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Hernagkve 3agaun

Hernapgkune 3agaun
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3apaya HanmeHbwIMX KBaapaToB c { -perynsipu3aumein
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HOprl HE ABNAKOTCA rnagkmnmun

min f(z),

PaccmoTpum 3agavy Beinyknoii ontmusauun. bygem cuutatb f(:c) BbINYKJOMA, HO He 0bs3aTeNbHO rNaAKOiA.
p = Norm Cone
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Puc. 1: KoHycbl HOpM 151 pasHbiX P-HOPM HE SIBASIIOTCS TAAKUMU

J — min
2,9,z Hernagkve 3agaun
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Mpumep Bynbda

B, /— min

Hernagkve 3agaun

Puc.

Wolfe's example

2: Mpumep Bynbda. @OTkpbiTs B Colab
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B, /— min

Bbluncnenve cybrpaguenta

Bbluncnenue cybrpagueHTta
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JlnHeiiHas HNXKHAA OUEHKA ANSA BbINyKAbIX QyHKUUIA

BaxHoe cBoiicTBO BbINyk0#A hyHkumm f(z):
Ans noboii Toukn Ty v Ans Bcex « € dom f
BbINOJIHAETCA HEpPaBeHCTBO:

f@) = f(zo) + (9,2 — w)

\ 4

0 g T

Puc. 3: Annpokcumaums Teiinopa nepBoro nopsigka Cny>xXuT rnobansHoii
HU>KHEN OLEHKOM ANisi BbINYKONA OyHKLMN

‘fﬁ}gn‘}‘l Bbluncnenve cybrpaguenta 0 O
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JInHeHan HUXXHANA OueHKa ANA BbINYKAbIX (PyHKUWA

f(z)

BaxHoe cBoiicTBO BbINyk0#A hyHkumm f(z):
Ans noboii Toukn Ty v Ans Bcex « € dom f
BbINOJIHAETCA HEpPaBeHCTBO:

f@) = f(zo) + (9,2 — w)

f((l?o) + <g, r — ZB()> NS HEKOTOPOro BeKTOpa ¢, TO eCTb

Puc. 3: Annpokcumaums Teiinopa nepBoro nopsigka Cny>xXuT rnobansHoii

Zo

HU>KHEN OLEHKOM ANisi BbINYKONA OyHKLMN

‘f — min
Tz

Bbluncnenve cybrpaguenta

\ 4

KacaTesibHas K rpaduky dyHKUMM SABASETCS
r7106a/1bHOM HUXKHE OUEHKO ANst hyHKLMN.
® Ecm f(z) gnuddbeperunpyema, To
g=Vf(zg).
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JInHeHan HUXXHANA OueHKa ANA BbINYKAbIX (PyHKUWA
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Puc. 3: Annpokcumaums Teiinopa nepBoro nopsigka Cny>xXuT rnobansHoii

Zo

HU>KHEN OLEHKOM ANisi BbINYKONA OyHKLMN

‘f — min
Tz

Bbluncnenve cybrpaguenta

\ 4

KacaTesbHas K rpacuky dyHKLMN SBNSIETCS
r7106a/1bHOM HUXKHE OUEHKO ANst hyHKLMN.
® Ecm f(z) gnuddbeperunpyema, To
9=V f(xg).
® He Bce HenpepbIBHbIE BbINyKble hyHKLNAN
anddepeHumpyemb.
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JInHeHan HUXXHANA OueHKa ANA BbINYKAbIX (PyHKUWA
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JInHeHan HUXXHANA OueHKa ANA BbINYKAbIX (PyHKUWA

Y f(z)

\ 4

f(zo) + (g9, — z0o)

Puc. 3: Annpokcumaums Teiinopa nepBoro nopsigka Cny>xXuT rnobansHoii

HU>KHEN OLEHKOM ANisi BbINYKONA OyHKLMN

— min
‘f 2,9,z Bbluncnenve cybrpaguenta

0 g T

BaxHoe cBoiicTBO BbINyk0#A hyHkumm f(z):
Ans noboii Toukn Ty v Ans Bcex « € dom f
BbINOJIHAETCA HEpPaBeHCTBO:

f@) = f(zo) + (9,2 — w)

