MartpuyHo-BekTOpHoe ancdepeHunpoBaHue.
JlnHeiinbii nonck

Haua Mepkynos



https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

B, /— min

MaTtpunyHo-sektopHoe guddepeHumnposaHune

Marpi

TOpHOE


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

papueHTt

Mycts f(x) : R™ — R, Torpa BekTop, KOTOPbLI COAEPXNT BCE NepBble
4aCTHbIE NPOU3BOAHbIE:

of

oz

d of

Vf(z) = é = 0?2
of

‘f — min
Tz

Matp

TOpHOE
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papueHTt

Mycts f(x) : R™ — R, Toraa BeKToOp, KOTOPbLI COAEPXKNT BCE MEPBble
4aCTHblE NPON3BOAHBIE:

of

oz

d of

Vf(x) = é = df2
of

‘,L.‘n.

Ha3blBaeTCs rpagneHTom yHkuun f(z). DTOT BEKTOp yKasbiBaeT
HanpaB/ieHne HaUCKopeiilero Bo3pacTaHns. Taknm obpasom, BekTop
—V f(x) ykasbiBaeT HanpaBneHme Hanckopeiilwero ybbigaHus
dyHKLMM B Touke. Kpome Toro, BekTop rpagueHTa Bcerga
OPTOroHasieH JIMHUN YPOBHS B TOYKE.

— min o
‘f 2,9,z Marpi TOpHOE

Example
Ons dyrkuun  f(z,y) = 22 + 32
rpajueHT paseH:
2x
On yKasbiBaeT HanpasneHne

Hanckopeliluero Bo3pactaHust yHKLun.

Question

Kak cBsizaHa HopMma
KPYTU3HOW dhyHKLMn?

rpagmneHTa ¢
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Feccuan

Mycts f(x) : R™ — R, Torga matpuua, Coaepxallasi BCe BTOpble

HaCTHbl€ NPON3BOAHbIE!

92 f a2 f 82 f
Oz, 0z, Oz, 0y oz, 0x,,
0% f o2 f 2 f 92f
f” (I) — v2f(m) — - J | Ox,0z4 Ox50T, Ox,0z,,
Ox,;0x; : : :
Tt Tk Tt
T, 0T T, 0T T, 0T,

— min
‘f 2,9,z Marpi -BEKTOPHOE
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Feccuan

Mycts f(x) : R™ — R, Torga matpuua, Coaepxallasi BCe BTOpble

HaCTHbl€ NPON3BOAHbIE!

i Example
9?2 9 92
8:L'18fz1 69018];2 Bavl@{cn Ana yrrumn f(.Z', y) = $2+y2 reccman
82f 9*f 0% f 0% f paBeH:
f”(d)) _ v2f(m) — m — 8:52:6,@1 83?2:8:1,'2 szzaxn
Y o2 o2y o2 Hy(z,y) = >0
oz, 0z, ox,, 0y oz, 0x,, 0 2

leccnan moxet 6biTb Tensopom: (f(x) : R™ — R™) Takum obpasom,
o . DTa MaTpuua COaePXNT NHGOPMaLKIO O
5TO MPOCTO TPEXMEPHbI TEH30P, KaXAbIfl CPE3 KOTOPOro STO reccuaH

cooTeTCTBYIOWEl ckansiprolt dyrkuun (V2 f) (), ..., V2 £, (2)).

— min
‘f 2,9,z Marpi -BEKTOPHOE

KpuBn3He byHKLUN B PasHbIX HAMNPaBIEHUSX.
° .
1 Question
Kak MOXHO ucnonb3oBaTh reccuad

4N onpeaeneHust  BbINYKAOCTW  UAW
BOTHYTOCTU hyHKLUMN?
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Teopema LLBapua
Mycts f: R™ — R - dpyHkuus. Ecanm cmewantble
9% f 9%f
HaCTHblE NPONSBOAHBIE 5o M 5,5, HENPEPbIBHLI Ha
OTKPbITOM MHOXECTBE, COLEPXKALLEM TOYKY @, TO OHM

PaBHbl B TO4YKE a. To €CTb,

O =2
Ox,;0z; “= Oz ;0x; “

— min 1
B, /— min Marp opHoe
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Teopema LLBapua
Mycts f: R™ — R - dpyHkuus. Ecanm cmewantble
9% f 9% f
HaCTHblE NPONSBOAHBIE 5o M 5,5, HENPEPbIBHLI Ha
OTKPbITOM MHOXECTBE, COLEPXKALLEM TOYKY @, TO OHM

PaBHbl B TO4YKE a. To €CTb,

O =2
Ox,;0z; “= Oz ;0x; “

CornacHo paHHolA Teopeme, eCn CMeLaHHbIE YaCTHble
MPON3BOAHbLIE HENPepPbIBHbI Ha OTKPbITOM MHOXECTBE, TO
reccmaH cuMmeTpuueH. To ecTb,
0%f 0%f
_ 2 _ (o2 T
== Vif(x) = (V*f(2))
Ox;0x;  Oz,;0x;
J Y%

DTa CUMMETPUYHOCTb YMPOLLAET BbIHMCAEHIA U aHauU3,
CBSA3aHHbIE C FeCCMAHOM B Pa3/INYHbIX NPUNOXKEHNSIX,
0COBEHHO B ONTUMU3ALMUN.

Marpi TOpHOE

1 Koutpnpumep LLgapua

zy(z?—y?)

T — 72 +92 ana (.Z‘, y) 7é (07 0)7
T =1, ans () = (0,0).

MoxHo nposepuTh, YTO aizgy((), 0) # 62262(0,0),
XOT$ CMeLlaHHble YacTHble nNpoun3BoAHble
CYLLIeCTBYIOT, N B  KOXAOW [pYyron  Touke
CUMMETPUYHOCTb BbINOJIHAETCS.

0 0
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Axkobuan

O60bLeHneM NOHATUS rPajUeHTa Ha Cayuaii
mHoromepHoii yrkumnn f(z) : R™ — R™ ssnsercs
cneaytowas mMaTpuua:

8f  Ofy Ofm
Oz, Oz, Oz,
df of1 Of; Ofm
,
Jf =f (I) = 7dTT = 39:52 ‘9-”:”2 . 3?2
of Of, Ofm
ox,, ox,, ox,,

OHa coaepXuT MHPOPMaLMIO O CKOPOCTU U3MEHEHMS
hYHKLNY MO OTHOLLEHNIO K €€ BXOAY.

(] .
1 Question
MoXXHO nn cBsA3aTb 3T TPU ONpefeNieHus Bbilie

(rpagmeHT, sikobuaH, 1 reccuaH) ¢ NOMOLLbIO OfHOTO
yTBEPXKAEHUA?

— min 1
B, /— min Marp opHoe

i Example

Ona dyHkymn

z+y
f(z,y) L _ y] ;
AkobuaH paseH:

Jy(z,y) = E _11]

1 Question

Kak maTpuua 7kobu cBszaHa C rpagueHToM [Ans
CKaNspHbIX yHKLNA?
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NTor

of (x
f(:(;):X*)Y; f(T) e
ox
- Y G Name
- - 1/ (z) (nponssogHas)
1s)
o R R™ —f (rpaguenT)
f,
- R™ R7X™ 0 i (HKO6VI3H)
Ox;
RWTLX’VL R RWHX”L af
Oz,
00

f— min M
‘ Tz aTpi TOpHOE
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Annpokcumauusa Teinopa nepsoro nopsigka

Annpokcumauus Telinopa nepBoro Nopsiika, TakxKe U3BECTHAs KaK JIMHeHoe
npubankeHne, cTponTcs BOAU3N HEKOTOPOIA ToukM xy. Ecam f: R™ — R -

andcbepeHupyemas yHKLMSA, TO ee annpoKCUMaLIMs NepBOro nopsiaka 3agaeTcs
cnepytowmm obpasom:

zIO () = fxo) + Vf(20)" (2 — 20)
rae:
® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.

— min 1
B, /— min Marp opHoe
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Annpokcumauusa Teinopa nepsoro nopsigka

Annpokcumauus Telinopa nepBoro Nopsiika, TakxKe U3BECTHAs KaK JIMHeHoe
npubankeHne, cTponTcs BOAU3N HEKOTOPOIA ToukM xy. Ecam f: R™ — R -

andcbepeHupyemas yHKLMSA, TO ee annpoKCUMaLIMs NepBOro nopsiaka 3agaeTcs
cnepytowmm obpasom:

zIO () = fxo) + Vf(20)" (2 — 20)
rae:
® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.
® Vf(zy) - rpagneHT yHKLUM B TOUKE (.

