a), (o), fa)) B B F(a) (1) sy, 7o

® HeoTpuuatenbHasi Cymma BbINyKIbIX (OYHKLNIA:

fi(z) af(z) + Bg(z), (> 0,8 2 0).
fa(z)

f3(z)

Puc. 12: MoToueuHblii Makcumym (Cynpemym) BbinyKbIX
byHKLU BbINYKbIN

‘f - {ny": Boinyknble yHkunm 00


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Onepauun, coxpaHsitouive BbiMyKAOCTb
® [loToueudHblli Makcumym (cynpemym) atoboro Hncna

f2) = max{fi(e), Lla), fo(@)) I B A (o) senvm o

® HeoTpuuatenbHasi Cymma BbINyKIbIX (OYHKLNIA:

fi(z) af(z)+ fg(x),(@>0,8 > 0).
® Komnosuuusi ¢ adpcpuoli pyrkumeii f(Ax + b)
f2(213) Bbinykna, ecnu f(x) Bbinykna.

f3(z)

Puc. 12: MoToueuHblii Makcumym (Cynpemym) BbinyKbIX
byHKLU BbINYKbIN

‘fﬁ};ﬂy“: Boinyknble yHkunm P00 O


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Onepauun, coxpaHsitouive BbiMyKAOCTb
® [loToueudHblli Makcumym (cynpemym) atoboro Hncna

f2) = max{fi(e), Lla), fo(@)) I B A (o) senvm o

® HeoTpuuatenbHasi Cymma BbINyKIbIX (OYHKLNIA:

fi(z) af(z)+ fg(x),(@>0,8 > 0).
® Komnosuuusi ¢ adpcpuoli pyrkumeii f(Ax + b)
f2(213) Bbinykna, ecnu f(x) Bbinykna.

® Ecm f(z,y) Bbinykna no = gns aboro y € Y

g(x) = sup f(x,y) Takxe BbINYKNA.
yey

Puc. 12: MoToueuHblii Makcumym (Cynpemym) BbinyKbIX
byHKLU BbINYKbIN
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Onepauunn, coxpaHsitowme BbiNyKIOCTb

f(z) = max{f1(z), fa(x), f3(z)}

fi(z)
fa(z)

Puc. 12: MoToueuHblii Makcumym (Cynpemym) BbinyKbIX
byHKLU BbINYKbIN

‘f - m}‘: Boinyknble yHkunm

MoToueuHbIi Makcumym (cynpemym) stoboro yucna
dynkumii: Ecnu fi(z), ..., f,,(z) Binykabl, TO
f(x) = max{f,(z),..., f,(x)} Bbinykna.
HeoTpuuatensHas cymma BbinyKibix OyHKLWIA:
af(z)+ Bg(x), (@ > 0,8 > 0).

Komnosuuns ¢ adpdunnoin dyrkumein f(Ax + b)
Bbinykna, ecnu f(x) Bbinykna.

Ecnu f(x,y) Bbinykna no x gns nwoboro y € Y

g(x) = sup f(x,y) Takxe BbINYKNA.
yey

Ecnn f(x) sbinykna va S, 1o g(x,t) = tf(z/t) -

Boinykna c z/t € St > 0.
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Onepauun, coxpaHsitouive BbiMyKAOCTb
® [loToueudHblli Makcumym (cynpemym) atoboro Hncna

f2) = max{fi(e), Lla), fo(@)) I B A (o) senvm o

® HeoTpuuatenbHasi Cymma BbINyKIbIX (OYHKLNIA:

fi(z) af(z)+ fg(x),(@>0,8 > 0).
® Komnosuuusi ¢ adpcpuoli pyrkumeii f(Ax + b)
f2(213) Bbinykna, ecnu f(x) Bbinykna.

® Ecm f(z,y) Bbinykna no = gns aboro y € Y

g(x) = sup f(x,y) Takxe BbINYKNA.
yey

® Ecan f(x) sbinykna Ha S, 1o g(z,t) = tf(x/t) -
Boinykna c z/t € St > 0.
f3(x) ® Mycts f1: 8] = Ru fo: S5 = R, roe
range(f;) C Sy. Ecnn f v fy Boinyknbl, u fy
Bo3pacTaeT, To f, o fi BbiNykna Ha 5.