[15 HEKOTOPOrO BEKTOPA ¢, TO €CTb
KacaTesbHas K rpacuky dyHKLMN SBNSIETCS
r7106a/1bHOM HUXKHE OUEHKO ANst hyHKLMN.
® Ecm f(z) gnuddbeperunpyema, To
9=V f(xg).
® He Bce HenpepbIBHbIE BbINyKble hyHKLNAN
anddepeHumpyemb.
Mbl XOTUM COXpaHUTL 3TO NONE3HOE CBOWCTBO
U ANS HErNagKux PyHKUNIA.
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CybrpapgvenT n cybanddeperuymnan

BekTop g HasbiBaetcsi cybrpaguentom dyrkuun f(z) : S — R B Touke x(), ecan Vo € S:
f(z) = f(zg) + (9,2 — z¢)

J — min
2,9,z Bbluncnenve cybrpaguenta
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CybrpapgvenT n cybanddeperuymnan

BekTop g HasbiBaetcsi cybrpaguentom dyrkuun f(z) : S — R B Touke x(), ecan Vo € S:
f(z) = f(zg) + (9,2 — z¢)

MHoxecTBo BCex cybrpagneHTos dyHkuun f(x) B Touke T, HasbiBaeTcs cybauddbeperymanom dyHkunn f B Touke
x, n obosHavaetcst O f(x).

‘f%gn;l} Bbluncnenve cybrpaguenta 0 O
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CybrpapgvenT n cybanddeperuymnan

BekTop g HasbiBaetcsi cybrpaguentom dyrkuun f(z) : S — R B Touke x(), ecan Vo € S:
f(z) = f(zg) + (9,2 — z¢)

MHoxecTBo BCex cybrpagneHTos dyHkuun f(x) B Touke T, HasbiBaeTcs cybauddbeperymanom dyHkunn f B Touke
x, n obosHavaetcst O f(x).

0 o T 0 g T 0 o T

) Puc. 4: CybgudpdbepeHuman — 3T0 MHOXKECTBO BCEX BO3MOXHbIX CybrpaguneHTos
‘fﬁ}gn‘}‘l Bbluncnenve cybrpaguenta 0 O
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CybrpapgvenT n cybanddeperuymnan
Haiigute 0f(x), ecnu f(z) = |z|

J — min
2,9,z Bbluncnenve cybrpaguenta
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CybrpapgvenT n cybanddeperuymnan
Haiigute 0f(x), ecnu f(z) = |z|

f(z) = ||

A

0f ()

\4

\4

0 O 9
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CeoiicTBa cyoauddeperymnana

® Ecan x, € ri(\S), 10 f(xy) ABASETCA BLINYKABIM KOMAAKTHBIM MHOXXECTBOM.
0 0

J — min B
2,9,z bluncnenve cybrpagneHTa

10
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CeoiicTBa cyoauddeperymnana

® Ecnu z € 1i(S), 10 Of(2)) ABNSETCS BBINYKIbIM KOMNAKTHBIM MHOXECTBOM.
® Buinyknas yrkums f(x) anddeperumpyema B Touke o = 0 f(xy) = {V f(zy)}.

— min
‘f 2,9,z Bbluncnenve cybrpaguenta
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CeoiicTBa cyoauddeperymnana

® Ecan x, € ri(\S), 10 f(xy) ABASETCA BLINYKABIM KOMAAKTHBIM MHOXXECTBOM.
0 0

® Buinyknas yrkums f(x) anddeperumpyema B Touke o = 0 f(xy) = {V f(zy)}.
® Ecnm Of(xy) #0 Vay € S, 1o f(x) Bbinykna Ha S.

— min
‘f 2,9,z Bbluncnenve cybrpaguenta
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CeoiicTBa cyoauddeperymnana

Ecnn zy € 1i(S), To df(x,) ABNAETCA BbINYKALIM KOMNAKTHBIM MHOXECTBOM.
Beinyknas yrkums f(x) anddepeHunpyema B Touke o = 0 f(xy) = {V f(zy)}.
Ecnn Of(xy) £0 Va, € S, To f(x) soinykna Ha S.

i Cybandbeperuman gudcbcbepeHLmpyemoii byHKLMM

Mycts f : S — R — dyHKumus, onpepeneHHasi Ha MHoxecTBe S B eBKngosoM npocTpanctee R™. Ecnu

xy € 1i(S) n f anddeperunpyema B Touke Ty, To MMbo Af (zy) = 0, nnbo df(xy) = {V f(z,)}. Bonee Toro,

ecnan dyHKums f BbiNykia, TO nepsasi CUTyaLns HEBO3MOXHA.