— min 1
B, /— min Marp opHoe
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Annpokcumauusa Teinopa nepsoro nopsigka

Annpokcumauus Telinopa nepBoro Nopsiika, TakxKe U3BECTHAs KaK JIMHeHoe
npubankeHne, cTponTcs BOAU3N HEKOTOPOIA ToukM xy. Ecam f: R™ — R -

andcbepeHupyemas yHKLMSA, TO ee annpoKCUMaLIMs NepBOro nopsiaka 3agaeTcs
cnepytowmm obpasom:

zIO () = fxo) + Vf(20)" (2 — 20)
rae:
® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.
® Vf(zy) - rpagneHT yHKLUM B TOUKE (.

— min 1
B, /— min Marp opHoe
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Annpokcumauusa Teinopa nepsoro nopsigka

Annpokcumauus Telinopa nepBoro Nopsiika, TakxKe U3BECTHAs KaK JIMHeHoe
npubankeHne, cTponTcs BOAU3N HEKOTOPOIA ToukM xy. Ecam f: R™ — R -
andbdepeHumpyemasi yHKLNS, TO ee annpoKCMMaums NepBOro nopsifika 3afaercst
cnepytowmm obpasom:

zIO () = flxo) + Vf(zo)" (z —x0) N
roe: Zo I z

N fr ()

® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.
® Vf(zy) - rpagneHT yHKLUM B TOUKE (.
YacTo 4151 yNpoLLEHNs TEOPETIHECKOTO aHaIu3a B HEKOTOPbIX METOAAX 3aMeHSHOT Puc. 1: Annpokcumauns Teiinopa

hyHKUNIO BOAN3M HEKOTOPOU TOYKM Ha €€ annpoKCuMaLuio NepBoro nopsifika B OKPECTHOCTU TOHKM
Lo

‘f% 5‘5}‘3 Marpi -BEKTOPHOE bt 0 O
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Annpokcumauyus Teiiniopa BTOporo nopsigka

Annpokcumauusi Telinopa BTOPOro nNopsifka, TakKe W3BECTHAsi Kak KBagpaTuyiHoe
npubanxeHue, ncnonbsyeT UHdopmaumio o kpusnsHe dyHkuun. [ns asaxas
anddeperumnpyemoii dyHkummn f : R™ — R, ee annpokcuManus BTOpOro nopsifka,
cTposiwasicst BbAM3n HEKOTOPOIi TOYKN (), 3343ETCs CNeAyoWmMM obpasom:

ié(m) = f(zo) + vf(%)T(l’ — ) + %(w - zo)Tv2f(170>(I — )

Fne V2 f(x,) - reccuan dyrkuum f B Touke ;.

— min 1
B, /— min Marp opHoe
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Annpokcumauyus Teiiniopa BTOporo nopsigka

Annpokcumauusi Telinopa BTOPOro nNopsifka, TakKe W3BECTHAsi Kak KBagpaTuyiHoe
npubanxeHue, ncnonbsyeT UHdopmaumio o kpusnsHe dyHkuun. [ns asaxas
anddeperumnpyemoii dyHkummn f : R™ — R, ee annpokcuManus BTOpOro nopsifka,
cTposiwasicst BbAM3n HEKOTOPOIi TOYKN (), 3343ETCs CNeAyoWmMM obpasom:

11(z) = Flag) + V f(z0) (2 —w0) + 3 (& — 20) V2 () (& — )

Fne V2 f(x,) - reccuan dyrkuum f B Touke ;.

Korpa nuHeiitoro npnbavxernsi pyHKLMN He [OCTaTOYHO, MOXKHO PacCMOTPETb
3ameny f(z) Ha leg(T) B OKPECTHOCTM TouKM Z. B obuiem, npubnmxeruns
Teiinopa fatoT Ham cnocob NOKaaLHO annpoKCUMNPoBaTh PYHKLMUN.
AnnpokcnMaumsi NepBoro nopsiika ONpeaensieTcst rpagueHToM yHKLNN B TOHKE,
T.€. HOPMasbiO K KacaTesibHON K JIMHWN YPOBHSI B AAaHHON Touvke. A
annpoKCUMaLuMst BTOPOro nopsifka npeacrasnsieT us cebs napabony. 3Tun
NpuBANKEHNS1 OCOBEHHO MOJIE3HBI B ONTUMU3ALUN U HUCIEHHBIX METOAAX, NOTOMY
4TO OHW MPEAOCTABASIIOT NPOCTON CMocob paboTsl CO CAOKHLIMU BYHKLMSIMU.

Io €

Puc. 2: Annpokcumauns Teiinopa
BTOPOrO MOPsiika B OKPECTHOCTY TOYKM
Lo

‘fﬁ}fn‘}‘} Marpi -BekTOpHOE Audd: 0 O
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OuddepeHymnans

i Theorem

Mycte © € S - BHYyTpeHHAs Touka MHoxecTBa S, n nycts D : U — V - nuHeiiHbiii onepatop. Mbl rosopum,

yto dhyHkums [ pudbdbepeHumpyema B Touke & C npoussogHoli D, ecnu gns Bcex goctatodHo Manwix h € U
BLINOJIHAETCS CAeaytoLee pasioxXeHme:

f(x+h) = f(z) + D[h] + o(|[])

Ecan pns nwoboro nuneiinoro onepatopa D : U — V yHkums [ He andpcpepeHumpyema B TOouke T C
npoussogHoii D, To Mbl roopum, 4To f He anddepeHunpyema B TOUKE .

— min 1
B, /— min Marp TopHoe

10
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OuddepeHymnans

Mocne nonyueruns audpdeperunansHoll 3anncy df Mbl MOXeEM MONYHUTL FPASUEHT, UCMObL3YS CAeAYHOLLY0 hopmysy:

df(z) = (V[(z),dx)

‘f%?“}‘l Marp TopHoe andd: P00 O 11
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OuddepeHymnans

Mocne nonyueruns audpdeperunansHoll 3anncy df Mbl MOXeEM MONYHUTL FPASUEHT, UCMObL3YS CAeAYHOLLY0 hopmysy:

df(z) = (V[(z),dx)

Hanee, ecnn y Hac ecTb gudpdpepeHynan B Takoii hopMe N Mbl XOTUM BbIYUCAUTL BTOPYIO MPOU3BOAHYIO
MaTpU4HOIli /BEKTOPHOI pyHKLMN, Mbl paccMaTpuBaem “cTapbiii’ dZ Kak KOHCTaHTy dr;, 3aTeM Bbl4YUCNSiEM

d(df) = d*f(z)

d?f(x) = (V2 f(z)dz,,dx) = (Hf(x)dxl,dx)

— min 1
B, /— min Marp opHoe
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

® dA=0

— min 1
B, /— min Marp opHoe

12
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).
e dJA=0
* d(aX) = a(dX)

— min 1
B, /— min Marp opHoe

12
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).
e dJA=0
* d(aX) = a(dX)
® d(AXB)=A(dX)B

— min 1
B, /— min Marp opHoe

12
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).
e dJA=0

d(aX) = a(dX)

d(AXB) = A(dX)B

dX+Y)=dX+dY

— min 1
B, /— min Marp opHoe

12
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

e dJA=0

d(aX) = a(dX)

d(AXB) = A(dX)B
d(X +Y) = dX +dY
d(XT) = (dXx)"

— min 1
B, /— min Marp opHoe

12
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

e dJA=0

* d(aX) = a(dX)

o d(AXB) = A(dX)B

o d(X+Y)—dX+dY

° d(XT) = (dX)"

® d(XY) = (dX)Y + X(dY)

— min 1
B, /— min Marp opHoe

12
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

e dJA=0
d(aX) = a(dX)
d(AXB) = A(dX)B

(X 4Y) = dX +d¥

(XT) = (dx)"

(X ) (dX)Y + X(dY)

(X

d
d
d
d(X,Y) = (dX,Y) + (X,dY)

— min 1
B, /— min Marp opHoe

12


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).
e dJA=0 o4 X\  ¢dX —(do)X
d(aX) = a(dX) (5)=""%""
d(AXB) = A(dX)B
(X +Y)=dX +dY
(XT) = (dx)"
(XY) =({dX)Y + X(dY)
(X,Y) = (dX,Y) + (X, dY)

d
d
d
d

— min 1
B, /— min Marp opHoe
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

® dA=0 o a(X _ ¢dX — (dp)X

* d(aX) = a(dX) (E) - @2

* d(AXB) = A(dX)B ® d(detX) =det X(X T, dX)
. d(X+Y) =dX +dY

* d(XT) = (dX)"

* d(XY) = (dX)Y + X(dY)

* d(X,Y) ={dX,Y)+(X,dY)

— min 1
B, /— min Marp opHoe
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

e dA=0 o g (X)) _ ¢dX — (o)X

* d(aX) = a(dX) (¢) - 32

® d(AXB) = A(dX)B * d(det X) = det X(X T, dX)
. ZEX +) Y)(— d))g +dY o d(tr X) = (I,dX)

° d(XY) = (dX)Y + X(dY)

* d(X,Y) = (dX,Y) + (X,dY)

— min 1
B, /— min Marp opHoe
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

° dA=0 p (g) _ ¢dX — (d¢)X

e d(aX) = a(dX) ¢ ¢?