Puc. 12: MoToueuHblii Makcumym (Cynpemym) BbinyKbIX
byHKLU BbINYKbIN
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cDyHKLI,I/lSl MaKCUMaJIbHOro COOCTBEHHOro 3Ha4eHuns MaTpulbl ABNdAeTCA Bbll'lyKﬂOl7l

i Example

Mokaxute, 4to f(A) = A,.(A) - Boinykna, ecin A € S™.

max

‘f - iny"} Beinykable cyHKUMN 0 0
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B, /— min

KpuTepuu cnbHoi BbINYKNOCTH

Kputepun cunbHomi BbINyKA0OCTU

30
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OuddepeHymnanbHbii KpUTEPUA BbINYKAOCTU NEPBOro nopsigka

Oudpcbeperunpyemasn dyHkumns f(z) onpeaenenHas Ha
Bbinyknom MHoxectse S C R™ Bbinykna Torga u TonbkKo Torga,
korga Vx,y € S:

fy) = f(@) + Vfi(@)(y — =)
Myctb y = & + Az, Torga KpuTepnii 3annweTcs B BUAE:

fle+Az) > f(z) + VT (2)Ax

[ — min .
2,9,z KpuTepuu cnbHoi BbINYKNOCTH

f(z)

Function

0 T
Global linear lower bounds

Puc. 13: Bbinyknas dyHkuns bonblwe nnm pasHa
JIMHeRHON annpokcumauumn Teliopa B Ntoboii Touke

P00 O 31
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OunddepeHuymnanbHbii KpUTEPUIA BbINYKJOCTU BTOPOro nopsifka

Oeaxabl anddeperumpyemas dykums f(x) onpepenedHas Ha eoinyknom mHoxectse S C R™ Bbinykna Torga u
ToNbKO TOrAa, korpa Va € int(S) # 0:
V2f(z) =0

Opyrnmn cnosamu, Vy € R™:
(y, V2 f(z)y) 2 0

— mi "
‘f nin KpuTepun cunbHOIA BbINYKAOCTH P00 O
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CI/IJ'IbHaﬂ BbINYKNOCTb
f(:n) onpepgeneHHas Ha Bbinyknom mHoxectse S C R™,

Ha3bIBAETCS [4-CUJIbHO BbIMYKION (CUIbHO BbIMYKJION) Ha S,
ecnu:

Oz +(1=A)zy) < )‘f(ml)+(1_)‘)f(5€2)_g>‘(1_)‘)||I1_x2”2

AN MOBbIX T1,T9 €S 1 0 < A <1 gnsa HekoToporo p > 0.

[ — min .
2,9,z KpuTepuu cnbHoi BbINYKNOCTH

Function

0

x

Global quadratic lower bounds

Puc. 14: CunbHo Bbinyknas pyHKUNS He MeHbLue

HekoTopoii napabonbl B ntoboli Touke

DO
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OudbepeHyumnanbHbIi KPUTEPUA CUALHOW BbINYKJIOCTU NEPBOro nNopsiaka

Oundbcbeperunpyemasn f(z) onpesenerHas Ha Boinyknom mHoxectse S C R™ aBnseTcs (-CunbHO BbINyKIOA Torga u
TONbKO Torga, korga Vo, y € S:

F@) = f(2) + VT @)y —2) + Sly — al?

‘f — i KpuTepuu cnbHoi BbINYKNOCTH @0 O
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OudbepeHyumnanbHbIi KPUTEPUA CUALHOW BbINYKJIOCTU NEPBOro nNopsiaka

Oundbcbeperunpyemasn f(z) onpesenerHas Ha Boinyknom mHoxectse S C R™ aBnseTcs (-CunbHO BbINyKIOA Torga u
TONbKO Torga, korga Vo, y € S:

F@) = f(2) + VT @)y —2) + Sly — al?

Mycts y = x + Az, Toraa KpuTepuin 3anNUWETCs B BUAE:

f@+Az) 2 f@) + VT (@)Ac + L] Ac|?

‘f - 5“:‘: KpuTepuu cnbHoi BbINYKNOCTH P00 O 34
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OudbepeHyumnanbHbIi KPUTEPUA CUALHOW BbINYKJIOCTU NEPBOro nNopsiaka

Oundbcbeperunpyemasn f(z) onpesenerHas Ha Boinyknom mHoxectse S C R™ aBnseTcs (-CunbHO BbINyKIOA Torga u
TONbKO Torga, korga Vo, y € S:

F@) = f(2) + VT @)y —2) + Sly — al?

