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papaneHT

Mycts f(z) : R™ — R, Toraa BekTop, KOTOPbI COAEPXMT BCe NepBbie YacTHbIE
NPOU3BOAHbIE:
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papaneHT

Mycts f(z) : R™ — R, Toraa BekTop, KOTOPbI COAEPXMT BCe NepBbie YacTHbIE
NpPOV3BOAHbIE:
of
aa:
df of
Vi@ =g =| o
dl‘ :
of
oz,
HasblBaeTcs rpagueHToM dyHKUuMK f (). BTOT BEKTOp yKasbiBaeT HanpasneHue
HauckopenLlero Bo3pactaHus. Takum o6pa3om, BEKTOp —Vf(:c) yKasbiBaeT
HanpaBneHVe Hauckopeunwero y6biBaHWs GyHKLMK B Touke. Kpome Toro, BEKTOp
rpagueHTa Bcerga opToroHasieH IMHUA YPOBHS B TOYKE.

&LI.V

Example

Ong dyrkumn f(z,y) = 2 4 y2 rpagueHt
paBeH:

Vi(wy) = Bz]

OH ykasblBaeT HarnpaB/eHWe HaucKopenLuero
BO3pacTaHus GpyHKUMM.

Question

Kak cBsizaHa HOpMa rpagueHta C KpyTU3HOM
dyHKUMN?



NeccuaH

Mycts f(z) : R™ — R, Toraa MaTpuua, coaepxalyan BCe BTOPbIe YacCTHble

npounssoaHbIe:
2*f % f o*f
Oz, 0, 010y dx, 0z,
82](‘ 9% f 9% f 9% f
f”(ac) — v?f(x) — Err — 012:011 dzz:dm2 dzz:dmn
Pl : : :
2*f *f *f
oz, 0x, Oz, 0xy ox, Ox,,



NeccuaH

Mycts f(z) : R™ — R, Toraa MaTpuua, coaepxalyan BCe BTOPbIe YacCTHble

npounssoaHbIe:

*f 9 f > f
Oz, 0, 010y dx, 0z,
82](‘ 9% f 9% f 9% f
f”(ac) — v?f(x) P A — Qo0 Oy 0z, dzy0x,,
Ox; 0 : : :
2f 9% f 9% f
oz, 0x, Oz, 0xy ox, Ox,,

leccuan MoxeT 6biTb TeHzopom: (f(z) : R™ — R™) Takum 06pa3zom, 3T0 NpocTo
TPEXMEPHBIN TEH3OP, KaX/Abli CPe3 KOTOPOro 3TO FeCCuaH CoOTBETCTBYHOLLE

ckanspHon dyrkumm (V21 (z), ..., V2 £, (2)).

&LI.V

Example

Ong dyrkuwm f(z,y) = z? + y2 reccuaH
paBeH:

2 0
Hf (1’, y) = |:0 2:|
3Ta MaTpULia COREPXNT MHPOPMALIMIO O KPUBU3HE
GYHKLMM B pasHbIX HaNpaBneHsX.

Question

Kak MOXHO wucrnonb3oBaTb reccuaH pAns
onpefeneHnst BbINYKIOCTM WU BOTHYTOCTH
dyHKUMN?



Teopema LLBapua

Myctb f : R™ — R - dyHKums. Ecnv cmellaHHble YacTHble
2 f 2*f
MPOUSBOAHLIE 77, 5.~ U 77, HEMPEPLIBHbI Ha OTKPLITOM

MHOXECTBE, CoAepyKaLleM TOYKY @, TO OHM paBHbl B TOUKe a. To ecTb,

o2 f _0*f
0z,;0x; (@) = 0z;0z; (@)




Teopema LLBapua

Myctb f : R™ — R - dyHKums. Ecnv cmellaHHble YacTHble
o, 9
MPOUSBOAHBIE 775~ W 5, 5, HEMPEPLIBHBI Ha OTKPLITOM
MHOXECTBE, COAEePXalleM TOUKY @, TO OHU PaBHbl B ToUKe . To ecTb,
P w= 0
a) = a
0z,;0x; 0z;0z;

CornacHo gaHHon TeopeMe, eCcnin CMeLlaHHble YacTHble
npon3BoaHble HenpepbliBHbI Ha OTKPbITOM MHOXeCTBe, TO recCuaH
cuMMeTpuyeH. To ecTb,

*Pf o 0f B
G0z, Bapz ¥ 1@ =)

Ota CUMMETPUYHOCTb ynpoLlaeT BblYNCNEHUA U aHan3, CBA3aHHbIE C
reccrMaHoM B PasfinyHblX NPUIOXEHUSIX, OCOBEHHO B ONTUMM3aLIMN.

i KoHTpnpumep LBapua

fay) = { A (e y) £ (0,0),
' 0 ans (z,y) = (0,0).

9% f 9% f
MoxHo nposepuTs, uto 5-5(0,0) #  5.5-(0,0), xota
CMelLUaHHbIe YaCTHble MPON3BOAHBIE CYLLECTBYIOT, U B KaX 400
[APYroil TOUKe CUMMETPUUHOCTb BLIMOHAETCS.



HAkobuaH

060BLLIEHNEM MOHSITUS FPafVEHTa Ha Cllyyail MHOFOMEPHOM GYHKLMM
f(z) : R™ — R™ asnaeTcs cnegylowas MaTpuua:

of Ofs Ofm

oz, oz, oz,
df of;  9fy Ofmm

I — — ox oz oz
Jf*f(l.)idITi 2 :2 .. :2
of  8fy O

ox,, oz, oz,

OHa cofepXuT MHPOPMALMIO O CKOPOCTU U3MEHEHUSA GYHKLMM MO
OTHOLLEHMIO K €€ BXOAY.

Question

MOXHO N cBA3aTb 3TV TPU OMpeaeneHVs Boilwe (rpagueHT,
AKOBUaH, M reccuaH) ¢ MOMOLLbIO OAHOro YTBepXAeHUs?

Example

Onsa ¢yHKumm

f(z,y)

r+y
x—y|’

e =[1 4]

flkobmaH paBeH:

Question

Kak maTpuua fkobu cBsizaHa C rpagveHToM A1 CKansipHbIX
bYHKUMN?



UTtor

fz): X > Y 3/(;;1') ca
. ! © Name
. f/ () (nponssoaHas)
- - R (rpapmeHT)
Ox;
R™ R™ R>*m 6‘]"7 I
dz;
RMxn R RMmXxn af
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Annpokcumauusa Tennopa nepBoro nopsifgka

Annpokcumaums Teﬁnopa nepBOro nopsaaka, Tak>xe n3BeCTHasd Kak JIMHENHoe npuénuxexuve,

CTPOUTCH BOIN3M HEKOTOPOMN TOUKM (). Ecnn [+ R™ = R - pnddepeHumpyemasn dyHkums, To ee
annpoKcUMaLmsi epBOro Nopsika 3afaeTcs cneayowmm obpasom:

3{0 () = fxo) + V(o) (x — 20)

roe:

+ f(x) - 3HauYeHMe GYHKLMM B TOUKE ().



Annpokcumauusa Tennopa nepBoro nopsifgka

Annpokcumaums Teﬁnopa nepBOro nopsaaka, Tak>xe n3BeCTHasd Kak JIMHENHoe npuénuxexuve,

CTPOUTCH BOIN3M HEKOTOPOMN TOUKM (). Ecnn [+ R™ = R - pnddepeHumpyemasn dyHkums, To ee
annpoKcUMaLmsi epBOro Nopsika 3afaeTcs cneayowmm obpasom:

3{0 () = fxo) + V(o) (x — 20)

roe:
+ f(x) - 3HauYeHMe GYHKLMM B TOUKE ().
» Vf(xy) - rpagmeHT dyHKLMM B TOUKe T



Annpokcumauusa Tennopa nepBoro nopsifgka

Annpokcumaums Teﬁnopa nepBOro nopsaaka, Tak>xe n3BeCTHasd Kak JIMHENHoe npuénuxexuve,

CTPOUTCH BOIN3M HEKOTOPOMN TOUKM (). Ecnn [+ R™ = R - pnddepeHumpyemasn dyHkums, To ee
annpoKcUMaLmsi epBOro Nopsika 3afaeTcs cneayowmm obpasom:

3{0 () = fxo) + V(o) (x — 20)

roe:
+ f(x) - 3HauYeHMe GYHKLMM B TOUKE ().
» Vf(xy) - rpagmeHT dyHKLMM B TOUKe T



Annpokcumauusa Tennopa nepBoro nopsifgka

Annpokcumaums Tennopa NepBoro NopsiaKa, Takke N3BeCTHasA Kak IMHENHOE NPUGnmxeHue,
CTPOMTCA BOIM3N HEKOTOPOW TOYKM Ty. Ecrin [+ R™ = R - pnddepeHumpyemasn dyHkums, To ee
annpoKcUMaLmsi epBOro Nopsika 3afaeTcs cneayowmm obpasom:
1 (@) = f(zg) + V(o) (2 — 20)

0
rae:

+ f(x) - 3HauYeHMe GYHKLMM B TOUKE ().