* d(AXB) = A(dX)B ® d(detX) =det X(X T, dX)
. ZEX +) Y)(— d)); +dY e d(tr X) = (I,dX)

° d(X ) = (dX)Y + X(dY) * df(g(z)) = dg ~dg(z)

* d(X,Y) = (dX,Y)+ (X,dY)

— min 1
B, /— min Marp opHoe
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

° dA=0 p (g) _ ¢dX — (d¢)X

* d(aX) = a(dX) o 2

* d(AXB) = A(dX)B ® d(detX) =det X(X T, dX)
. ZEXJSY)(— d))§+dY e d(tr X)=(I,dX)

° d

- )~y xay) - df(gta)) = 5 - dote)

* d(X,Y) = ({dX,Y)+(X,dY) o H=(JVH)T

— min M o
B, /— min Marp opHoe
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble maTpuupl, a X n Y - nepementble (Uan MaTpuyHble yHKLMUN).

° dA=0 p (g) _ ¢dX — (d¢)X

* d(aX) = a(dX) 0] @2

* d(AXB) = A(dX)B e d(det X) = det X(X T, dX)
Od(X+Y)—dX+dY o d(tr X)=(I,dX)

e d(XT) = (dX)" . df

o d(XY) = (dX)Y + X(dY) df(g(w)) = =~ - dg(z)

°* d(X,Y)=(dX,Y)+ (X,dY) ° ( (V ))

d(X D= X 1(dX)X !

— min M o
B, /— min Marp opHoe
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Martpuyutoe gudceperHuymnposatue. Mpumep 1
i Example

Haiitu df, V f(z), ecnu f(z) = (z, Az) — bTz +c.

‘ J — min
2,9,z Marpi TOpHOE

13
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Marpuyutoe gudceperymnposarue. MNMpumep 2

1 Example

Havitu df,Vf(z), ecnn f(x) = In(z, Ax).

‘ f — min
2,9,z Marpi TOpHOE

14
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Marpuyutoe gudceperymnposarue. MNMpumep 2

i Example
Havitu df,Vf(z), ecnn f(x) = In(z, Ax).

1. 3ametum, 4to A foMKHa BbITb NONOKUTENBHO ONpefeneHHoli, notomy 4to (x, Az) aprymeHt norapudma n ans
noboro = dpopmyna gonxHa ObITe NonoxuTenbHol. Takum obpasom, A € S, [lagaiite cHadana Haligem

andbdepeHumnan:

df = d (In{z, Az)) = difﬁg» _ <dI’AI<>m+éi;d(AI)> _

(Az,dzx) + (x, Adz)  (Az,dz) + (ATz, dx) _ (A+ ATz, dz)

(x, Ax) (x, Az) (x, Az)

‘f%gn&l} Marpi -BekTOpHOE Audd: P00 O 14
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Marpuyutoe gudceperymnposarue. MNMpumep 2

i Example
Havitu df,Vf(z), ecnn f(x) = In(z, Ax).

1. 3ametum, 4to A pomkHa BbiTb NONOXKUTENLHO ONPeAeneHHON, NoToMy 4To (x, Ax) aprymeHT norapudma u Ans
noboro x dopmyna foskHa bbiTb nonoxuTensHol. Takum obpasom, A € S, [lasaiite cHauana Haliaem
andbdepeHumnan:

d((z,Az))  (dz, Az) + (z,d(Ax))
df =d(In{z, Az)) = = =
(Az,dz) + (v, Adz)  (Az,dz)+ (ATz,dz)  ((A+ AT)z,dx)

(x, Ax) (x, Az) (x, Az)

2. Hawa ocHosHas uenb - nonyuuts opmy df = (-, dx)
2Ax
df = (=22 g
1= ()

Takum obpasom, rpaguenT paseH V f(x) = (2, Az)
x, Ax

‘fﬁ}gn‘}‘l Marpi -BEKTOPHOE bt P00 O
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MartpuuHoe auccdeperumposatune. Mpumep 3

i Example

Haiitn df, Vf(X), ecnn f(X) = (S, X) — logdet X.

‘ J — min
2,9,z Marpi TOpHOE

15


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

B, /— min

Jlnneiinbiii nonck

JInHeinbii nonck

16
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3apaua
Mpegnonoxum, y Hac ecTb 3agava munumunsaumn dyrkyun f(z) : R — R ckansipHoii nepemeHHoli:

f(@) — min

— min -~
‘f 2,9,z Jlnneiinbiii nonck

17
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3apaua

Mpegnonoxum, y Hac ecTb 3agava munumunsaumn dyrkyun f(z) : R — R ckansipHoii nepemeHHoli:

f(@) — min

ViHorpa Mbl paccmaTpurBaem MOXOXyHO 3a4ady NOUCKa MUHUMYMa byHKLMM Ha oTpeske [a, b]:

f(z) — i

— min -~
‘f 2,9,z Jlnneiinbiii nonck

17
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3apaua

Mpegnonoxum, y Hac ecTb 3agava munumunsaumn dyrkyun f(z) : R — R ckansipHoii nepemeHHoli:

f(@) — min

ViHorpa Mbl paccmaTpurBaem MOXOXyHO 3a4ady NOUCKa MUHUMYMa byHKLMM Ha oTpeske [a, b]:

f(z) — i

i Example

Tunuyxsim npnMepoMm 3ada4dun JINHENHOrO NOWCKa SIBNSIETCA Bbl60p nogxogsauwero wara Aansa anaropmnTtma
rPAaAnNEHTHOro CnycKka:

Tpyq = 2 —aV f(xy)

a = argmin f(z; )

Jlnneiinbiii nonck

17
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3apaua

Mpegnonoxum, y Hac ecTb 3agava munumunsaumn dyrkyun f(z) : R — R ckansipHoii nepemeHHoli:

f(z) — min
TeR
WNHorpa Mbl paccmaTprBaem noxoxXyto 3afady noncka MuHuMyma cyHKuMM Ha oTpeske [a, b]:

f(z) — i

1 Example

Tunuyxsim npnMepoMm 3ada4dun JINHENHOrO NOWCKa SIBNSIETCA Bbl60p nogxogsauwero wara Aansa anaropmnTtma
rPAaAnNEHTHOro CnycKka:

Tpyq = 2 —aV f(xy)

a = argmin f(z; )

JInHeiinblii nonck siBNsieTCst (PyHAAMEHTANLHON 3a4a4ell ONTUMM3aLUNM, NCTOJb3YHOWMIACS A1 PELUEHNSI COXKHbIX
3agay. [nsa ynpowenus npegnonoxum, 4to f(x) yHumogansHa, TO €CTb UMEET €AUHCTBEHHbIN MUK UAW BNagUHY.