Myctb y = x + Az, Torga Kputepuii 3annwWeTcs B BUAE:

f@+Az) 2 f@) + VT (@)Ac + L] Ac|?

i Theorem

Mycts f(z) puddeperunpyemas dbyHkumua Ha Boinykaom mHoxectse X C R™. Torpa f(x) cunbHo Bbinykna
Ha X c koHcTaHTOl 1 > 0 Torpa u Tonbko Torga, Koraa

F(@) = flag) = (Vo) —a0) + o — |2

nns Bcex x, Ty € X.

— mi "
‘f 5‘5}‘3 KpuTepuu cnbHoi BbINYKNOCTH P00 O
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Doka3zartenscrBo. HeobxognmocTtb

Myctb 0 < A < 1. CornacHo onpegeneHnto CULHO BbIMYKNONA yHKLMN,

FOz 4+ (1= Nag) < Af(x) + (1= A)f(zg) — gA(l = Nl — x|

[ — min .
Tz KpuTepuu cnbHoi BbINYKNOCTH

35


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Doka3zartenscrBo. HeobxognmocTtb

Myctb 0 < A < 1. CornacHo onpegeneHnto CULHO BbIMYKNONA yHKLMN,
fO+ (1= Naog) < Af(x) + (1= A)f(xo) — %A(l = Az —|?
WN 3KBMBAJIEHTHO,

F() = £(o) = 5 (1= Wlle = 2 2 S 1FOw + (1= N)ay) = )] =

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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Doka3zartenscrBo. HeobxognmocTtb

Myctb 0 < A < 1. CornacHo onpegeneHnto CULHO BbIMYKNONA yHKLMN,

FOz 4+ (1= Nag) < Af(x) + (1= A)f(zg) — %A(l = Nl — x|

NN 3KBNBANEHTHO,

F() = £(o) = 5 (1= Wlle = 2 2 S 1FOw + (1= N)ay) = )] =

= J Lo+ A = 20)) = ()] = 5NV (z0), 2 — 20) + 0] =

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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Doka3zartenscrBo. HeobxognmocTtb

Myctb 0 < A < 1. CornacHo onpegeneHnto CULHO BbIMYKNONA yHKLMN,

FOz 4+ (1= Nag) < Af(x) + (1= A)f(zg) — %A(l = Nl — x|

NN 3KBNBANEHTHO,

F() = £(o) = 5 (1= Wlle = 2 2 S 1FOw + (1= N)ay) = )] =

= S+ A —20) — (a0 = 5N )2 — 20) +0(N)] =
= (Vf(za) o — ) + 2.

Takum obpasom, nepexoas k npegeny npu A | 0, Mbl NPUXOANM K UCXOGHOMY YTBEPXKAEHMIO.

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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HokasartenbcTBo. [ocrtaTtoyHOCTb

MpeanonoXnm, 4TO HEPABEHCTBO B TEOPEME BbINOIHAETCA ANs BCex T,y € X. Bosbmem x5 = Axq + (1 — X)xy, rae
1,29 € X, 0 < A < 1. CornacHo HepaBeHCTBY, C/iefytoLiMe HEPABEHCTBA BbINOMHAIOTCS:

‘f - 5“4}‘3 KpuTepuu cnbHoi BbINYKNOCTH P00 O 36
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HokasartenbcTBo. [ocrtaTtoyHOCTb

MpeanonoXnm, 4TO HEPABEHCTBO B TEOPEME BbINOIHAETCA ANs BCex T,y € X. Bosbmem x5 = Axq + (1 — X)xy, rae
1,29 € X, 0 < A < 1. CornacHo HepaBeHCTBY, C/iefytoLiMe HEPABEHCTBA BbINOMHAIOTCS:

F@r) = F(o) = (V flay) a1 — o) + S oy — aol?,

Fwa) = (o) = (V (), s —ag) + e, — o

‘f - 5“4}‘3 KpuTepuu cnbHoi BbINYKNOCTH P00 O 36


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

HokasartenbcTBo. [ocrtaTtoyHOCTb

MpeanonoXnm, 4TO HEPABEHCTBO B TEOPEME BbINOIHAETCA ANs BCex T,y € X. Bosbmem x5 = Axq + (1 — X)xy, rae

1,29 € X, 0 < A < 1. CornacHo HepaBeHCTBY, C/iefytoLiMe HEPABEHCTBA BbINOMHAIOTCS:
1
f(zy) = f(zg) = (V (o), 21 —70) + 5”951 —zo[?,
I
f(zg) = f(zg) = (Vf(z), 23 — 7o) + 5”% — x|

YMHoxast nepBO€ HEPABEHCTBO Ha An BTOPOE Ha 1—An CKNnaAbiBasa uX, y4UTbIBasA, 4TO