» Vf(xy) - rpagmeHT dyHKLMM B TOUKe T
YacTo Anst ynpoLueHns TeopeTUYeCKOro aHan3a B HEKOTOPbIX METOAAX 3aMEHSIOT GYHKLIMIO
B6N3M HEKOTOPOW TOUKM Ha €€ annpoKCMMaLmio

Zo

i (@)

PucyHok 1. Annpokcumauus Tenopa

nepBOro nopsanka B OKPECTHOCTU TOUKHK
Lo



Annpokcumauusa Tennopa BTOpPOro rnopsifgka

Annpokcumaums Tennopa BTOPOro Nopsiaka, Takxe N3BeCcTHas Kak KBagpaTuyHoe NpubnmxeHue,
ncnonb3yeT MHPopMaLMIO 0 KpnBU3He GyHKUMK. [na asaxapl anddepeHumpyemon GpyHKLMn

f+ R™ — R, ee annpokcvMaLmsi BTOPOro nopsifka, CTPOSILLASCS BOM3U HEKOTOPOW TOUKU X,
3agaeTca cnefyowmnm 06pasoMm:

1) = fag) + V. (w0) (@ — 70) + 5 (& — 7) V2 ) (& — )

e V2 f(x,) - reccuan dyHkumm f B Touke .



Annpokcumauusa Tennopa BTOpPOro rnopsifgka

Annpokcumaums Tennopa BTOPOro Nopsiaka, Takxe N3BeCcTHas Kak KBagpaTuyHoe NpubnmxeHue,
ncnonb3yeT MHPopMaLMIO 0 KpnBU3He GyHKUMK. [na asaxapl anddepeHumpyemon GpyHKLMn

f+ R™ — R, ee annpokcvMaLmsi BTOPOro nopsifka, CTPOSILLASCS BOM3U HEKOTOPOW TOUKU X,
3apaeTcs cregyowmm o6pasom:

1) = fag) + V. (w0) (@ — 70) + 5 (& — 7) V2 ) (& — )

e V2 f(x,) - reccuan dyHkumm f B Touke .

Korga NMHenHoro npuéamkeHmns GyHKLUMM He 4OCTATOUHO, MOXHO paccMoTpeTh 3ameHy f () Ha
fII(f (%) B OKPECTHOCTM TOUKM Zy. B 06LeM, NpubnxkeHmus Teinsiopa AaloT HaMm Croco6 NoKanbHO
annpokcuMnpoBaTb GyHKLMKU. ANMpoKcrMaLMs NepBoro nopsiaka onpeenseTcs rpagmeHTom
DYHKLMM B TOUKeE, T.e. HOpMasbto K KacaTeslbHOM K IHWM YPOBHS B AaHHOM Touke. A
annpokcuMaLms BTOPOro nopsaka npefcTtaBnseT us cebs napabony. STn NpubaMxKXeHns oco6eHHo
nonesHbl B ONTUMMU3aLMM U YUCTIEHHBIX METOAAX, MOTOMY YTO OHW MPeAOCTaBASAT NPOCTOM
€Noco6 paboTbl CO CAOXHBIMU GYHKLMSMMN.

) €

PucyHok 2. Annpokcumauus Tennopa
BTOPOro nopsiKa B OKPECTHOCTM TOUKM
Lo



OnddepeHuymansi R

Theorem

Myctb £ € S - BHyTpeHHss Touka MHoxecTBa S, n nyctb D : U — V - nuHelHbin onepatop. Mbl roBopum, 4To GyHKumMs f
anddepeHUmpyeMa B ToUke X ¢ npoussoaHon 1, ecnm ans scex goctatouHo mManbix b € U BbinonHaeTcsa cnefytollee pasfioXeHue:

f(x+h) = f(z) + D[h] + o(|[A])

Ecnn gns nto6oro nuHenHoro onepatopa D : U — V dyHkuma f He auddepeHumpyemMa B TouKe T € Npon3sogHoin D, To Mbl FOBOPUM,
uto f He anddepeHLMpyema B ToUKe .



OuddepeHumnansl

Mocne nonyyeHus auddepeHumansHomn sanuck d f Mbl MOXeM NOMYyYNTb FPaaMeHT, UCMoMb3ys CrieaytoLyto Gopmyny:

df(z) = (V[(z),dz)



OnddepeHuymansi R

Mocne nonyyeHus auddepeHumansHomn sanuck d f Mbl MOXeM NOMYyYNTb FPaaMeHT, UCMoMb3ys CrieaytoLyto Gopmyny:

df(z) = (V[(z),dz)

[anee, ecnun y Hac ecTb AnddepeHuman B Takon GopmMe 1 Mbl XOTUM BbIYUCTIUTL BTOPYHO NPOU3BOAHYIO MaTPUYHON/BEKTOPHOM GYHKLMK, Mbl
paccMaTpuBaem “cTapbiit’ da kak KOHCTaHTy dx, 3aTeM Bbluncnsem d(d f) = d? f(z)

d?f(z) = (V2 f(x)dx,,dx) = (H(z)dx,, dx)



CsouctBa gudpdpepeHumanos

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).
« dA=0



CsouctBa gudpdpepeHumanos

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

+dA=0
s d(aX) = a(dX)



CsouctBa gudpdpepeHumanos

Mycts A u B - noctostHHble Matpuubl, a X 1Y - nepemenHbie (v MaTpudHbie GyHKLnN).
+dA=0

s d(aX) = a(dX)

. d(AXB) = A(dX)B



CsouctBa gudpdpepeHumanos

Mycts A u B - noctostHHble Matpuubl, a X 1Y - nepemenHbie (v MaTpudHbie GyHKLnN).
+dA=0

s d(aX) = a(dX)

. d(AXB) = A(dX)B

cd(X+Y)=dX +dY



CsouctBa gudpdpepeHumanos

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

dA=0

d(aX) = a(dX)

d(AXB) = A(dX)B
d(X+Y)=dX +dY
d(XT) = (dX)"



CsouctBa gudpdpepeHumanos

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

+dA=0
o d(aX) = a(dX)
d(AXB) = A(dX)B
. d(X—|—Y)—dX+dY
- d(XT) = (dX)"
A(XY) = (dX)Y + X(dY)



CsouctBa gudpdpepeHumanos

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

+dA=0

o d(aX) = a(dX)
d(AXB) = A(dX)B
(X+Y)=dX +dY

- d(XT) = (dX)"
(X ) (dX)Y + X(dY)
(X,Y)=({dX,Y)+ (X,dY)

o o o o
Q.&.Q.Q.



CsouctBa gudpdpepeHumanos

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

¢

cdA=0 .d<X):¢¢K7

o d(aX) = a(dX)
d(AXB) = A(dX)B
(X+Y)=dX +dY

- d(XT) = (dX)"

(X ) (dX)Y + X(dY)
(X,Y) = (dX,Y) + (X, dY)

o o o o
Q.&.Q.Q.

¢2

(dg)X



CsouctBa gudpdpepeHumanos

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

«dA=0 .d(g)qudX—(d@X
. d(aX) = a(dX) é ¢?
AXB) = A(dX)B e d(detX) =det X (X T dX)

d(
(X+Y) =dX +dY
- d(XT) = (dX)T
(X ) (dX)Y + X(dY)
(X,Y) = (dX,Y) + (X,dY)

o o o o
Q.&.Q.Q.



CeoucTtea gudpdpepeHumanos S

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

«dA=0 X\ _ ¢dX — (do)X

+ d(aX) = a(dX) L) ="
AXB) = A(dX)B e d(detX) =det X (X T dX)
X+Y)—dX+dY e d(r X) = (I,dX)

) (dX)Y + X(dY)

d(
(
. E 7)) =(dx)"
(X,Y) = (dX,Y) + (X, dY)

o o o o
Q.&.Q.Q.