B/~ i

Jlnneiinbiii nonck P00 O
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YHumopganbHas cyHkuus

i Definition

®ynkyns f(x) HasbiBaeTcs yHMMOAAnbHOW Ha oTpeske [a,b], ecan cywectsyeT z, € [a,b], uto f(z{) >
flxg) Va<z, <zyg<z,m fla;) < flzy) Va, <z <a9<b

‘f%?‘f}‘l Jlnneiinbiii nonck D0 0

18
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YHumopganbHas cyHkuus

i Definition

®ynkyns f(x) HasbiBaeTcs yHMMOAAnbHOW Ha oTpeske [a,b], ecan cywectsyeT z, € [a,b], uto f(z{) >
flxg) Va<z, <zyg<z,m fla;) < flzy) Va, <z <a9<b

Puc. 3: Mpumepsbl yHuMogansHbix yHKLui

‘f%gn&l} Jlnneiinbiii nonck D0 0
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KnioueBoe cBOCTBO YHUMOAANbHbIX PYHKLWIA

Myctb f(x) sensieTcs yHumopansHoii dyHkuneid Ha oTpeske [a,b]. Torga ecnn x; < x4 € [a, b], To:

o if f(zy) < flzg) = x, € [a, 2]

f — min T
2,9,z Jlnneiinbiii nonck

19
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KnioueBoe cBOCTBO YHUMOAANbHbIX PYHKLWIA

Myctb f(x) sensieTcs yHumopansHoii dyHkuneid Ha oTpeske [a,b]. Torga ecnn x; < x4 € [a, b], To:

o if f(zy) < flzg) = x, € [a, 2]
o if f(wy) > flzy) — 2, € [21,0]

f — min T
2,9,z Jlnneiinbiii nonck

19
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KnioueBoe cBOCTBO YHUMOAANbHbIX PYHKLWIA

Myctb f(x) sensieTcs yHumopansHoii dyHkuneid Ha oTpeske [a,b]. Torga ecnn x; < x4 € [a, b], To:

o if f(zy) < flzg) = x, € [a, 2]
o if f(wy) > flzy) — 2, € [21,0]

f — min T
2,9,z Jlnneiinbiii nonck

19
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KnioueBoe cBOCTBO YHUMOAANbHbIX PYHKLWIA
Mycts f(x) sBnsieTcs yHUMopanbHoi yHKumel Ha oTpeske [a, b]. Torpa ecnun 7 < x4 € [a,b], TO:
o if fzy) < flay) = 2, € [a,2))]
o if flzy) > flay) = x, € [21,0]
Ookazatensctso [Jokaxem nepsoe yTeepxaetue. lNpegnonoxum, 4to f(x;) < f(z,), Ho z* > x,. Torga,

MOCKOJIbKY 1 < Ty < T*, U3 ONpefjeNeHns yHUMOAANbHOCTU PyHKLUMM f () CNedyeT, HTO AOMKHO BbIMOMHSATLCS
HepaseHcTBo f(zq) > f(25). Mbl nony4unn npotneopesne.

‘f%gn&l} Jlnneiinbiii nonck D0 0

19
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KnioueBoe cBOCTBO YHUMOAANbHbIX PYHKLWIA
Mycts f(x) sBnsieTcs yHUMopanbHoi yHKumel Ha oTpeske [a, b]. Torpa ecnun 7 < x4 € [a,b], TO:

o if f(zy) < flzg) = x, € [a, 2]
o if f(wy) > flzy) — 2, € [21,0]

Ookazatensctso [Jokaxem nepsoe yTeepxaetue. lNpegnonoxum, 4to f(x;) < f(z,), Ho z* > x,. Torga,
NOCKONBKY I < Ty < T*, N3 OnpefeneHns yHNMoaanbHocTn dyHkunn f() cnepyer, 4To AOMKHO BLINMOAHATLCS
HepaseHcTBo f(zq) > f(25). Mbl nony4unn npotneopesne.

f(=)

0 a z* b T

‘f%gn&l} Jlnneiinbiii nonck D0 0
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KnioueBoe cBOCTBO YHUMOAANbHbIX PYHKLWIA
Mycts f(x) sBnsieTcs yHUMopanbHoi yHKumel Ha oTpeske [a, b]. Torpa ecnun 7 < x4 € [a,b], TO:

o if f(zy) < flzg) = x, € [a, 2]
o if f(wy) > flzy) — 2, € [21,0]

Ookazatensctso [Jokaxem nepsoe yTeepxaetue. lNpegnonoxum, 4to f(x;) < f(z,), Ho z* > x,. Torga,
NOCKONBKY I < Ty < T*, N3 OnpefeneHns yHNMoaanbHocTn dyHkunn f() cnepyer, 4To AOMKHO BLINMOAHATLCS
HepaseHcTBo f(zq) > f(25). Mbl nony4unn npotneopesne.

f(=) f(=)

0" a z* b T 0 a T, =¥ 2o b T

‘f%gn&l} Jlnneiinbiii nonck D0 0
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KnioueBoe cBOCTBO YHUMOAANbHbIX PYHKLWIA
Mycts f(x) sBnsieTcs yHUMopanbHoi yHKumel Ha oTpeske [a, b]. Torpa ecnun 7 < x4 € [a,b], TO:

o if f(zy) < flzg) = x, € [a, 2]
o if f(wy) > flzy) — 2, € [21,0]

Ookazatensctso [Jokaxem nepsoe yTeepxaetue. lNpegnonoxum, 4to f(x;) < f(z,), Ho z* > x,. Torga,
NOCKONBKY I < Ty < T*, N3 OnpefeneHns yHNMoaanbHocTn dyHkunn f() cnepyer, 4To AOMKHO BLINMOAHATLCS
HepaseHcTBo f(zq) > f(25). Mbl nony4unn npotneopesne.

f(@) f(=) f(=)

0" a z* b T 0 a T, =¥ 2o b T 0 a zz* T2 b T

‘f%gn;l} Jlnneiinbiii nonck P00 O 19
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Metop auxotomun
Mbl x0TvM pewnTb crepytoLLyto 3aga4dy:

f(x) - min
z€la,b]
[dennm oTpesok Ha ABe paBHble HacTu U BblbUpaem,
OCHOBbIBAsICb Ha KJIIOYEBOM CBOICTBE, OMUCAHHOM BbILLE,
Ty, KOTOpas COAEPXUT pelueHne 3agaqn. Hawa uens
nocse OAHON MTepaLn METOAA - JIOKAIN30BaTb PeLLeHne
B OTpe3Ke B f1Ba Pa3a MeHbLuell ANnHbI.

Puc. 4: Metog anxoToMun st yHUMOAANbHOR DyHKLMN

Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
Mbl nsmepsiem 3HauveHne byHKLUN B CEPESMHE OTpPeE3Ka

Puc. 5: Metog anxotoMun aist yHUMOAANbHOR DyHKLMN

‘f%?‘f}‘l Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
l‘|T06bl NPUMEHUTbL KJIKOYEBOE CBOVICTBO, Mbl BbIMOJIHAEM

€eule O 4HO U3MepPeHne. f(m)

Puc. 6: Metog anxoToMun aist yHUMOAANbHOR DyHKLMN

‘f%gn;l} Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
Buibupaem uenesoii otpesok. B atom cny4vae Hac Bce
yCTpauBaeT, NMOTOMY HTO YXKe pa3Aeuu pelleHne Ha aBe ()
paBHble Yactu. Ho 310 He Bcerpa Tak.

Puc. 7: Metog anxotoMun st yHUMOAANbHOR DyHKLMN

‘f%?‘f}‘l Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
PaccmoTtpum gpyryto yHumoganbHyto dyHKLMIO.

0 a z5 b T

Puc. 8: Metog anxotoMun aist yHUMOAANbHOR DyHKLMN

‘f%?‘f}‘l Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
N3mepsiem 3HayeHMe PyHKUMN B CEPEANHE OTPe3Ka.

Puc. 9: Metog anxotoMun st yHUMOAANbHOR DyHKLMN

‘f%?‘f}‘l Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
[Jenaem ewe ogHo n3mepeHue.

Puc. 10: Metog anxotomun st yHUMOAANbHOWR yHKLMN

‘f%?‘f}‘l Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
Boibupaem uenesoii otpesok. Mbl MOXeM BULETH, HTO

MOJyHEeHHbIN OTPE30OK He SIBSIETCS MOJOBUHONM NCXOLHOTO. (z)
OH pageH %(b— @). HTobbl MCNPaBUTL 3TO, HaM HyXXeH

€ule OANH Wwar anaropmnTtma.