=2y = (1= A) (2] —25), Ty — 2y = AN2g — 1),

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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HokasartenbcTBo. [ocrtaTtoyHOCTb

MpeanonoXnm, 4TO HEPABEHCTBO B TEOPEME BbINOIHAETCA ANs BCex T,y € X. Bosbmem x5 = Axq + (1 — X)xy, rae
1,29 € X, 0 < A < 1. CornacHo HepaBeHCTBY, C/iefytoLiMe HEPABEHCTBA BbINOMHAIOTCS:

F@r) = F(o) = (V flay) a1 — o) + S oy — aol?,
Fwa) = (o) = (V (), s —ag) + e, — o

YMHoxast nepBO€ HEPABEHCTBO Ha An BTOPOE Ha 1—An CKNnaAbiBasa uX, y4UTbIBasA, 4TO

=2y = (1= A) (2] —25), Ty — 2y = AN2g — 1),

n A1 —XN)2 4+ A2(1—X) = A(1 — )), Mol nonyyaem
Af(@y) + (1= A) fxy) = flao) — gA(l )] E )
(Vf(xo), Azy + (1 = N)zg — ) = 0.

aKum 0bpasom, HepaBEHCTBO U3 ONPeAeNeHNs CUIbHO BbINyKO PyHKLMMN BbinonHseTcs. BaxHo oTmeTuTs, Y4TO
T 6 B
4 = 0 COOTBETCTBYET CyHato BbINyKO OYHKLMUN 1 COOTBETCTBYIOLWEMY ANDdEPEHLNANTEHOMY KPUTEPUIO.

P00 O 36
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OudepeHymnanbHbiii KPUTEPUA CUALHOW BbIMYK/I0OCTU BTOPOro nopsigka

Oeaxabl anddbeperunpyemasn dyHkums f(x) onpegeneqHas Ha soinyknom Muoxectse S C R™ HasbiBaeTcs
[1-CUNBHO BBIMYKNOW TOFAA U TONbKO Toraa, korga vV € int(S) # 0

V2 f(@) = ul

Opyrumu cnosamu:
(y, V2 f(x)y) > plyl?

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH DO
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OudepeHymnanbHbiii KPUTEPUA CUALHOW BbIMYK/I0OCTU BTOPOro nopsigka

Oeaxabl anddbeperunpyemasn dyHkums f(x) onpegeneqHas Ha soinyknom Muoxectse S C R™ HasbiBaeTcs
[1-CUNBHO BBIMYKNOW TOFAA U TONbKO Toraa, korga vV € int(S) # 0

V2 f(@) = ul
Lpyrumu cnosamu:

(y, V2 f(x)y) > plyl?

i Theorem

Mycts X C R™ ebinyknoe mHoxectso, c intX # (). Kpome Toro, nycts f(x) ABaabl HenpepbiBHO
andbdeperyupyemas dyrkumns Ha X. Torpa f(z) cunbHo Bbinykna Ha X ¢ koHcTaHTol 1 > 0 TOrpa u Tonbko
TorAa, Korpa

(y, V2 f(@)y) = plyl?

ana Becex x € X ny € R™.

— mi "
‘f 5‘5}‘3 KpuTepuu cnbHoi BbINYKNOCTH P00 O
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Doka3zartenscrBo. HeobxognmocTtb

LleneBoe HepaBeHCTBO TpuBmManbHo, koraa y = 0,,, NosToMy Mbl npegnonaraem y # 0,,.

Mpeanonoxum, 4To T SABNAETCA BHYTpeHHeR Toukol mHoxectBa X. Torga x + ay € X ana ecex y € R" n
pen yTp a Y a Y

goctaTouHo Manbix cv. MMockonbky f(x) paBaxasl guddeperumpyema,
2

flz+ay) = f(z) +a(Viz),y) + %(y» V2 f(@)y) + o(a®).

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH

38


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Doka3zartenscrBo. HeobxognmocTtb

LleneBoe HepaBeHCTBO TpuBmManbHo, koraa y = 0,,, NosToMy Mbl npegnonaraem y # 0,,.

MpeanonoXxum, 4To x sSIBASIETCS BHYTPeHHeli Toukoli MHoxecTBa X. Torga « + ay € X pns Bcex y € R™ n
goctaTouHo Manbix cv. MMockonbky f(x) paBaxasl guddeperumpyema,

flz+ay) = f(z) +a(Viz),y) + %(y» V2 f(@)y) + o(a®).