CeoucTtea gudpdpepeHumanos S

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

+dA=0 (X)) _ 64X — (do)X

o d(aX) = a(dX) : (¢) = e

« d(AXB) = A(dX)B e d(detX) =det X (X T dX)
: dEX ﬂ; Y)(_ d)X +dY . d(tr X) = (I,dX)

.« d(X ax)T af

.« d(X ) (dX)Y + X(dY) « df(g(x)) = 19 ~dg(x)

« d(X,Y) = (dX,Y) + (X,dY)



CeoucTtea gudpdpepeHumanos S

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

«dA=0 g (X = 94X — (do)X

* d(aX) = a(dX) ) (5) B ¢?

« d(AXB) = A(dX)B e d(detX) =det X (X T dX)
. ZEX JS Y)(; )?)X +dy cd(trX) = <I£th>

. d(X ) (dX)Y + X(dY) » df(9(x)) = ch Hdglz)

« d(X,Y) = (dX,Y) + (X,dY) « H=(J(V)T



CeoucTtea gudpdpepeHumanos S

Mycte A n B - noctosiHHble MaTpuubl, @ X 1Y - nepemeHHble (Mn MaTpuuHble GpyHKLMM).

«dA=0 g (X = 94X — (do)X
* d(aX) = a(dX) ) (5) B ¢?
« d(AXB) = A(dX)B e d(detX) =det X (X T dX)
. ZEX JS Y)(; )?)X +dy cd(trX) = (IddX>
. d(X ) (dX)Y + X(dY) s dflg(@) = df dg(w)
« d(X,Y) = (dX,Y) + (X, dY) « H=(J(Vf)"
cd(X ) = —X1dX)X



MaTtpuuHoe pudpdpepeHumposaHue. Npumep 1

Example

Haittn df, V f(x), ecim f(x) = (x, Ax) —bTz +c.



MaTtpuuHoe pudpodpepeHumpoBaHue. Npumep 2

Example

Haintndf,V f(x), ecn f(x) = In{z, Ax).



MaTtpuuHoe pudpodpepeHumpoBaHue. Npumep 2 S

Example
Haintndf,V f(x), ecn f(x) = In{z, Ax).

1. 3ameTtum, yto A AOMKHa 6bITb NONOXMTENBHO ONPEAENeHHO, MOTOMY YTO <:L', A:L') aprymeHT norapudma v gna ntoéoro x popmyna foskHa
6bITb NONOXUTENbHON. Takum ob6pasom, A € S’l+ [aBante cHavana Hangem anddepeHuman:

df = d (in(x, Az)) = diif”;g» _ <de’Aw<>x+éz;d(Aa:)> _

_ (Aw,dz) + (x,Adz)  (Az,dx) + (ATz,dz)  ((A+ AT)z,dx)

(x, Az) B (x, Az) B (x, Az)




MaTtpuuHoe pudpodpepeHumpoBaHue. Npumep 2 S

Example
Haintndf,V f(x), ecn f(x) = In{z, Ax).

1. 3ameTtum, yto A AOMKHa 6bITb NONOXMTENBHO ONPEAENeHHO, MOTOMY YTO <:L', A;L') aprymeHT norapudma v gna ntoéoro x popmyna foskHa
6bITb NONOXUTENbHON. Takum ob6pasom, A € S’l+ [aBante cHavana Hangem anddepeHuman:

df = d (in(z, Az)) = d ({z, Azx)) _ (dz, Az) + (z,d(Azx)) _

(x, Ax) (x, Ax)
_ (Az,dz) + (z, Adz) _ (Az,dz) + (AT x, dz) _ (A+ ATz, dzx)
(x, Az) (x, Az) (x, Az)

2. Hawa ocHogHas Lenb - nonyunts dopmy d f = (-, dx)

2Ax
4f = <Wd>

Taknm 06pasom, rpagueHT paseH V f(x) =

(z, Ax)



MaTtpuuHoe pudpdpepeHumposaHue. Npumep 3

Example

Hantu df, V f(X), ecnn f(X) = (S, X) — log det X.



JIMHenHbIN NOUCK



3apgava

Mpeanonoxmm, y Hac ecTb 3agada MuHuMmusaLmm dyrkumn f(z) : R — R ckanapHoil nepemerHoit:

f(@) — min



3apgava

Mpeanonoxmm, y Hac ecTb 3agada MuHuMmusaLmm dyrkumn f(z) : R — R ckanapHoil nepemerHoit:

f(@) — min

WHorpa Mbl paccMaTprBaem Moxoxyto 3aaady Noucka MUHUMYMa GyHKLMM Ha oTpeske [a, b]:

f(z) — min,



3apgava

Mpeanonoxmm, y Hac ecTb 3agada MuHuMmusaLmm dyrkumn f(z) : R — R ckanapHoil nepemerHoit:

f(@) — min

WHorpa Mbl paccMaTprBaem Moxoxyto 3aaady Noucka MUHUMYMa GyHKLMM Ha oTpeske [a, b]:

f(z) — min,

Example

TUNMYHBIM NPUMEpPOM 3agaumn NIMHENHOro Noucka sSBNsSeTcs BbI6OP NOAXOASLLEro LWwara gfisi anroputmMa rpagMeHTHoro cnycka:

Ty =, — oV f(zy)

a = argmin f(z;, )



3apauva Ry

Mpeanonoxmm, y Hac ecTb 3agada MuHuMmusaLmm dyrkumn f(z) : R — R ckanapHoil nepemerHoit:

f(@) — min

WHorpa Mbl paccMaTprBaem Moxoxyto 3aaady Noucka MUHUMYMa GyHKLMM Ha oTpeske [a, b]:

f(z) — min,

Example

TUNMYHBIM NPUMEpPOM 3agaumn NIMHENHOro Noucka sSBNsSeTcs BbI6OP NOAXOASLLEro LWwara gfisi anroputmMa rpagMeHTHoro cnycka:

Ty =, — oV f(zy)

a = argmin f(z;, )

JIMHenHbIN Nnouck siBnaeTcsa dyHaamMeHTanbHOM 3agaden onTMMMU3aLMK, UCTIOSb3YIOLMINCA A1 PELLEHMS CNOXHbIX 3agad. [na ynpolieHns
Npeanonoxmum, 4to f () yHMMoAa/IbHA, TO €CTb UMEET eAMHCTBEHHBIN MUK UK BaguHy.



YHumopganbHaa pyHKUUA R

Definition

Oyrkuma f () HasbiBaeTCH yHMMORanbHOM Ha oTpeske [a, b], ecnu cywecTsyeT o, € [a,b], uto f(z1) > f(zy) Va <z < x5 <
z nf(zy) < f(zg) Vo, <z <z <Db



YHumopganbHaa pyHKUUA R

Definition

Oyrkuma f () HasbiBaeTCH yHMMORanbHOM Ha oTpeske [a, b], ecnu cywecTsyeT o, € [a,b], uto f(z1) > f(zy) Va <z < x5 <
z nf(zy) < f(zg) Vo, <z <z <Db

f(=) fle) f(@) (=)

PucyHok 3. MNMprMepbl yHUMOAANbHbIX GYHKLMA



KnioueBoe cBOMCTBO YHUMOAANbHbIX PYHKLUN

MycTb f(2) aBnsetcs yHuMoganbHom GyHKumen Ha oTpeske [a, b]. Toraa ecnu z; < x5 € [a, b], ToO:

« if f(zy) < flay) = @, € [a, 2]



KnioueBoe cBOMCTBO YHUMOAANbHbIX PYHKLUN

MycTb f(2) aBnsetcs yHuMoganbHom GyHKumen Ha oTpeske [a, b]. Toraa ecnu z; < x5 € [a, b], ToO:

< if f(zq) < f(x) = 2, € [0, 7]
o if f(zy) = flay) = @, € [21,0]



KnioueBoe cBOMCTBO YHUMOAANbHbIX PYHKLUN

MycTb f(2) aBnsetcs yHuMoganbHom GyHKumen Ha oTpeske [a, b]. Toraa ecnu z; < x5 € [a, b], ToO:

< if f(zq) < f(x) = 2, € [0, 7]
o if f(zy) = flay) = @, € [21,0]



KnioueBoe cBOMCTBO YHUMOAANbHbIX PYHKLUN v

MycTb f(2) aBnsetcs yHuMoganbHom GyHKumen Ha oTpeske [a, b]. Toraa ecnu z; < x5 € [a, b], ToO:

< if f(zq) < f(x) = 2, € [0, 7]
o if f(zy) = flay) = @, € [21,0]

DokasaTenbcTeo [lokaxeMm nepsoe yTeepxaerue. Mpeanonoxum, uto f(z,) < f(xy), Ho x* > x4. Torpa, nockonbky &, < Tq < x*, U3
onpefeneHns yHUMOAANbHOCTH GyHKUMM [ () cnedyeT, YTo JOMXKHO BBINONHATLCA HepaBeHcTBo f (1) > f(x5). Mbl nonyumnm
npoTMBOpeume.