Puc. 11: Metog anxotomMun st yHUMOAAbHOWR yHKLMN

P00 O 20

— min -~
‘f 2,9,z Jlnneiinbiii nonck
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Metop auxotomun

[Mocne ewe ogHOro JOMNONHUTENBHOIO N3MEPEHNS Mbl

To4Ho nonyuum 22(b—a) = 1(b—a) (@)

Puc. 12: Metog anxotomun st yHUMOAANbHOWR yHKLMN

‘fﬁ}gn‘}‘l Jlnneiinbiii nonck P00 O 20
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Metop auxotomun
B ntore, kaxgas nocnegytowas ntepauusi dbyger
TpeboBaThb He Bonee ABYX N3MepeHWii 3HaYEHNA PyHKLMN. f(x)

Puc. 13: Metog anxotomun st yHUMOAANbHOWR yHKLMN

‘f%?‘f}‘l Jlnneiinbiii nonck P00 O 20
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MeTtog guxotomuun. Anropntm

def binary_search(f, a, b, epsilon):

c=(a+hb) /2
while abs(b - a) > epsilon:
y=(a+c)/ 2.0
if £(y) <= f(c):

b=c
c =y
else:

z=(b+c)/ 2.0
if f(c) <= f(z2):

a=y
b=z
else:
a=c¢c
c =2z
return c

J — min T
2,9,z Jlnneiinbiii nonck

21
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Mertop guxotomun. Ouexka
[nuna otpeska Ha k-it ntepauyuu:

J — min T
2,9,z Jlnneiinbiii nonck

Ap=b,—a, =

2k

(b—a)

22
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Mertop guxotomun. Ouexka
[nuna otpeska Ha k-it ntepauyuu:

(b—a)

Ak:bk_ak:%

[nsi yHumoganbHbix hyHKLNIA STO BEPHO, €C/in Mbl BbIDMPaeM CepeAnHy OTpesKa B KaYeCcTBe BbIXOAA UTEpPALuMN

b—a
2

A 1
|£I)k7$*‘ <7k£

<5 S e (b—a) < (0.5)F.

‘f%gn;l} Jlnneiinbiii nonck D0 0
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Mertop guxotomun. Ouexka
OnvHa oTpeska Ha k-ii utepauun:

(b—a)

Ak:bk—ak:ﬁ

[ns yHumMogansHbIx yHKLUMA 3TO BEPHO, eCnu Mbl BbibrpaeM cepefHy OTpe3ka B Ka4eCTBE BbIXO4A UTepaLnu Iy

< Ay < 1 b—a

|£Ck7l'*‘_ 9 = 9k+l 9

3amMeTuM, 4TO Ha KaXKAOW MTepaLun Mbl CNPALIVBAEM Opakysl He bosiee ABYX pas, MO3TOMY KOJMHECTBO BbI3OBOB
dyHkuymm pasHo N = 2 - k, 4To 03Havaer:

(b—a) < (0.5)k-

vz
fal

—% _ (o707)N 2=

[N}

‘fﬁ}gn‘}‘l Jlnneiinbiii nonck D0 0
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Mertop guxotomun. Ouexka
OnvHa oTpeska Ha k-ii utepauun:

(b—a)

Ak:bk—ak:ﬁ

[ns yHumMogansHbIx yHKLUMA 3TO BEPHO, eCnu Mbl BbibrpaeM cepefHy OTpe3ka B Ka4eCTBE BbIXO4A UTepaLnu Iy
< Bk o
|£I?k7l'*‘ = 9 = 9k+l

3amMeTuM, 4TO Ha KaXKAOW MTepaLun Mbl CNPALIVBAEM Opakysl He bosiee ABYX pas, MO3TOMY KOJMHECTBO BbI3OBOB
dyHkuymm pasHo N = 2 - k, 4To 03Havaer:

! (bfa)g(o.ak-b%“

y.020 gronvize

Momeuas npaByto 4acCTb MOC/AELHEr0 HEPABEHCTBA 3a £, Mbl MOJy4YaeM KOJIMYECTBO MTepauuii MeToga, Heobxogumoe
ONA JOCTUXKEHUSI TOYHOCTM €:

K = [log2 biTa —1—‘

‘f% 5‘5}‘3 Jlnneiinbiii nonck P00 O 22
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MeTop, 30n10TOro ceveHus

Vl,El,eFl O4Y€Hb MNOX0XXa Ha METOoL ANXOTOMUN. Ha OTpE3Ke €CTb ABE€ TOYKN - JieBasd N NpaBasd TOYKN 30710TOro Ce4eHnA n
NWHTYNTUBHO NOHATHO, 4TO Ha cnep,yrou.l,eﬁ nTepaynm ogHa U3 TOHEK OCTAHETCA TOYKOW 30/10TOFO CEYEHUSI.

Iteration k&

Iteration k + 1 —o—x—.

Tk+1 lk1

Puc. 14: Npes, nossonstowasi yMeHbLINTb KONNYECTBO BbI30BOB (hYHKLMN

— min -~
‘f o Jlnneiinbiii nonck
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MeTog 30n0Toro ceveHusa. Anropntm

def golden_search(f, a, b, epsilon):
tau = (sqrt(5) + 1) / 2
y=a+ (b - a) / taux*2
z=a+ (b - a) / tau
while b - a > epsilon:
if f(y) <= f(2):
b=z

+ (b - a) / tauxx2

&<t
]
[V

y
y =z

a+ (b -a) / tau
return (a + b) / 2

J — min T
2,9,z Jlnneiinbiii nonck
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Mertop 30n0t1oro ceuvenusa. Ouenka

—a b—a
~ 0.618% ——
2

bk_ak 1
— < & =

roe T = —‘/5;1.

® 3HameHaTeNb FreOMETPUYECKOl MPOrpeccunt Aisi METOAA 30JI0TOMO CeveHusi bonblue, HYem A5 MeToga
auxotomun: 0.618 Gonbue, yem 0.5.

— min -~
‘f 2,9,z Jlnneiinbiii nonck
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Mertop 30n0t1oro ceuvenusa. Ouenka

N
b— b—
¢ 04618’“Ta

2

bk_ak 1
— < & =

roe T = —‘/5;1.

® 3HameHaTeNb FreOMETPUYECKOl MPOrpeccunt Aisi METOAA 30JI0TOMO CeveHusi bonblue, HYem A5 MeToga
auxotomun: 0.618 Gonbue, yem 0.5.

® Konn4ecTBo BbI30BOB (DyHKLMN MEHbLUE AJ151 METOAA 30JI0TOro cedeHusl, YeM ans metoga auxotomun: 0.707
Gonble (3HaunT mMegnennee), yem 0.618. Ons kaxgoli utepaunn mMetoga guxotomun (Kpome nepeoii), dyHKuus
Bbi3blBaeTCs He bonee gByx pas, B TO BPeMsl Kak AJ/1si METOLA 30JI0TOr0 CEYEHUsl, OHa Bbi3blBaeTcs He bonee
OfHOTO pasa 3a uTepauuio.
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Mertopn napabonunyeckoi nHTepnonsauuu

Tpu TOYKM, He Nexxalume Ha OLHONR NPsIMOiA, OAHO3HAYHO onpeaenstoT napabony, npoxogsiyto vepes Hux. Mges
MeToAa — annpoKCUMNPOBATh (OYHKLMIO Takoi Napabosioil 1 B KaYeCTBe CAefyOLLEro nNpubamKeHus B3siTb TOHKY eé
MuHuMyMa. [pesnonoxum, y Hac ectb 3 ToUKM 7 < Ty < L3 TaKNE, 4TO OTPE3OK [T1,X3] COAEPKUT MUHUMYM
yrkumnn f(z). Torga Mbl BOSKHbI PELINTb CNEAYIOLLYIO CUCTEMY YpaBHEHWA:

— min -~
‘f 2,9,z Jlnneiinbiii nonck
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Mertopn napabonunyeckoi nHTepnonsauuu

Tpu TOYKM, He Nexxalume Ha OLHONR NPsIMOiA, OAHO3HAYHO onpeaenstoT napabony, npoxogsiyto vepes Hux. Mges
MeToAa — annpoKCUMNPOBATh (OYHKLMIO Takoi Napabosioil 1 B KaYeCTBe CAefyOLLEro nNpubamKeHus B3siTb TOHKY eé
MuHuMyMa. [pesnonoxum, y Hac ectb 3 ToUKM 7 < Ty < L3 TaKNE, 4TO OTPE3OK [T1,X3] COAEPKUT MUHUMYM
yrkumnn f(z). Torga Mbl BOSKHbI PELINTb CNEAYIOLLYIO CUCTEMY YpaBHEHWA:

az? +bx; +c=f, = f(z;),i=1,2,3

3ameTuM, 4TO 3Ta cucTeMa JuHeliHa, Mbl JOJSKHbI PELNTE ee OTHOCUTENLHO a, b, c. MuHumym 31Ol napabonebi
BbIYNC/ISETCS NO hopmyrie:

Jlnneiinbiii nonck P00 O 26
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Mertopn napabonunyeckoi nHTepnonsauuu