Ha ocHoBaHun nepeoro p,mdadoepeHumaanoro Kpntepua CUNbHOI BbIMYKOCTN:

a2

5 (U, VA (@)y) +0(a?) = f(z + ay) = f(z) =V f(2),y) = ga2lly|\2-

70 HEPABEHCTBO CBOAMTCS K LIEJIEBOMY HEPABEHCTBY MOCAE feneHusi obenx CTOPOH Ha o 1 mepexopa K npegeny npw

al0.

Ecrn x € X Ho z ¢ intX, paccmoTpum nocnepoBatensHocTs {2} Takyto, 4to z;, € intX v x;, — x npu k — oo.
Torpa, Mbl NpuxoaNUM K LiENEBOMY HEPABEHCTBY MOC/e nepexoAa K npeaeny.

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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HokasartenbcTBo. [ocrtaTtoyHOCTb

WNcnonbsys dopmyny Teiinopa ¢ octaTouHbiM 4nieHoM JlarpaHxa U LeneBoe HEePaBEHCTBO, Mbl NOJyHaeM ANst

z+yeX: .
f@+y) = f@) = (Vf(@),5) = 3. V(@ + ay)y) = Sy,

roe 0 < o < 1. CnepnosaTensHo,

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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HokasartenbcTBo. [ocrtaTtoyHOCTb

I/ICI'IOJ'Ib3y$| d)OpMyJ'Iy Te|7|nopa C OCTAQTOYHbIM 4YJIEHOM J'IarpaH>Ka N LeneBoe HEPAaBEHCTBO, Mbl NOJIyHaeM ANA

z+yeX:
1 7

f@+y) = fla) = (Vf(@),y) = 5y, V2 (@ + ay)y) = Slyl*,

roe 0 < o < 1. CnepnosaTensHo,

f@+y) = f@) = (V(@),y) + Syl

CnepoBaTenbHo, COrnacHo nepsoMy AudbepeHLManbHOMyY KpUTEPUIO CUAIbHON BbIMYKNOCTY, dyHKuns f(z) cunbHo
BbINYKA C KOHCTaHTOM (1. Ba)kHo oTMeTuTb, 4TO 1t = () COOTBETCTBYET CyYato BbINYKIOW PYHKLAN U

COOTBETCTBYOLLEMY ANDDEPEHLNATBHOMY KPUTEPUIO.

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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Bbinyknas n BorHyTtas cyHkuus

i Example

MokaxuTe, 4to f(x) = ¢' = + b BLINYKNa W BOFHYTa.

f— min .
2,9,z KpuTepuu cnbHoi BbINYKNOCTH
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Mpocreiiwasn cnnbHO Bbinyknasa yHKUUA

i Example

MokaxwunTe, 4to f(x) = 2 Az, rpe A= 0 - Bbinykna Ha R™. SlBnsieTcs nu oHa CUJIBHO BbINYKIOW?

f— min .
Tz KpuTepuu cnbHoi BbINYKNOCTH
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BbinyknoCcTb U HENPEPLIBHOCTb
Mycts f(x) - BbINyKNas yHKLUS HA BbINYKJIOM

mHoxectse S C R™. Torpa f(x) HenpepbigHa
Vz € ri(S).

°

1 CobcTeeHHasi Bbinykias yHKLMS

@Pynkuyns f 0 R™ — R HasbiBaeTcs
cobCcTBEHHOW BbINyKAOW yHKUUMER, ecnau

OHa HMKOraa He NPUHUMAET 3Ha4YeHusa —OoO n
HE paBHa OO TOXAECTBEHHO.

1 Wngukatophas dyHkLms

0, x €S,

dg(z) = 0 ¢S

ABNSIETCS CODCTBEHHONR BbINYKAOA (PYHKLMEN.

— min "
‘f 2,9,z KpuTepuu cnbHoit BbINYKNOCTH

42


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

BbinyknocTb 1 HenpepbIBHOCTbL
Mycts f(x) - BbINyKNas yHKLUS HA BbINYKJIOM
mHoxectee S C R™. Torpa f(x) HenpepbiBHa
Vz € ri(S).

°

1 CobcTeeHHasi Bbinykias yHKLMS

@Pynkuyns f 0 R™ — R HasbiBaeTcs
cobCcTBEHHOW BbINyKAOW yHKUUMER, ecnau

OHa HMKOraa He NPUHUMAET 3Ha4YeHusa —OoO n
HE paBHa OO TOXAECTBEHHO.

1 Wngukatophas dyHkLms

0, x €S,

dg(z) = 0 ¢S

ABNSIETCS CODCTBEHHONR BbINYKAOA (PYHKLMEN.