KnioueBoe cBOMCTBO YHUMOAANbHbIX PYHKLUN v

MycTb f(2) aBnsetcs yHuMoganbHom GyHKumen Ha oTpeske [a, b]. Toraa ecnu z; < x5 € [a, b], ToO:

< if f(zq) < f(x) = 2, € [0, 7]
o if f(zy) = flay) = @, € [21,0]

DokaszatenbcTeo [JokaxeM nepsoe yTeepxaeHue. Mpeanonoxum, yto f(x) < f(x,), Ho £* > x,. Toraa, Nockonbky T, < T, < T*, u3
1 2 2 1 2

onpeaeneHns YHUMo[anbHocTH dyHKUmK f () credyer, 4To AONXKHO BbINONHATbCA HepaseHeTeo f(x1) > f(xy). Mbl nonyunnm
npoTMBOpeYVe.

f(z)




KnioueBoe cBOMCTBO YHUMOAANbHbIX PYHKLUN

MycTb f(2) aBnsetcs yHuMoganbHom GyHKumen Ha oTpeske [a, b]. Toraa ecnu z; < x5 € [a, b], ToO:

< if f(zq) < f(x) = 2, € [0, 7]
o if f(zy) = flay) = @, € [21,0]

DokaszatenbcTeo [JokaxeM nepsoe yTeepxaeHue. Mpeanonoxum, yto f(x) < f(x,), Ho £* > x,. Toraa, Nockonbky T, < T, < T*, u3
1 2 2 1 2

onpeaeneHns YHUMo[anbHocTH dyHKUmK f () credyer, 4To AONXKHO BbINONHATbCA HepaseHeTeo f(x1) > f(xy). Mbl nonyunnm

npoTMBopeyme.

f(z)

(=)




KnioueBoe cBOMCTBO YHUMOAANbHbIX PYHKLUN Hv

MycTb f(2) aBnsetcs yHuMoganbHom GyHKumen Ha oTpeske [a, b]. Toraa ecnu z; < x5 € [a, b], ToO:

< if f(zq) < f(x) = 2, € [0, 7]
o if f(zy) = flay) = @, € [21,0]

DokaszatenbcTeo [JokaxeM nepsoe yTeepxaeHue. Mpeanonoxum, yto f(x) < f(x,), Ho £* > x,. Toraa, Nockonbky T, < T, < T*, u3
1 2 2 1 2

onpeaeneHns YHUMo[anbHocTH dyHKUmK f () credyer, 4To AONXKHO BbINONHATbCA HepaseHeTeo f(x1) > f(xy). Mbl nonyunnm
npoTMBOpeYVe.

f(z) f(z) f(z)




MeTop gpuxoTomMmum Huv

MbI XOTUM PeLLnTb CREAYHOLLYHO 3adauy:

f(z) = min f (517)
z€la,b]
[lenum oTpe3ok Ha iBe paBHbIE YacTu U BLIGUPaeM, OCHOBLIBAACH Ha
KIIOYEBOM CBOVICTBE, OMUCAHHOM BbilLE, Ty, KOTOPasi COAEPXUT
pelueHue 3apaun. Halua Lenb nocne ofHoi utepaLmmn MeToaa -
NOKaNN30BaThb PeLleHne B OTpesKe B [Ba pa3a MeHbLLel AHbI.

PucyHok 4. MeTog, AMXOTOMUUN ANSt YHUMOZANbHON GYHKLIMK



MeTtoa auxoTomum

Mbl M3MepsieM 3HaueHre GyHKLUMM B cepeauHe oTpeska

PucyHok 5. MeTog aguxoTtomMum ana yHumMoganbHom GyHKumMm



MeTtoa auxoTomum

YT1o6bl NPUMEHUTBL KNtoYeBOE CBOWCTBO, Mbl BbINOMHAEM €Lle 0fHO
n3mMepeHune.

PucyHok 6. MeTog AMXoToMUM ANa yHUMOZanbHom QyHKUmMM



MeTop gpuxoTomMmum Huv

BbiGMpaem Lienesor oTpe3oK. B aTom cryyae Hac Bce yCTpanBaeT,

MOTOMY UTO YK€ Pasfenvim pelleHne Ha Ase pasHble yacTu. Ho 3To
He BCerpa Tak. f(:L‘)

PucyHok 7. MeTop, AMX0TOMUK ANst yHUMOAAnbHOM GyHKLUK



MeTtoa auxoTomum

PaccMoTpUM Apyryto yHUMOZanbHY GyHKLMIO.

0 a z* b x

PucyHok 8. MeTog AuxoToMum Ana yHUMoganbHom GyHKUmMm



MeTtoa auxoTomum

MamepsieM 3HauyeHVe GyHKLMW B CEpeamHe oTpeska.

PucyHok 9. MeTog AMxoToMum ANna yHUMoganbHom GyHKUmMm



MeTtoa auxoTomum

[enaem eLye ogHO U3MepeHue.

PucyHok 10. MeTog guxoToMmum Ansa yHumopganbHon GyHKLmMmn



MeTop gpuxoTomMmum Huv

Bbl6upaem LieneBoi oTpesoK. Mbl MOXeM BUAETb, YTO MOSyYeHHbIN
OTPE30K He ABNSAETCA NOSIOBUHON MCXOAHOro. OH paBeH %(b —a).
YTO6bI UCNPaBUTb 3TO, HAM HY>XEH eLUe OAMH Luar anroputMa. f(.’L‘)

PucyHok 11. MeTog guxoToMum ans yHumoganbHon GyHKumMm



MeTtoa auxoTomum

Mocne elle ogHoro AononHUTeNbHOro UsMepeHuUa Mbl TOYHO Nony4Ynm
23 _ 1
53(b—a)=35(b—a)

PucyHok 12. MeTog AnXOTOMUM ANs YHUMOAANbHON GyHKLMK



MeTtoa auxoTomum

B utore, kaxpgas nocnegytowasa utepaumsa 6yget TpebosaTb He 6onee
[OBYX U3MEPEHUI 3HAYEHUIN GYHKLMN.

PucyHok 13. MeTog guxoToMmmn Ans yHUMoganbHon GyHKLMK



MeTtop guxotomuun. Anroputm

def binary_search(f, a, b, epsilon):
c=(a+hb)/2

while abs(b - a) > epsilon
y=(a+c)/ 2.0
if f(y) <= f(c):
br="¢
c =Y
else:

z=(b+c)/ 2.0
if f(c) <= f(z):

a =y
b =z
else:
a=¢
© =z

return c



MeTtopa puxotomun. OueHka

[nuHa oTpeska Ha k- utepaumm:



MeTtopa puxotomun. OueHka

[nuHa oTpeska Ha k- utepaumm:

1
Ak:bk_ak:ﬁ(b_a)

[na yHnmopanbHbiX GYHKLUMIA 3TO BEPHO, €CNU Mbl BbibUpaem cepeanHy oTpeska B KauecTBe Bblxo4a urepaumm Tyt



MeTopa auxotomun. OLleHKa Sy

[nuHa oTpeska Ha k- utepaumm:

L

2k(b—a)

Ay =by—a,=

[na yHnmopanbHbiX GYHKLUMIA 3TO BEPHO, €CNU Mbl BbibUpaem cepeanHy oTpeska B KauecTBe Bblxo4a urepaumm Tyt

3aMeTUM, YTO Ha KaXZoi UTepaLmy Mbl CripallMBaeM opaKyn He 6osiee ABYX pas, MO3TOMY KONMUYECTBO Bbi30BOB GyHKUMM pasHo N = 2 - k, uTo
o3HayvaeT:

n b—a b—a
2 . < (0. NZ 7
2 5 < (0.707) 5




MeTopa auxotomun. OLleHKa Sy
[OnuHa oTpeska Ha k- utepaumm:
Ap=b,—a, = 2%(5—@)

[na yHnmopanbHbiX GYHKLUMIA 3TO BEPHO, €CNU Mbl BbibUpaem cepeanHy oTpeska B KauecTBe Bblxo4a urepaumm Tyt

3aMeTUM, YTO Ha KaXZoi UTepaLmy Mbl CripallMBaeM opaKyn He 6osiee ABYX pas, MO3TOMY KONMUYECTBO Bbi30BOB GyHKUMM pasHo N = 2 - k, uTo
o3HayvaeT:

n b—a b—a
2 . < (0. NZ 7
2 5 < (0.707) 5

[Momevas npaByto YaCTb NOCNeAHEero HepaBeHCTBa 3a £, Mbl NOJly4Yaem KOnn4yecTBo VITepaLWIVI MeToAa, HeobxoanmMoe Ans JOCTUXKEHUS
TOYHOCTU €:

bh—
K= ’7|0927a71—‘
€



MeTop 30n0TOro ceyeHus K

Vpes oyeHb noxoxka Ha MeTof, AMXOTOMUKN. Ha oTpeske eCTb ABe TOYKM - NIeBas M NpaBas TOYKM 30/10TOr0 CeYEHUS N UHTYUTUBHO MOHATHO, YTO
Ha cne,u,ylou.leﬂ uTepaunm ogHa U3 ToO4YeK OCTaHETCSt TOYKOM 30/10TOM0 CEYEHMsI.