Tpu TOYKM, He Nexxalume Ha OLHONR NPsIMOiA, OAHO3HAYHO onpeaenstoT napabony, npoxogsiyto vepes Hux. Mges
MeToAa — annpoKCUMNPOBATh (OYHKLMIO Takoi Napabosioil 1 B KaYeCTBe CAefyOLLEro nNpubamKeHus B3siTb TOHKY eé
MuHuMyMa. [pesnonoxum, y Hac ectb 3 ToUKM 7 < Ty < L3 TaKNE, 4TO OTPE3OK [T1,X3] COAEPKUT MUHUMYM
yrkumnn f(z). Torga Mbl BOSKHbI PELINTb CNEAYIOLLYIO CUCTEMY YpaBHEHWA:

az? +bx; +c=f, = f(z;),i=1,2,3

3ameTuM, 4TO 3Ta cucTeMa JuHeliHa, Mbl JOJSKHbI PELNTE ee OTHOCUTENLHO a, b, c. MuHumym 31Ol napabonebi
BbIYNC/ISETCS NO hopmyrie:

b
=
2a

Lo — $1)2(f2 — f3) = (z9 — $3)2(f2 - f1)
(g —21)(fo — f3) — (22 — 23)(f — f1)]

3ametum, uto ecnn fo < fi, fo < f3, To u Bymer nexats B [xq, T3]

_
2
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MeTopn napabonuueckoii untepnonauun. Anroputm *

def parabola_search(f, sl 52, 58, epsilon):
f1, £2, £3 = f(x1), £(x2), £(x3)
while x3 - x1 > epsilon:
u=x2 - ((x2 - x1)**%2%(£2 - £3) - (x2 - x3)*x*2x(£2 - £1))/(2*x((x2 - x1)*(£2 - £3) - (x2 - x3)*(f2 - £1)))
fu = f(u)

if x2 <= u:
if £2 <= fu:
x1, x2, x3 = x1, x2, u
£1, £2, £3 = £f1, £2, fu
else:
x1, x2, x3 = x2, u, x3
f1, £2, £3 = £2, fu, £3

else:
if fu <= £2:
x1, x2, x3 = x1, u, x2
f1, £2, £3 = f1, fu, f2
else:
x1, x2, x3 = u, x2, x3
f1, £2, £3 = fu, f2, £3
return (x1 + x3)/2

LCKopOCTb CXOAMMOCTY 3TOrO MeTOAA CynepANHEiHa, HO IOKA/IbHA, YTO O3HAYAET, YTO Mbl MOXEM MOJY4UTb BbIFOAY OT UCMONL30BAHUS 3TOrO
MeTofa TONbKO BON3M HEKOTOPOV OKPECTHOCTW ONTUMYMA. 34eChb [OKAa3aTeNbCTBO CynepnHeiHol cxogumocTi nopsigka 1.32.

‘f - {ny": Jlnneiinbiii nonck P00 O 27


https://people.math.sc.edu/kellerlv/Quadratic_Interpolation.pdf
https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

—0.5 A1

-1.0

B, /— min

3.0

Quadratic approximation becomes inaccurate

2.5 4

2.0 A

1.5 1

1.0 1

0.5 1

0.0 1

—— Function V1+x? -1

Taylor Approximation at xq
® Xo=-2.0

4 -3

Jlnneiinbiii nonck
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HeTou4HbIVi NnUHENHbIVW nouck
HaM HE BCeraa Hy)KHO TOYHO pewaTb 3a,u,al4y
MuHumunsauun. VlHorga, goctatoyHo Halitu
I'IpI/I6J1I/I)K€HHOG peweHne. TaKOE 4aCTO BCTpPEHaeTCAa B
3agade Bbibopa Wwara meTtoga onTUMM3aLMn

L1 = T — aVf(zy)

a = argmin f(x;,4)

— min -~
‘f 2,9,z Jlnneiinbiii nonck
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HeTou4HbIVi NnUHENHbIVW nouck
HaM HE BCeraa Hy)KHO TOYHO pewaTb 3a,u,al1y
MuHumunsauun. VlHorga, goctatoyHo Halitu
I'IpI/I6J1I/I)K€HHOG peweHne. TaKoe 4aCTO BCTpPEHaeTCAa B
3agade Bbibopa Wwara meTtoga onTUMM3aLMn
LTpy1 = T — aV f(xy,)
o = argmin f(244q)

PaccmoTpum ckansipHyto yHKumio ¢(a) B Touke Ty

P(e) = f(zp — aVf(zy)),a =0

— min -~
‘f 2,9,z Jlnneiinbiii nonck

29


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

HeTou4HbIVi NnUHENHbIVW nouck
HaM HE BCeraa Hy)KHO TOYHO pewaTb 3a,u,al4y
MuHumunsauun. VlHorga, goctatoyHo Halitu
I'IpI/I6J1I/I)K€HHOG peweHmne. TaKoe 4aCTO BCTpPEHaeTCAa B
3agade Bbibopa Wwara meTtoga onTUMM3aLMn

L1 = T — aVf(zy)

a = argmin f(x;,4)
PaccmoTpum ckansipHyto yHKumio ¢(a) B Touke Ty

P(e) = f(zp — aVf(zy)),a =0

Mepeoe npubnmxerne ¢(a) B okpectHocTn @ = 0 pasHo:

pla) = ¢f(a) = flxy) — aV f(x),)TV f(x)

— min -~
‘f 2,9,z Jlnneiinbiii nonck

0 o’ o

flax) — || V()3

Puc. 15: Vnntoctpauus annpokcumaynm Teiinopa ¢f (a)

P00 O
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Hetou4Hbin nuHeHbIn nouck. Ycnosmne AOCTAaTOYHOro yobiBaHus
Vcnosme HETOYHOIO JIMHEWNHOrO NMONCKa, N3BECTHOE KaK

ycnosrie ApMmuxo, YTBEPXKAAET, HTO (¢ JO/KHO obecnequnTtb
JOCTaTo4HOe yObiBaHMe dyHKuumM f, yaoBneTeopsitoLLee:

[, —aVif(zy)) < flzg) —c - O‘vf(xk)va(xk)

— min -~
‘f 2,9,z Jlnneiinbiii nonck
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Hetou4Hbin nuHeHbIn nouck. Ycnosmne AOCTAaTOYHOro yobiBaHus
Vcnosme HETOYHOIO JIMHEWNHOrO NMONCKa, N3BECTHOE KaK

ycnosrie ApMmuxo, YTBEPXKAAET, HTO (¢ JO/KHO obecnequnTtb
JOCTaTo4HOe yObiBaHMe dyHKuumM f, yaoBneTeopsitoLLee:

[, —aVif(zy)) < flzg) —c - O‘vf(xk)va(xk)

A5l HekoTopoli nocTosiHHol ¢; € (0,1). 3ameTum, 4to
YCTaHOBKa ¢; = 1 COOTBETCTBYET NepBOMY NpUBIMXEHUIO
Telinopa ¢(). OpHaKo 3TO yCNOB/NE MOXKET MPUHAMATh
OYeHb Masible 3Ha4YEHNs (r, NOTEHLMANBLHO 3aMeaiss
npouecc pewenunsi. OBbIYHO Ha NPaKTNKe NCMOJIL3YETCS
¢y ~ 1074,

— min -~
‘f 2,9,z Jlnneiinbiii nonck
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Hetou4Hbin nuHeHbIn nouck. Ycnosmne AOCTAaTOYHOro yobiBaHus

VcnoBme HETOYHOIO JINHEAHOTO MOWCKA, U3BECTHOE Kak
ycnosrie ApMmuxo, YTBEPXKAAET, HTO (¢ JO/KHO obecnequnTtb
JOCTaTo4HOe yObiBaHMe dyHKuumM f, yaoBneTeopsitoLLee:

[, —aVif(zy)) < flzg) —c - O‘vf(xk)va(xk)

A5l HekoTopoli nocTosiHHol ¢; € (0,1). 3ameTum, 4to
YCTaHOBKa ¢; = 1 COOTBETCTBYET NepBOMY NpUBIMXEHUIO
Telinopa ¢(). OpHaKo 3TO yCNOB/NE MOXKET MPUHAMATh
OYeHb Masible 3Ha4YEHNs (r, NOTEHLMANBLHO 3aMeaiss
npouecc pewenunsi. OBbIYHO Ha NPaKTNKe NCMOJIL3YETCS
¢y ~ 1074,

i Example

Ecov  f(z) npeacraensier  coboii  dyHkuumo
CTOMMOCTM B 3ajaye ONTMMU3auUnM, BaxkeH Bbibop
NOAXOASALLErO 3HAYeHNs C;. Hanpumep, npn
obyyeHnn mogeneii ML HenpaBuabHoe 3HaueHune ¢
MOXXET MPUBECTU K OYeHb MeAJIEHHOW CXOANMOCTH
WK NPOMYCKY MUHUMYMa.