— min "
‘f 2,9,z KpuTepuu cnbHoi BbINYKNOCTH

1 3amkHyTas byHKLMS

Oyhkumsa [ : R™ — R Ha3biBaeTCA 3aMKHYTOMN, eCin 4s
Kaxgoro a € R, MHOXECTBO NOAYPOBHSI 3aMKHYTO.
DKBUBANEHTHO, ecan Haarpaduk 3aMKHYT, To dyHKuus f
3aMKHyTa.

f(@) #(@) |
. ) Closed
Convex function convex function
. L]
0 T 0 T

Puc. 15: Bbinykible hyHKLWUM MOTFYT UMETb PaspbiBbl HA rpaHuULe CBOEN

obnactu onpeaenexus.
P00 O
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dakTbl 0 BbINYK/TOCTU

® f(x) HasbiBaeTca (CTpoOro, cuabHO) BorHyToll, ecnn dyHkuus —f(x) - (cTporo, cunbHO) BbiNykAa.

® HepageHcTeo MenceHna gns Bbinykbix hyHKLWIA:

i=1

i=1

n
ansa; > 0; Y a; =1 (BepOsITHOCTHBI CUMIIEKC)
i=1

[ns HenpepbiBHOrO cnyyasi:

f ( / ep(z)dz | < / f(@)p(@)de
S S
)20, [n(

p(z)dz = 1.
5

Ecnu nnterpansi cyuwiecteytoT n p(x

® Ecnu dyHkumsi f(z) n mHOXeCTBO S BbINYKAbI, TO t0BOI S0KaNbHbIA MuHUMYyM x* = argmin f(z) byaer
zes

rnobanbHbiM. CunbHast BbINYKAOCTb rapaHTUPYET efUHCTBEHHOCTb PELLEHUsI.

— min "
‘f Tz KpuTepuu cnbHoi BbINYKNOCTH DO


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Opyrve dopmbl BbinyknoCcTH

Norapudmuyeckas sorHyTocTb: log f BOrHyTa; He 3aMKHYTa OTHOCUTENBHO COXKeHNs !
SkcnoHeHumanbHas seinyknocte: [f(x; + ;)] = 0, Ana zq,..., @
OnepatopHas Beinyknoctb: f(AX + (1 —A\)Y)
Kgazmebinyknocts: f(Az + (1 — N)y) < max{f(z), f(y)}
Mcesgosbinyknocts: (Vf(y),z —y) >0 — f(z) > f(y)
OuckpetHas Bbinyknocts: f : Z™ — 7Z; “BbinyknocTb + Teopusi MaTpougos.”

n

— min "
‘f o KpuTepuu cnbHoi BbINYKNOCTH

ﬂOFapI/IdpMVI‘-IecKa;I BbIMYKIOCTb!: lng BbINyKa; ﬂOFapVICbMVI‘-IeCKaSI BbIMYK/IOCTb BNE€HET BbINYKNOCTb.
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Ycnoeue Monsika-Jlosicuesnya. JlnHeHas cxoguMoCTb rpagueHTHOro cnycka bes

BbIMNYKJ/IOCTU
HepaseHcTBo PL BbinonHseTcs, ecnn BbINONHAETCS Cleaylollee yCioBre aia HekoToporo > 0,

IVf(@)I? = 2u(f(z) — f*)Va
Mpwn BbinONHeHUn ycnosusi PL anropnTm rpafneHTHOro cnycka MMeeT JINHEHYIO CXO4MMOCTb.

Cnepytowme dyHkumm yaosneTsopsioT ycnosuio PL, Ho He senstoTcs Boinyknbimu. @Ccbinka Ha Kog

fz) = 22 4 3sin’(z)

Function, that satisfies
Polyak- Lojasiewicz condition

—— f(x) = x2 + 3sin?(x)

-3 -2 -1 0 1 2 3
B, /— min X 00

KpuTepuu cnbHoit BbINYKNOCTH
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Ycnosue lMNMonsika-Jlosacuesuya. JlnnenHas CXO04MNMMOCTb rpaaveHTHOro cnycka 6e3

BbIMNYKJ/IOCTU
HepaseHcTBo PL BbinonHseTcs, ecnn BbINONHAETCS Cleaylollee yCioBre aia HekoToporo > 0,

IVf(@)I? = 2u(f(z) — f*)Va
Mpwn BbinONHeHUn ycnosusi PL anropnTm rpafneHTHOro cnycka MMeeT JINHEHYIO CXO4MMOCTb.