Iteration & s —&

Iteration k + 1 —o—Lo o—x—o—

Tk+1 lk+1

PucyHok 14. Vigesi, nossonsiowast yMeHbLUUTb KOSIMYECTBO BbI30BOB GYHKLMM



MeTop, 30n0TOro ceyeHms. Anroputm

def golden_search(f, a, b, epsilon):
tau = (sqrt(5) + 1) / 2
y =a+ (b - a) / tau**2
z=a+ (b-a)/ tau
while b - a > epsilon:
if f(y) <= f(z):
z

N
o on
o0 <

+ (b - a) / tau**2

<
o n

+ (b - a) / tau

return (a + b) / 2



MeTop 3onoToro ceyeHusi. OueHka S

N b—a

—a

~ 0.618%

by, — ay (1)
T —x,| < = |-
L, T*‘— 2 .

5
rheT = ‘/52“.

» 3HameHaTeslb FeOMETPMYECKO NPOrpeccun 48 MeTofa 30/10TOro ceveHuns 6onblue, yeM A1 Metoga anxotomuu: 0.618 6orblue, yem 0.5.



MeTop 3onoToro ceyeHusi. OueHka Sy

5
rheT = ‘/32“.
+ 3HameHaTesnb reoMeTpUUECKOil MPOrPecCHM 1 MeToAa 30/10TOro CeyeHus Gonblue, Yem Ans metoga auxotommu: 0.618 Gonbiue, yem 0.5.
+ KonnuecTBo BLI30BOB GYHKLMM MeHblLe Ans METoAa 30/10TOr0 CeyeHms, yeM ans Metoaa anxotomuu: 0.707 Gonblue (sHaunT MegneHHee),
uem 0.618. [ina kaxpoit UTepaLmn MeToaa AMXOTOMUM (KpOMe NepBoit), GyHKLMA Bbi3biBaeTca He Gonee ABYX pas, B TO BPeMs Kak ANA

MeToAa 3010TOr0 CeyeHs, OHa BbI3bIBAETCA He 6oMee OHOr0 pasa 3a UTepaLmio.



MeTop napa6onmMuyeckon MHTepnonsauum R

TpW TOYKM, HE NexalLme Ha OAHOM NPSIMON, OOHO3HAYHO ONpeaenstoT napaborsy, MPOXOAALLYIO Yepes HUX. Viaes meToga — annpoKCUMMMUPOBaTb
dYHKUMIO Takon Napabonon 1 B Ka4ecTBe CneaytoLLero NPUGIMXeEHNA B3ATb TOUKY €€ MUHUMYMa. MpeanonoXxmMm, y Hac ecTb 3 TOUKK

%1 < Ty < T4 TaKWe, UTO OTPE3OK [T, T3] COAEPXUT MUHUMYM dyHKLMKM f (). TorAa Mbl SOMKHbI PELLNTL CEAYIOLLYIO CUCTEMY YPaBHEHMIA:



MeTop napa6onmMuyeckon MHTepnonsauum Ry

TpW TOYKM, HE NexalLme Ha OAHOM NPSIMON, OOHO3HAYHO ONpeaenstoT napaborsy, MPOXOAALLYIO Yepes HUX. Viaes meToga — annpoKCUMMMUPOBaTb
dYHKUMIO Takon Napabonon 1 B Ka4ecTBe CneaytoLLero NPUGIMXeEHNA B3ATb TOUKY €€ MUHUMYMa. MpeanonoXxmMm, y Hac ecTb 3 TOUKK
T < Ty < I3 TaKue, YTO OTPE3OK [a:l, ;Lg] COAEPXKUT MUHUMYM GYHKLIMN f(;L) Torga Mbl fOMKHbBI PELUNTD CNEAYHOLLYIO CUCTEMY YPaBHEHWI:

ax? 4+ b, +c=f, = f(x;),i=1,2,3

3amMeTuM, YTO 3Ta CUCTEMA SIMHENHA, Mbl LOKHbI pewnTb ee OTHOCUTENbHO a, b, C. MMHMMyM aTomn napa60nb| Bbl4MCnAeTcd no ¢opMyne:



MeTop napa6onmMuyeckon MHTepnonsauum Ry

TpW TOYKM, HE NexalLme Ha OAHOM NPSIMON, OOHO3HAYHO ONpeaenstoT napaborsy, MPOXOAALLYIO Yepes HUX. Viaes meToga — annpoKCUMMMUPOBaTb
dYHKUMIO Takon Napabonon 1 B Ka4ecTBe CneaytoLLero NPUGIMXeEHNA B3ATb TOUKY €€ MUHUMYMa. MpeanonoXxmMm, y Hac ecTb 3 TOUKK
T < Ty < I3 TaKue, YTO OTPE3OK [931, ;Lg] COAEPXKUT MUHUMYM GYHKLIMN f(;L) Torga Mbl fOMKHbBI PELUNTD CNEAYHOLLYIO CUCTEMY YPaBHEHWI:

ar? + bz, +c=f; = f(z;),i=1,2,3

3amMeTuM, YTO 3Ta CUCTEMA SIMHENHA, Mbl LOKHbI pewnTb ee OTHOCUTENbHO a, b, C. MMHMMyM aTomn napa60nb| Bbl4MCnAeTcd no ¢opMyne:

S N € 21)?(fo = f3) = (2 — 23)*(f — f1)
2a ? 2[(zg —21)(fo = f3) = (w0 — 23)(fo — f1)]

3ametum, uto ecm fo < f1, fy < f3,To u BypeT nexats B [, 3]




MeTop napa6onnyeckoun MHTepnonauunu. Aroputm 1 R

def parabola_search(f, x1, x2, x3, epsilon)
f1, f2, 3 = f(x1), f(x2), f(x3)
while x3 x1 > epsilon:

U= x2 - ((x2 - x1)**2x(f2 - £3) - (x2 - x3)**2*(f2 - f1))/(2*((x2 - x1)*(f2 - f3) - (x2 - x3)*(f2 - f1)))
fu = f(u)
if x2 <

if f2 fu
x1, %2, x3 = x1, x2, u
f1, f2, f3 = f1, f2, fu

x1, X2, X3 = X2, u, x3
f1, f2, f3 = f2, fu, f3

else
if fu <= f2
x1, X2, x3 = x1, u, x2
f1, f2, f8 = f1, fu, f2
else

c
x
N
<
@

x1, x2, x3
f1, f2, f3 fu, f2, f3
return (x1 + x3)/2

TCKOPOCTb CXOAMMOCTM 3TOFO METOfA CyMepAMHENHA, HO IOKasbHa, UTO 03HAUAET, YTO Mbl MOKEM MOMYUYMTb BLIFOAY OT UCMIONb30BaHWS 3TOFO METOAA TOMbKO BEMIN3M HEKOTOPOI
OKPECTHOCTU ONTUMYMa. 34eCh [0Ka3aTeNbCTBO CynepnHenHom cxogumocTu nopsigka 1.32.


https://people.math.sc.edu/kellerlv/Quadratic_Interpolation.pdf

Quadratic approximation becomes inaccurate

3.0

2.5 1

2.0 A

1.5 4

1.0 4

0.5 A

0.0+

—0.5 1

—— Function V1+x2 -1

Taylor Approximation at xq
® Xx0=-2.0

-1.0

28


https://fmin.xyz/docs/theory/inaccurate_taylor.mp4

HeTo4YHbIN NTMHEUHbIN NOUCK

Ham He Bcerpa HY>XHO TOYHO pewlaTb 3aga4vyy MUHUMU3aLUUN. WHorga,
[OCTaTOYHO HanTH npubnueHHoe pelueHue. Takoe YyacTo
BCTpeYaeTcs B 3afaye BbiGopa Wwara Metoda onTummnsaumm