— min R
‘f T4,z Jinneitneiit monck

$(a)

f(zk)

f(zr) — aci||V f(zh)]|:

Puc. 16: Nantoctpauns ycnosus goctaTo4Horo ybeisaHus c
KoatbpuLmeHToM ¢
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HetouHbin nuHennbiin nouck. Ycnosusa lMNonbguwirenta
PaccmoTtpum fBe nnHeliHble ckansipHble (yHKUun ¢ () 1

do(a):
¢1(a) = flzy) — eV f(z)]?

$o(a) = fl@r) — 0V f ()2

f — min T
2,9,z Jlnneiinbiii nonck
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HetouHbin nuHennbiin nouck. Ycnosusa lMNonbguwirenta
PaccmoTtpum fBe nnHeliHble ckansipHble (yHKUun ¢ () 1

¢2(a):
61(a) = flay) — 0l V f ()| ()

Pa(a) = flzy,) — 0|V f ()] @)
Venoeus lonbawTelina-Apmuxo HaxogaT dyHkumo ¢(ar)

mexgy ¢ (a) n gy(a). ObbivHo ¢y = pucy =1—p, c
p € (0,0.5).

f(@r) — ap|| V(2|3

0 o* a

flax) — a(l = p) V()3
Puc. 17: Nnntoctpauns ycnosuii MNonbgiTelina
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HeTou4HbIVi NnHelHbIi nonck. YcnoBme orpaHuYeHnst Ha KPUBU3HY
Y106b1 n3bexxaTb CANLLKOM KOPOTKUNX LWaros, Mbl BBOAUM
BTOPOW KpuTepwii:

=V f(xy, — O‘vf(xk))va(mk) > CQVf(Ik)T(_vf(mk))

f — min T
2,9,z Jlnneiinbiii nonck
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HeTou4HbIVi NnHelHbIi nonck. YcnoBme orpaHuYeHnst Ha KPUBU3HY
Y106b1 n3bexxaTb CANLLKOM KOPOTKUNX LWaros, Mbl BBOAUM
BTOPOW KpuTepwii:

=V f(xy, — O‘vf(xk))va(mk) > CQVf(Ik)T(_vf(mk))

AJ1s HEKOTOPOro €y € (cq,1). 3aechb ¢; n3 ycnosus

Apmuxo. f(z)
JleBas uactb siBnsietcs npoussogHolt V , d(v),
rapaHTupytoLeil, 4To HaknoH ¢(a) B Lenesoii Touke He
MeHee YeM B C, pa3 bosiblie Ha4aIbHOro HaK/IoHa
V,,6()(0).

O6bI4HO Ana meToaos HbloTOHA U KBa3UHBIOTOHOBCKMX
MeTOLOB ncnonbayercs ¢, ~ 0.9 . B obbeanHerunn
ycnosme AO0CTAaTOHYHOro y6b|BaH|/|5| N OrpaHN4YeHne Ha
KpuBM3HY obpa3sytoT ycnosusi Bynbda.

b(c)

a

Sl
Q

RS desired slope -

Puc. 18: NnntocTpaumns ycnoBusi orpaHnYeHnst Ha KpUBN3HY
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HetouHbiin nuHenHbin nouck. Ycnosus Bynbga

=V [z, —aV f(x) Vf(xy) > eV (a) " (=Vf(zy)) #(a)

BwmecTe, ycnoene goctatodHoro ybbiBaHust n orpaHmnyeHune
Ha KpuBK3HYy obpasytoT ycnoeus Bynbda.

2
f(zr) ¢ f(zr) — a1V f(zi) 3

i Theorem

Mycte f: R™ — R HenpepbiBHO anddpepeHunpyema,
n nycte ¢(a) = f(zy, —aV f(xy,)). Mpeanonoxum,
470V f(2) Ty < 0, tae py = —V f(zy), aenas p,
HanpasneHnem Cnycka. Takxke NpeAnoaoxum, 4to f
orpaHuyeHa cHusy sgonb nyya {x;, + ap;, | a > 0}.
Mel xoTum nokasate, 4to anst 0 < ¢; < ¢y < 1,
CyLLeCTBYIOT MHTEpBasbl LIAroB, YAOBNETBOPSIOWMNE

ycnosusim Bynbda.

Sl
Q

a

RS desired slope -
Puc. 19: Nnntoctpauus ycnosuii Bynbda

P00 O 33
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HetouHbin nuHenHbii nonck. Ycnosusa Bynbca. [Jokasarenscrso
1. Mockonbky ¢p(a) = f(x), + ap,) orpaHmyena cHusy un

l(a) = f(z,) + ac; Vf(z;,)Tp), Heorpannyena cHusy

(kak Vf(z,)Tps, < 0), rpacbu I() gonxen

nepecekaTb rpacpuk ¢(«) no KpaiiHeli Mepe OAMH pas.

Mycts o’ > 0 ByaeT HaNMEeHbLLMM TakM 3HadYeHneM,

YLOBIETBOPSAIOLLNM:

fley +a'py) < flzy) + o', V(x) 'pp. (1)

OTO rapaHTUpyeT BbIMOJSHEHNE YCNOBUS
AOCTAaTOYHOro yObIBaHUS.

— min -~
‘f 2,9,z Jlnneiinbiii nonck
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HetouHbin nuHenHbii nonck. Ycnosusa Bynbca. [Jokasarenscrso
1. Mockonbky ¢(a) = f(xzy, + apy,) orpaHnyeHa cHusy u

l(a) = f(z,) + ac; Vf(z;,)Tp), Heorpannyena cHusy

(kak Vf(z,)Tps, < 0), rpacbu I() gonxen

nepecekaTb rpacpuk ¢(«) no KpaiiHeli Mepe OAMH pas.

Mycts o’ > 0 ByaeT HaNMEeHbLLMM TakM 3HadYeHneM,

YAOBNETBOPSIOLLM:

fley +a'py) < flzy) + o', V(x) 'pp. (1)

OT0 rapaHTMpyeT BbIMNOJIHEHWE YC/I0BUS
AOCTAaTOYHOro yObIBaHUS.

2. [Mo Teopeme 0 cpesHEM 3HaYeHUU, CyLLECTBYET
a” € (0,a’) Takoe, yTo:

flay+a'p) — f(xy) = &V fz, +a"p) py. (2)

Moacraenss f(zy, + o'py) u3 (1) B (2), Mbi
nony4aem:

&'V (x4 a"pp) pp < & e,V () py.

— min -~
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HetouHbin nuHenHbii nonck. Ycnosusa Bynbca. [Jokasarenscrso
1. Mockonbky ¢(a) = f(xzy, + apy,) orpaHnyeHa cHusy u

l(a) = f(z,) + ac; Vf(z;,)Tp), Heorpannyena cHusy

(kak Vf(z,)Tps, < 0), rpacbu I() gonxen

nepecekaTb rpacpuk ¢(«) no KpaiiHeli Mepe OAMH pas.

Mycts o’ > 0 ByaeT HaNMEeHbLLMM TakM 3HadYeHneM,

YAOBNETBOPSIOLLM:

fley +a'py) < flzy) + o', V(x) 'pp. (1)

OT0 rapaHTMpyeT BbIMNOJIHEHWE YC/I0BUS
AOCTAaTOYHOro yObIBaHUS.

2. [Mo Teopeme 0 cpesHEM 3HaYeHUU, CyLLECTBYET
a” € (0,a’) Takoe, yTo:

flay+a'p) — f(xy) = &V fz, +a"p) py. (2)

Moacraenss f(zy, + o'py) u3 (1) B (2), Mbi
nony4aem:

&'V (x4 a"pp) pp < & e,V () py.

— min -~
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HetouHbin nuHenHbii nonck. Ycnosusa Bynbca. [Jokasarenscrso

1. Mockonbky ¢(a) = f(x), + ap,,) orpannyena cinsy n Jenum va o > 0, nonyyaem:
(o) = f(zx),) + ac; V f(x,) T, Heorpanuyena chusy
(E<a|2 Vf((x:))Tpk <10), (rpggi)m(kl(a) BOJDKEH V(e +a"pp) pe < V() - 3)
nepecekaTb rpacpuk ¢(«) no KpaiiHeli Mepe OAMH pas.
Myctb o’ > 0 BygeT HaUMEHbLUNM TaKUM 3HAYEHNEM,
YAOBNETBOPSIOLLM:

fley +a'py) < flzy) + o', V(x) 'pp. (1)

OT0 rapaHTMpyeT BbIMNOJIHEHWE YC/I0BUS
AOCTAaTOYHOro yObIBaHUS.