Cnepytowme dyHkumm yaosneTsopsioT ycnosuio PL, Ho He senstoTcs Boinyknbimu. @Ccbinka Ha Kog

.2 o 2
f(z) = 2% + 3sin”(z) _ (y—sinz)
T,Yy) = —"——-—"
flz,y) 5
Function, that satisfies Non-convex PL function
Polyak- Lojasiewicz condition
g \ = fx)=x%+3sin(x)
6 T 35
2 :
= 4 2.0
2 10
O -

-3 -2 -1 0 1 2 3

. X .
‘f — i KpuTepuu cnbHoi BbINYKNOCTH @0 O
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B, /— min

Bbinyknoctb B MawmHHOM 0byyeHun

Bbinyknoctb B MalwmHHOM 00y4eHuun

6
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Mertop HaumeHbwunx kBagpaToB aka nuHenHas perpeccus

Linear least squares. Linear least squares,

10 S o—y 10

Function value
o
.®
Ce
.
Function value
°

-10.0 =75 =50 -2.5 00 25 50 75 100 -100 =75 =50 -25 00 25 50 75 100
x x

Puc. 18: NnntocTtpaums

B 3apaue nuHeiiHon perpeccum y Hac ectb nsmepenns X € R™*™ n y € R™ un mbl nwem sektop 6 € R™ Takoii, 4to
i y i
X6 6nnzok k y. BansocTb onpepensieTcs kak CymMMa KBaApaToB pa3HOCTEl:

m
TO— )% = [ X0 — g2 — mi
;(xz yi)* = X0 — y[3 — min

Hanpumep, paccmoTpum Habop AaHHbIX, COaepXKaLLUii 1M NOSb30BATENENR, KaXKAblA U3 KOTOPbIX NPEACTaBNeH 1
npusHakamu. Kaxpasi ctpoka xZT MaTpuubl Npu3HakoB X COOTBETCTBYET Mpu3HaKaM Mosib3oBaTens i, a
COOTBETCTBYIOLLWA D/IEMEHT Y, BEKTOPA OTKJIMKOB Y NPeACTaBAsieT coboll U3MepsieMyto BENUYMHY, KOTOPYIO Mbl XOTUM

NpesckasaTh Ha OCHOBE I, HanpuMep, pacxopbl Ha peknamy. [pesckasaHue 3HaueHMs OCyLieCTBASETCA NO opMyse
x] 6.
lféff" BbINyknoCcTb B MalWmMHHOM 0byYeHun P00 O 47
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MeTop, HaumeHbLUMX KBaapaTos aka nuHeiinas perpeccus !

1. SBnsietca num ata 3agayva Bbinyknoii? CunbHO BbINYKON?

J — min
2,9,z Bbinyknocts B MawmHHOM obyyenun

8
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Mertop HaumeHbwunx kBagpaToB aka nuHeiHas perpeccus

1. Senserca nn ata 3agada sbinykaoli? CuibHO BbiNyKION?
2. Y710 BbI ymaeTe 0 CXOANMOCTY FPagUEHTHOro CryckKa AJist 3Tol 3agaqm?

MocmoTpuTe Ha BINpUMep peanbHbIX AaHHbIX NNHEHON 33a4n MeTOAa HAMMEHbLINX KBAApPaTOB

— min
‘f 2,9,z Boinyknoctb B MawmHHOM obyueHun

1
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l,-perynspu3oBaHHbIii METOA, HAMMEHbLLUMX KBaApPaToOB

B cnyuae HegoonpeneneHHoli 3aa4nm MOXET BOSHUKHYTb XKeaHUe BOCCTAHOBUTL CUJIbHYIO BbINYKIOCTb LENEBOi
yHkuMM, fobaBMB [y-wTpad, TakKe N3BECTHbIN Kak perynsipnsaunst TUXoHOBa, ly-perynsipusaLms nam
LemndupoBaHme BECOB.
2, Fygp2 :
|1X6 =yl + S 10]3 — min
2 HecR™

Mpumeuanune: C aToii mogundukaumein uenesas yHKUNS CHOBA CTAHOBUTCS [i~CUJIBHO BbIMYKJION.

MocmoTpuTe Ha koA

B, /— min @0

Bbinyknocts B MawmHHOM obyyeHnun
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Halll6011ee Bad>XHasA pa3HVlLl,a Me)K,D.y Bbll‘lyKnOCTblo n CmanOﬁ Bbll'IyK.nOCTblO
F@) = —— Az — b2 + LJe|2 > min, AeRmn b Rm
2m 2 TER™

Convex least squares regression. m=50. n=100. mu=0.