Ty = T — aV f(xy)

a = argmin f(z;,q)



HeTo4YHbIN NTMHEUHbIN NOUCK

Ham He Bcerpa HY>XHO TOYHO pewlaTb 3aga4vyy MUHUMU3aLUUN. WHorga,
[OCTaTOYHO HanTH npubnueHHoe pelueHue. Takoe YyacTo
BCTpeYaeTcs B 3afaye BbiGopa Wwara Metoda onTummnsaumm

‘Tk:+1 =X, — an(:Lk)
a = argmin f(z;,,)

PaccMOTpUM cKansipHyto GyHKLMIO ¢(r) B TOUKe Xy,

d(a) = flog, —aVf(zg)),a >0



HeTo4YHbIN NTMHEUHbIN NOUCK

Ham He Bcerpa HY>XHO TOYHO pewlaTb 3aga4vyy MUHUMU3aLUUN. WHorga,
[OCTaTOYHO HanTH npubnueHHoe pelueHue. Takoe YyacTo
BCTpeYaeTcs B 3afaye BbiGopa Wwara Metoda onTummnsaumm

Ty =2, —aVf(zy)
a = argmin f(z;,,)
PaccMOTpUM cKansipHyto GyHKLMIO ¢(r) B TOUKe Xy,
d(a) = f(z, —aVf(zy)),a=0
Mepsoe npubnmkermne ¢ () B okpectHocT @ = 0 pasHo:

p(a) = ¢h(e) = flzy) — aV fa)TV f(xy)

p(cx)

f(zk)

0 a* «a

F(@r) — || VF(z)l3

PucyHok 15. MinntocTpaums annpokcumaummn Teinopa q%(a)



HeTo4HbIN IMHEeNHbIX NOUCK. YcNoBUe AO0CTaTOYHOro Ry
yO6biBaHUS

YcnoBmre HETOYHOrO JIMHENHOTO MOWUCKa, U3BECTHOE Kak ycnosue
ApMKXO, yTBEPXAAET, YTO (x JOMKHO 06ecneynTb 4OCTaTO4YHOe
y6biBaHve dyHKuMK f, yoosneTsopsioLee:

[z, —aVif(xy)) < flzy) — ¢ - aV f(a,) "V f(x)



HeTo4HbIN IMHEeNHbIX NOUCK. YcNoBUe AO0CTaTOYHOro Ry
yO6biBaHUS

YcnoBmre HETOYHOrO JIMHENHOTO MOWUCKa, U3BECTHOE Kak ycnosue
ApMKXO, yTBEPXAAET, YTO (x JOMKHO 06ecneynTb 4OCTaTO4YHOe
y6biBaHve dyHKuMK f, yoosneTsopsioLee:

[z, —aVif(xy)) < flzy) — ¢ - aV f(a,) "V f(x)

AN HEKOTOPOW MOCTOAHHON € € (07 1). 3ameTum, 4YTo ycTaHoBKa
¢, = 1 cooTseTcTBYeET NEpBOMy NpubAMxeHuio Teitnopa ¢ (o).
OpfHako 3TO YCIoBUE MOXET NMPUHUMATL OYEHb Masible 3HaYeHus o,
noTeHUManbHoO 3ameisas npouecc peweHns. O6bIYHO Ha NpaKTuke
ucronbayetes ¢; ~ 1074,



HeTo4HbIN IMHEeNHbIX NOUCK. YcNoBUe AO0CTaTOYHOro Ry
yO6biBaHUS

YcnoBme HETOYHOIO IMHENHOIO MOWUCKa, M3BECTHOE KaK yCoBue
ApMU1X0, YTBEPXKAAET, YTO (¥ AOKHO 06eCcneynTb JOCTaTOYHOe
y6biBaHve dyHKuMK f, yoosneTsopsioLee: ¢(a)

[z, —aVif(xy)) < flzy) — ¢ - aV f(a,) "V f(x)

AN HEKOTOPOW MOCTOAHHON € € (O7 1). 3ameTum, 4YTo ycTaHoBKa f(wk)‘
¢, = 1 cooTseTcTBYeET NEpBOMy NpubAMxeHuio Teitnopa ¢ (o).
OpfHako 3TO YCIoBUE MOXET NMPUHUMATL OYEHb Masible 3HaYeHus o,
noTeHUManbHoO 3ameisas npouecc peweHns. O6bIYHO Ha NpaKTuke
ucronbayetes ¢; ~ 1074,

fzr) — act||V f(zr)][3

Example

Ecnun f(:L) npeacTaBnseT Cco6ow  OYHKUMKO  CTOMMOCTM

B 3ajaye ONTMMU3aLMW, BaXeH BbIGOP MOAXOAALLEro 0 a* [o%

3HaveHua c¢;. Hanpumep, npu o6yyeHun mopgenen ML

HenpaBWIbHOE 3HayeHWe C; MOXET MPUBECTN K OYeHb

MEe[NEHHON CXOANMOCTU MM NPOMYCKY MUHUMYMa. PucyHok 16. nntocTpaums ycnosust [OCTaTOYHOro y6biBaHNUSA C
KO3QOULMEHTOM Cq




HeTouHbIN NIMHEenHbIN Nnouck. Ycnosua NonbgliTemHa

PaccMOTpUM ABe NUHEiHbIE CKanspHble GyHKLMN ¢1 (o) 1 Py ():

¢1(a) = flag) — e Vf(z,)]?

Po(@) = f(xy) — CQOZHVJ[(%)HQ



HeTouHbIN NIMHEenHbIN Nnouck. Ycnosua NonbgliTemHa Ry

PaccMOTpUM ABe NUHEiHbIE CKanspHble GyHKLMN ¢1 (o) 1 Py ():

¢1(a) = flzy) — e, VE(ay)|? #(c)

bo(a) = f(x),) — CQO‘va(Ik)HQ
Ycnosua lNonbalwTenHa-ApMUXo HaxoaaT GyHKUMIO ¢>(a) Mexay f(wk) 1
1(a) M py(a). 0BbluHO ¢; = pucy =1—p,cp € (0,0.5).

f(zx) — ap||VF(z)||2

0 a® «a

fzr) — a1 = p) IV f(zx)|I3

PucyHok 17. inntocTpauus ycnosun lonbalwtenHa



HeTouHbIN NIMHENHDbINA NOUCK. YCNIOBUE OrpaHUYeHUsl Ha R
KPUBU3HY

YT06bl M36EXKaTb CANLLKOM KOPOTKMX LIAros, Mbl BBOAUM BTOPOW
KpUTEPUIA:

—V f(xy, — avf(l’k))va(l’k> > CQVf(l’k)T(_vf(zk))



HeTouHbIN NIMHENHDbINA NOUCK. YCNIOBUE OrpaHUYeHUsl Ha R
KPUBU3HY

YT06bl M36EXKaTb CANLLKOM KOPOTKMX LIAros, Mbl BBOAUM BTOPOW
KpUTEPUIA:

—V f(xy, — avf(xk))va(zk) > CQVf(l’k)T(_vf(l’k))

ANA HEKOTOpOro ¢y € (¢y, 1). 3peck ¢, U3 ycnosus Apmuxo.

TeBas vacTb sBnsetcs nponssoaHon V¢ (ar), rapaHtupytoyeit, 4to
HaK/oH ¢(v) B LieNeBoil TOUKe He MeHee YeM B Cq Pas 60MbLue
HavanbHoro HaknoHa V , ¢(a)(0).

O6bIYHO ANs MeToaoB HblOTOHa M KBa3UHBIOTOHOBCKMX METO,0B
ucnonbayetcs ¢, A 0.9 . B 06beAnHEHUN yCroBMe [OCTaTOUHOMO
y6biBaHUA U OrpaHUYeHne Ha KpMBU3HY 06pa3ytoT ycnosus Bynbda.

a

0 a

RS -desired slope

PuicyHok 18. MnntocTpaums yCnoBus orpaHUyeHust Ha KpUBM3HY



HeTouyHbIM NMHenHbIN Nouck. YcnoBusa Bynbda R

—V f(xy, — avf(l’k))TVf(lfk) > 02vf<$k)T(_vf($k))

BmecTe, ycnosme focTaToyHOro y6biBaHWS M OrpaHUYeHne Ha
KPUBU3HY 06pa3ytoT ycnosus Bynboda.

i Theorem

Mycte f : R™ — R HenpepbisHo anddepeHumpyema,
nnyets (o) = flx, — aVf(z,)). Npeanonoxum,
uto Vf(z,)"p, < 0, rae p, = —Vf(x}) nenas
Dy, HanpaereHnem crycka. Takxe npegnonoxum, uto f
orpaHudeHa cHusy Baonb nyva {z;, + apy, | o > 0}. Mbl
X0TUM nokasatb, 4to ans 0 < ¢; < ¢y < 1, cywectaytor
WHTepBanbl LWaros, yAOBNETBOpSIoLMe yenosuaM Bynbda.