2. [Mo Teopeme 0 cpesHEM 3HaYeHUU, CyLLECTBYET
a” € (0,a’) Takoe, yTo:

flay+a'p) — f(xy) = &V fz, +a"p) py. (2)

Moacraenss f(zy, + o'py) u3 (1) B (2), Mbi
nony4aem:

3. Nockonbky ¢; < ¢y u Vf(x,)Tp, < 0, HepasencTBO
1 VI(ze)Tp, < oV f(x,) T py BoiNONHAETCH. DTO
03HayaeT, 4TOo CyllecTByeT & Takoe, 4To:

Vf(xy + " pp) o < oV () py (4)

HepagencTea (3) n (4) Bmecte rapanTupytot
BbINOJIHEHNE ycnoBuii Bynbda.

&'V (x4 a"pp) pp < & e,V () py.
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l(a) = f(z,) + ac; Vf(z;,)Tp), Heorpannyena cHusy
(kak Vf(z,)Tps, < 0), rpacbu I() gonxen
nepecekaTb rpacpuk ¢(«) no KpaiiHeli Mepe OAMH pas.
Myctb o’ > 0 BygeT HaUMEHbLUNM TaKUM 3HAYEHNEM,
YAOBNETBOPSOLLVM:

fley +a'py) < flzy) + o', V(x) 'pp. (1)

OTO rapaHTUpyeT BbIMOJSHEHNE YCNOBUS
AOCTAaTOYHOro yObIBaHUS.

. Mo Teopeme o cpegHem 3HaueHuU, CylecTByeT
a” € (0,a’) Takoe, yTo:

flay+a'p) — f(xy) = &V fz, +a"p) py. (2)

Moacraenss f(zy, + o'py) u3 (1) B (2), Mbi
nony4aem:

&'V (x4 a"pp) pp < & e,V () py.

Jlnneiinbiii nonck

HetouHbin nuHenHbii nonck. Ycnosusa Bynbca. [Jokasarenscrso
1. Mockonbky ¢(a) = f(x), + ap,,) orpannyena cinsy n Jenum va o > 0, nonyyaem:

V() + " pp) o < eV f(xy) py (3)

. Nockonbky ¢ < ¢y u Vf(x;,)Tp), < 0, HepasencTBO

1 VI(ze)Tp, < oV f(x,) T py BoiNONHAETCH. DTO
03HayaeT, 4TOo CyllecTByeT & Takoe, 4To:

Vf(xy + " pp) o < oV () py (4)

HepagencTea (3) n (4) Bmecte rapanTupytot
BbINOJIHEHNE ycnoBuii Bynbda.

. Ana cunbHbix ycnosuii Bynbsda, ycnosue

OrpaHN4Y€HnNsa Ha KpVIBVIBHy:
[V f (), + ap) | < o [VF(x) | (5)

BbinonHseTcs, notomy uto V f(z), + ap,) T py,
oTpuuaTensHO 1 orpanmnyero chusy ¢V f(z,) T py.
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. N3-3a rnagkoctn f, cywecTteyeT uHTepean sokpyr o

, TAe BbINoMHsitoTCs ycnosus Bynbda (u,
cnefoBaTesnbHO, CuibHble ycnosusi Bynbda). Takum

o6pasoM, A0Ka3aTeNbCTBO 3aBEPLUEHO. 00 34
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BakTpeknHr

BaKTpeKUHr - 3TO TeXHMKA AN HAXOXKAEHNSA Lara, YAOBIETBOPsOLWEero ycnosuto Apmuxo, ycnosusim lonbawteiina
UAN APYrUM KPUTEPUSIM HETOHHOrO NuHeliHoro noucka. OHa HauMHaeT C OTHOCUTENLHO BONbLIOro Wwara u
UTEPaTMBHO YMEHbLUAET €ro A0 Tex Mop, NoKa He ByAeT BbINOJHEHO yC/OBMe.
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BakTpeknHr

BaKTpeKkUHr - 3TO TexHUKa AN51 HAXOXAEHUS Wara, YAOoBNeTBOpsitoLWero yciosuto Apmuxo, ycnosusam lonbgiteiina
nnn opyrum Kpntepmusam HETOYHOro NVHEHOro noncka. OHa HauYMHaeT C OTHOCUTENbHO BOABLLIOrO LWara un
NTEPATUBHO YMEHbLUAET €ro A0 TeX Nop, NoKa He 6yAeT BbIMNOJIHEHO yCnoBue.

AnropuTtm:
1. Bbibepute HavanbHbIl war, ag, v napametpsl 5 € (0,1) n ¢, € (0,1).
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2. MposepbTe, yaoBneTBOPSET NN BbIGPaHHbLIN Wwar BeIbpaHHOMY ycnoButo (Hanpumep, yciosuio Apmuxo).
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2. TpoBsepbTe, yaoBNETBOPSIET N BbIOPaHHLINM LIar BbIGpaHHOMY ycnoButo (Hanpumep, ycioButo ApMuxo).

3. Ecnu ycnoeue BbINONHEHO, OCTAHOBUTECH; B MPOTUBHOM CiyYae, ycTaHosuTe o := Ja u nosTopute war 2.
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BaKTpeKUHr - 3TO TeXHMKA AN HAXOXKAEHNSA Lara, YAOBIETBOPsOLWEero ycnosuto Apmuxo, ycnosusim lonbawteiina
UAN APYrUM KPUTEPUSIM HETOHHOrO NuHeliHoro noucka. OHa HauMHaeT C OTHOCUTENLHO BONbLIOro Wwara u
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2. MposepbTe, yaoBneTBOPSET NN BbIGPaHHbLIN Wwar BeIbpaHHOMY ycnoButo (Hanpumep, yciosuio Apmuxo).
3. Ecnu ycnoeme BbINONHEHO, OCTaHOBNTECH; B MPOTUBHOM Clly4ae, ycTaHoBuTe « := v 1 noeTOpUTE LWar 2.

LLIar v obHoBRsieTCS Kak
ey = By,
B Ka)XkKAoli nTepauum 4o Tex nop, noka BbibpaHHOe ycnoBue He ByaeT BbINOSHEHO.
Example

B obyuyeHun mogeneii MawuHHOrO OOyYeHUs AUHERHBIF MOUCK C BO3BPAaTOM MOXET WUCMOJb30BaTLCS A1
perynunpoBku ckopocTu obydeHusi. Ecnm noTteps He ymeHblUaeTCs 4OCTaTOYHO, CKOPOCTL 0byYeHMst yMeHbLIaeTCst
MYJLTUMANKATUBHO 4O TEX Nop, Noka He BygeT BbINOAHEHO ycioBue ApMuxo.

B/~ i
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pagneHTHbIN CNYCK C NMNHENHbIM MONCKOM
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NTorn

Onpegenetns

1.
. MeTog guxotomun.

. MeTop 30n0TOro ceyeHus.

. MeTtog napabonuueckoli nHTepnoOAALUN.

. VCJ'IOBI/Ie AOCTAaTO4YHOro y6bIBaHVIFI Ans HETOYHOro

g wN

12.

‘f — min
Tz

VHumogansHas yHKLus.

JINHENHOro Moncka.

. Ycnoeus lNonbawteliHa Ans HETOYHOrO JINMHEAHOrO

NOUCKa.

. Ycnosue OrpaHN4eHnsa Ha KpUBU3HY ONA HETOYHOro

JINHENHOrO MOonCKa.

. Tpagnent dynkyun f(x) : R® — R.
. Teccnan dynkuyun f(x) : R" — R.

10.
11.

SAkobuan dyHkyun f(x) : R™ — R™.
Popmyna s annpokcumaumu Teiinopa nepsoro

nopsiaka fia (x) dyHkumn f(x) : R™ — R B Touke .

DPopmyna s annpokcumauuu Teiinopa sToporo
nopsiaka ,fg(x) dyrkumn f(z) : R™ — R B Touke
Zg-

WNrorn

13. Cesasb gudpcpepeHymana dyHkumn df v rpagmeHTa

V[ ans dynkumn f(z) : R™ — R.
14. Cesi3b BTOpOro andbdeperumnana dyHkumn d2f u
reccnana V2 f ana dyrkuum f(z) : R™ — R.
Teopewmbi

1. MeTog anxoToMun 1 3010TOrO CeHEHUst ANsi

yHuMopaansHbix pyHkuuii. CkopocTb cxoguMocTu.
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