£
*: 10° A e § 100 4
I x o
= ! S
g 1076 A i‘ E 1073 A
10" 5 5
0 50 100 0 50 100 0 50 100
Iteration Iteration Iteration
£
. 100~ = S 100
I x o
= ! S
S 1076 4 B 5 1077 4
10! 5 5
00 01 02 03 04 0.0 01 02 03 04 0.0 01 02 03 04
Time Time Time
— GD 0.2

B, /— min

Puc. 19: Bbinyknas 3agaya He MMeeT CXOANMOCTU MO apryMeHTy

Bbinyknoctb B MawmHHOM 0byyeHun
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Hanbonee saxkHasn pPa3HuUa Mexpay BbiNyK/I0OCTbO U CUNbHOM BbINYK/TIOCTbIO

B, /— min

1
@) = 5-|Av—bj3 + Elel3 — min, AeRrm™beR™

Strongly convex least squares regression. m=50. n=100. mu=0.1.
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Puc. 20: Ho ecnn pobasuts paxe HeGOMbLLIYIO perynsipusanyuio, Bbl rapaHTUPYeTe CXOGMMOCTb MO aprymMeHTy

Bbinyknoctb B MawmHHOM 0byyeHun

DO

51


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Hanbonee saxkHasn pPa3HuUa Mexpay BbiNyK/I0OCTbO U CUNbHOM BbINYK/TIOCTbIO

Puc. 21:
B, /— min

[f(x) = "]

[f(x) = £

ﬂ,pyroﬁ cnocob obecneunTtb CXOAMNMOCTb B npe,u,blp,yu.l,eﬁ 3afa4€ - NOMEHATb MeCTaMN 3Ha4YE€HNA Pa3MepPHOCTU 3adaqn

1
@) = 5-|Av—bj3 + Elel3 — min, AeRrm™beR™

Strongly convex least squares regression. m=100.
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[ns cxopMmMoCTu K pelleHunto ¢ BbICOKOW TOYHOCTbLIO Heobxoauma cunbHas
BbINYKAOCTb (Mnn BbinonHeHue ycnosus lMonsika-Slosicuesunya).

B, /— min

|fx) — 7|

[fx) = 7|
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Convex binary logistic regression. mu=0.
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Puc. 22: Jlnwb Hebosbluiasi TOHHOCTb MOXET ObITb AOCTUrHYTa C CyONMHENHON CXOLMMOCTbLIO

Bbinyknoctb B MawmHHOM 0byyeHun
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,D,J'ISI CXO0ANMMOCTU K pewieHnto C BbICOKO TOYHOCTbIO HEO6X0,D,I/IMa ChibHaA

BbINYKAOCTb (Mnn BbinonHeHue ycnosus lMonsika-Slosicuesunya).

|fx) ="

|fix) = "]

B, /— min

Strongly convex binary logistic regression. mu=0.1.
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Bbinyknoctb B MawmHHOM 0byyeHun

Puc. 23: CunbHas Bbinyka0oCTb 0becneqnBaeT AnNHeRHY CXOANMOCTb

DO

54


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

J1t000ii NoKanbHbIE MUHUMYM SIBASIETCA 100aNbHLIM MUHUMYMOM ANA F1Yy00KUX

NUHERHbIX ceTei 2

PaccmoTpum crnepytouyto 3agady ontummsaumm:

. 1
min  L(Wy,..., W) = §||WLWL71 WX — YH%«“»

1o ¥V L

rae
X € R%*" - matpuua AaHHbIX/BXOAHBIX AaHHBIX,

Y € R&*m™ - MaTpuLa MEeTOK/BbIXOAHBIX AaHHbIX.

i Theorem

Mycts k = min(d,, dy) - "WwnpuHa” ceTn, n onpeaennm
V={(W,...,W,) | rank(IL,W;) = k}.

Torpa kaxgas kputudeckas Todka L(W) B V aBnsercs rnobanbHbIM MUHUMYMOM, B TO BPEMSl KaK KaXkaas

KpUTMYeCKasi To4Ka B fonosiHeHun V¢ siBnsieTcst CeasioBOil TOYKOIA.

2[nobanbHble yCIOBMSA ONTUMANLHOCTI AN5 TNYBOKIX HEPOHHbIX ceTeli
D0 0

— min
‘f 2,9,z Boinyknoctb B MawmHHOM obyueHun
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