F(z) o f(xr) — act ||V f(zi) |3

0 o« a )
T desired slope

PucyHok 19. UnntocTpaums ycnosui Bynbda



HeTouyHbI NMHenHbIM NoUcK. Ycnoeusa Bynboa.

Jloka3aTenbcTBO

1

Mockonbky ¢(a) = f(x), + ap;,) orpaHudeHa cHusy 1

() = f(z,) + ac, V f(x,,)T p), veorpannuena cumsy (kak
V f(z,)Tps, < 0), rpadm [(ar) BomxeH nepecekaTs rpaduk
¢ () no kpaiiHeit mepe oguH pas. MycTb o’ > 0 Gyget
HaUMEHBLLVMM TaKVM 3HaueHUeM, YAOBNETBOPSIOLNM:

flay, +o'py) < flay) + e,V fay) py.

OTO rapaHTUpyeT BbINONIHEHNE YCNIOBUSA A,OCTaTOYHOIO
y6biBaHUSA.

(M



HeTouyHbI NMHenHbIM NoUcK. Ycnoeusa Bynboa.

Jloka3aTenbcTBO

1. Mockonbky () = f(x}, + apy,) orpaHnyeHa cHUsy u
() = f(z,) + ac, V f(x,,)T p), veorpannuena cumsy (kak
V f(z,)Tps, < 0), rpadm [(ar) BomxeH nepecekaTs rpaduk
¢ () no kpaiiHeit mepe oguH pas. MycTb o’ > 0 Gyget
HaMMEHbLUMM TaKUM 3HaUeHNeM, YAOBNETBOPSIOLAM:

flay, +o'py) < flay) + e,V fay) py.

370 rapaHTMpyeT BbIMOMHEHWE YCNOBMS OCTAaTOYHOIO
y6biBaHUSA.

2. To Teopeme o cpeaHeM 3Haueruu, cywectayet o” € (0, ')
Takoe, uTo:

flag +a'pp) — fla) = &'V (wy +a"pp) py
Mopctasnss f(x), + o' py,) ws (1) B (2), Mbl nonyyaem:

&'V f(xy 4+ a"pp) pp < /e, V() py.

(M

(2)



HeTouyHbI NMHenHbIM NoUcK. Ycnoeusa Bynboa.

Jloka3aTenbcTBO

1. Mockonbky () = f(x}, + apy,) orpaHnyeHa cHUsy u
() = f(z,) + ac, V f(x,,)T p), veorpannuena cumsy (kak
V f(z,)Tps, < 0), rpadm [(ar) BomxeH nepecekaTs rpaduk
¢ () no kpaiiHeit mepe oguH pas. MycTb o’ > 0 Gyget
HaMMEHbLUMM TaKUM 3HaUeHNeM, YAOBNETBOPSIOLAM:

flay, +o'py) < flay) + e,V fay) py.

370 rapaHTMpyeT BbIMOMHEHWE YCNOBMS OCTAaTOYHOIO
y6biBaHUSA.

2. To Teopeme o cpeaHeM 3Haueruu, cywectayet o” € (0, ')
Takoe, uTo:

flag +a'pp) — fla) = &'V (wy +a"pp) py
Mopctasnss f(x), + o' py,) ws (1) B (2), Mbl nonyyaem:

&'V f(xy 4+ a"pp) pp < /e, V() py.

(M

(2)



HeTouyHbI NMHenHbIM NoUcK. Ycnoeusa Bynboa. R
Jloka3aTenbcTBO

1. Mockonbky () = f(x, + ap;,) orpaHmyeHa cHU3y u Denvm Ha o > 0, nonydaem:
() = f(z,) + ac, V f(x,,)T p), veorpannuena cumsy (kak
T T
V f(z,)Tps, < 0), rpadm [(ar) BomxeH nepecekaTs rpaduk Vi +a"p) pr < V(@) py (3)

¢ () no kpaiiHeit mepe oguH pas. MycTb o’ > 0 Gyget

3. Mockonbky ¢ < cou V f(z,)Tp, < 0, HepasencTso
HaUMEHBLLVMM TaKVM 3HaueHUeM, YAOBNETBOPSIOLNM:

1V f(ze)Tp, < oV f(x,,)T py, BoINONHAETCA. 3T0 O3HavaeT,

” .
Flae+a'py) < flag) + 0/01Vf($k-)TPk- ) YTO CcywecTByeT & Takoe, uTo:
” T T
370 rapaHTMpyeT BbINOMHEHWE YCNOBUA AOCTAaTOUHOrO Vi@, +a"pp) pp < V(@) by (4)
y6biBaHUSA. .
P , HepaseHcTsa (3) 1 (4) BMecTe rapaHTUpYIOT BbIMOMHEHWE YCIOBMIA
2. To Teopeme o cpeaHeM 3Haueruu, cywectayet o” € (0, ')

Bynbda.
Takoe, 4To:

flag +a'pp) — fay) = ' V(wy +a"pp) 'pp. (2)
Mopctasnss f(x), + o' py,) ws (1) B (2), Mbl nonyyaem:

&'V f(xy 4+ a"pp) pp < /e, V() py.



HeTouyHbI NMHenHbIM NoUcK. Ycnoeusa Bynboa.

Jloka3aTenbcTBO

1. Mockonbky () = f(x}, + apy,) orpaHnyeHa cHUsy u
() = f(z,) + ac, V f(x,,)T p), veorpannuena cumsy (kak
V f(z,)Tps, < 0), rpadm [(ar) BomxeH nepecekaTs rpaduk
¢ () no kpaiiHeit mepe oguH pas. MycTb o’ > 0 Gyget
HaMMEHbLUMM TaKUM 3HaUeHNeM, YAOBNETBOPSIOLAM:

flay 4+ a'py) < flay) + ¢, Vf(xg) py.

370 rapaHTMpyeT BbIMOMHEHWE YCNOBMS OCTAaTOYHOIO
y6biBaHUSA.

2. To Teopeme o cpeaHeM 3Haueruu, cywectayet o” € (0, ')
Takoe, uTo:

flag +a'pp) — fla) = &'V (wy +a"pp) py
Mopctasnss f(x), + o' py,) ws (1) B (2), Mbl nonyyaem:

&'V f(xy 4+ a"pp) pp < /e, V() py.

(M

(2)

&LI.Y

Henum Ha o > 0, nonyuaem:

Vf(xy, + ") o < e V() py (3)

3. Mockonbky ¢ < cou V f(z,)Tp, < 0, HepasencTso

1V f(ze)Tp, < oV f(x,,)T py, BoINONHAETCA. 3T0 O3HavaeT,
yTo cylecTeyeT o’ Takoe, uTo:

Vf(xy, + " p) o < V() py (4)

HepaseHcTsa (3) 1 (4) BMecTe rapaHTUpYIOT BbIMOMHEHWE YCIOBMIA
Bynbda.

. [Ina cunbHbIX ycnoeuin Bynbda, ycrnosre orpaHuyeHnst Ha

KPUBU3HY:
[V f (g + app) g < 60|V f () g (5)

BbInonHsieTes, notomy uto V f (. + apy,) T py, oTpuLaTensHo u
orpaHmueHo chmsy ¢,V f ()T py..



HeTouyHbI NMHenHbIM NoUcK. Ycnoeusa Bynboa. R

Jloka3aTenbcTBO

1. Mockonbky () = f(x}, + apy,) orpaHnyeHa cHUsy u
() = f(z,) + ac, V f(x,,)T p), veorpannuena cumsy (kak
V f(z,)Tps, < 0), rpadm [(ar) BomxeH nepecekaTs rpaduk
¢ () no kpaiiHeit mepe oguH pas. MycTb o’ > 0 Gyget
HaMMEHbLUMM TaKUM 3HaUeHNeM, YAOBNETBOPSIOLAM:

flay 4+ a'py) < flay) + ¢, Vf(xg) py.

370 rapaHTMpyeT BbIMOMHEHWE YCNOBMS OCTAaTOYHOIO
y6biBaHUSA.

2. To Teopeme o cpeaHeM 3Haueruu, cywectayet o” € (0, ')
Takoe, uTo:

flag +a'pp) — fla) = &'V (wy +a"pp) py
Mopctasnss f(x), + o' py,) ws (1) B (2), Mbl nonyyaem:

&'V f(xy 4+ a"pp) pp < /e, V() py.

Henum Ha o > 0, nonyuaem:
V(g +a"p) oy, < e, V(xg) g (3)

3. Mockonbky ¢ < cou V f(z,)Tp, < 0, HepasencTso
1V f(ze)Tp, < oV f(x,,)T py, BoINONHAETCA. 3T0 O3HavaeT,
yTo cylecTeyeT o’ Takoe, uTo:

Vf(xy, + " p) o < V() py (4)

HepaseHcTsa (3) 1 (4) BMecTe rapaHTUpYIOT BbIMOMHEHWE YCIOBMIA
Bynbda.

4. [na cunbHblx ycnoeui Bynbda, ycnoeue orpaHMyeHns Ha
KPUBMN3HY:

[V f (g + app) g < 60|V f () g (5)

BbIMOSIHAETCS, NOTOMY YTO Vf(:pk + apk)Tpk oTpuLaTenbHO 1
orpaHmueHo chmsy ¢,V f ()T py..

5. Ws-3a rnagkocTu f, cywecTsyeT uHTepsan Bokpyr o , rae
BbINOMHAOTCA ycnoBus Bynbda (1, cnefosaTensHo, CubHble
ycnoeus Bynbda). Takum o6pa3om, foKa3aTenbCTBO 3aBEPLUEHO.



BaKTpPEKUHr v

BaKTpeKnHr - 3To TexHMKa AN HaXOXXAEeHWA Wwara, YA0oBNeTBOPSOLWEro YCoButo ApMnxo, yCrnoBusm lonbpwTenHa nnm LPYyrum Kputepuam

HETOYHOro NIMHenHoro nomcka. OHa HauyMHaeT C OTHOCUTENbHO 6OMbLUIOrO Wara U UTepaTUBHO YMeHbLUaeT ero 4o Tex nop, noka He 6y,qu
BbINOTHEHO yCnoBue.



BaKTpPEKUHr H

BOKTPEKMHT - 3TO TeXHMKa AN HaXOXKAEHMS Lara, yA0BNeTBOPSIOLLEro YCIoBMIO APMUXO, yCroBUAM MoNbAwWTeiHa UK APYTMM KpUTEPUAM
HETOYHOTO NIMHEIHOro Noncka. OHa HauMHaeT C OTHOCUTENBHO GOMbLIONO Wara U UTepPaTUBHO yMeHbLUAeT ero Ao Tex nop, noka He GyaeT
BbIMNOSTHEHO YCOBME.

Anroputm:

1. Bbi6epuTe HavanbHbIif War, oy, 1 napametpsl 5 € (0,1)ue, € (0,1).



BaKTpPEKUHr H

BaKTpeKnHr - 3To TexHMKa AN HaXOXXAEeHWA Wwara, YA0oBNeTBOPSOLWEro YCoButo ApMnxo, yCrnoBusm lonbpwTenHa nnm LPYyrum Kputepuam
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BbINOTHEHO yCnoBue.

Anroputm:
1. Bbi6epuTe HavanbHbIif War, oy, 1 napametpsl 5 € (0,1)ue, € (0,1).
2. lMpoBepbTe, yAOBNETBOPSET NN BbIGPaHHbIV Lar BbIGpaHHOMY YCOBUIO (Hanpumep, yCnoBuo ApMmXo).



BaKTpPEKUHr H

BaKTpeKnHr - 3To TexHMKa AN HaXOXXAEeHWA Wwara, YA0oBNeTBOPSOLWEro YCoButo ApMnxo, yCrnoBusm lonbpwTenHa nnm LPYyrum Kputepuam
HETOYHOro NIMHenHoro nomcka. OHa HauyMHaeT C OTHOCUTENbHO 6OMbLUIOrO Wara U UTepaTUBHO YMeHbLUaeT ero 4o Tex nop, noka He 6y,qu

BbINOTHEHO yCnoBue.
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2. lMpoBepbTe, yAOBNETBOPSET NN BbIGPaHHbIV Lar BbIGpaHHOMY YCOBUIO (Hanpumep, yCnoBuo ApMmXo).

3. Ecnu ycnosue BbINOMHEHO, OCTaHOBMTECh; B MPOTUBHOM Clyyae, ycTaHoBuTe «v := [Sav 1 nosTOpUTE War 2.
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BaKTpPEKUHr H

BaKTpeKnHr - 3To TexHMKa AN HaXOXXAEeHWA Wwara, YA0oBNeTBOPSOLWEro YCoButo ApMnxo, yCrnoBusm lonbpwTenHa nnm LPYyrum Kputepuam
HETOYHOro NIMHenHoro nomcka. OHa HauyMHaeT C OTHOCUTENbHO 6OMbLUIOrO Wara U UTepaTUBHO YMeHbLUaeT ero 4o Tex nop, noka He 6y,qu
BbINOTHEHO yCnoBue.

Anroputm:
1. Bbi6epuTe HavanbHbIif War, oy, 1 napametpsl 5 € (0,1)ue, € (0,1).
2. lMpoBepbTe, yAOBNETBOPSET NN BbIGPaHHbIV Lar BbIGpaHHOMY YCOBUIO (Hanpumep, yCnoBuo ApMmXo).

3. Ecnu ycnosue BbINOMHEHO, OCTaHOBMTECh; B MPOTUBHOM Clyyae, ycTaHoBuTe «v := [Sav 1 nosTOpUTE War 2.
Lar v o6HoBRsIEeTCA Kak

Qg = Pay,

B KaXX[0M UTepaLymn 4o Tex rnop, noka BbiGpaHHoe yCroBue He 6yeT BbiMOHEHO.
Example

B 06yqu|Am Mogaenen MalmMHHOro Oﬁyl-IeHMFl JINHENHBIA MOUCK C BO3BPATOM MOXET UCMONb30BaTbCA ANs PerynmpoBKn CKOPOCTH o6yqum|.

Ecnun noTeps He ymMeHbLUaeTCst fOCTaTOYHO, CKOPOCTb 06YYEHUS1 YMEHbLLIAETCS MyNbTUMIMKATUBHO [0 TeX Mop, Noka He 6yAeT BbINOHEHO
ycnosue ApMuxo.
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PucyHok 20. CpaBHeHMWe pasnnyHbIX anropuTMOoB IMHEMHOMO NMoucka

OTkpbITb B Colab &


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/Line_search.ipynb

MpapMeHTHbIN CNYCK C JIMHEMHBIM MOUCKOM R

Gradient Descent with different line search algorithms
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https://fmin.xyz/docs/visualizations/ls_gd.mp4

Utorun
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12.

13. Ceasb andodepeHumana dpyHkum d f v rpaguenta V f ana
dyrkumm f(z) : R™ = R.
YhnuMopantHas GyHKUMS. 14. Cesi3b BTOPOro anddepeHLmana dpyHkumm d2 f u reccmana V2 f

. MeTog gnxotommu. ans dyrkumm f(z) : R — R.
. MeTop 3010TOro ceyeHums.

. MeTop napa6onnyeckon MHTEPNONALMM. Teopewmbi
. YcrnoBuve LOCTAaTOMHOrO Y6bIBaHWS ANA HETOYHOMO JIMHEMHOro 1. MeTog AMXOTOMMUM 1 30/10TOTO CeYeHUs ANs YHUMOAANbHbIX

nomcka. dyHKUMIN. CKOPOCTb CXOAUMOCTH.

. Ycnosusa lNonbgwtenHa ansi HETOYHOrO IMHEMHOMO MoucKa.

YcnoBue orpaHuYeHnsi Ha KpUBM3HY A1 HETOYHOrO JIMHENHOTO
nouncka.

. Tpaguent dyrkumm f(z) : R — R.
. TeccuaH dyrHkumm f(x) : R™ — R.
10.

fkoBunaH dpyHkumm f(x) : R" — R™.
dopmyna ans annpokcumaumn Telnopa nepeoro nopsaxa fin (z)
dyrkumm f(z) : R™ — R B Touke .
dopmyna ans annpokcumauwmn Telnopa BTOPOro nopsaKa fﬁ(m)
dyrkumm f(z) : R™ — R B TouKe 2.
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