— min
‘f 2,9,z Bbluncnenve cybrpaguenta
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Bbiuucnenne cyogudcpeperymnanos

1 Teopema Mopo — Pokadbennapa
(cybpudpbeperuman nureiiHoll kombuHaLmn)

Myctb f;(x) — BbINyk/IblE PYHKLUUN HA BbINYKIbIX

MHoXecTBax S i = 1,..,n. Torpa
n

ecm () 1i(S;) # 0, To Pynkums f(z) =
f:aifi(x), a; > 0 nwmeer cybandbdeperyman

Ogf(x) Ha MHOXecTBe S = (] S; 1
i=1

dgf(z) = Z aic?sif,;(x).

— min
‘f 2,9,z Bbluncnenve cybrpaguenta

11
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‘f — min
Tz

Bbiuucnenne cyogudcpeperymnanos

1 Teopema Mopo — Pokadbennapa
(cybpudpbeperuman nureiiHoll kombuHaLmn)

Myctb f;(x) — BbINyk/IblE PYHKLUUN HA BbINYKIbIX
MHoXecTBax S, i = 1,..,n. Torpa

ecm () 1i(S;) # 0, To Pynkums f(z) =
Sa;fi(x), a; > 0 umeer cybpudbceperumnan

g f(x) na mHoxecTse S = ﬁ S;mn

=1

dgf(z) = Z aq:asi fi(@).

Bbluncnenve cybrpaguenta

i Teopema [y6osuukoro — MuntoTuna
(cybamndhcbepeHLiman noTo4eHHOro MakcuMyma)

Mycte f;(z) — BbiNykable dYHKLMA HA OTKPLITOM
Bbinykiom MmHoxectee S C R", z, € S, n
MoTOYEYHbI MakcuMyMm onpegensietcs kak f(x) =
maxf;(x). Torpa:

K2

Ogf(zy) = conv{ U asfi(xo)} ,

i€l(zg)

I(a) = {ie{l,..,m}: fi(z) = f(x)}

11
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Bbiuncnenne cyopudceperumnanos

° Jaf)(z)=adf(x) pns a>0

J — min
2,9,z Bbluncnenve cybrpaguenta

12
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Bbiuucnenne cyogudcpeperymnanos

qa>
> 0f;(x), f; — Bbinyknbie dyHKLNN

J — min
2,9,z Bbluncnenve cybrpaguenta

12
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Bbiuucnenne cyogudcpeperymnanos

* d(af)(z) = adf(r) ans o >0
* I> f(x) =>"0f,(x), f; — Bbinyknble dyHKLuMM
® J(f(Ax +b))(z) = ATOf(Az +b), f — sbinyknas dyHkuyns

J — min
2,9,z Bbluncnenve cybrpaguenta

12
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B, /— min

CybrpagnenTHblii meTop

CybrpaguneHTtHbii meTop,

13


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Anroputm

BekTop g HasbiBaetcs cybrpaguentom dyrkuun f(z) : S — R B Touke x(), ecan Vo € S:

f(@) = f(xo) + (g, — x)

‘f - 5‘5}‘3 CybrpagnenTHblii meTop

14
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Anroputm

BekTop g HasbiBaetcs cybrpaguentom dyrkuun f(z) : S — R B Touke x(), ecan Vo € S:

f(@) = flao) + (9,2 — x0)
Vpes metopa: 3amenutb rpagnent V f(xz;) Ha nponssonbHblii cybrpagmnent g;, € Of (z,):

Thy1 = T — QG

rie gy — NpOU3BOMbHbIN cybrpagneHT dyHkuun f(x) B ToUke Ty

‘f - 5‘5}‘3 CybrpagnenTHblii meTop

14
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Anroputm

BekTop g HasbiBaetcs cybrpaguentom dyrkuun f(z) : S — R B Touke x(), ecan Vo € S:

f(@) = flao) + (9,2 — x0)

Vpes metopa: 3amenutb rpagnent V f(xz;) Ha nponssonbHblii cybrpagmnent g;, € Of (z,):
Tht1 = Tk — YgGps

rie gy — NpOU3BOMbHbIN cybrpagneHT dyHkuun f(x) B ToUke Ty

CybrpafneHTHbIil METOZ, He SIBNSIETCS METOAOM Crycka: 3HadeHne dyHkuun moxeT pactu (f(xy,1) > f(xy)), Tak
KaK aHTUCybrpagneHT He 0bsi3aTeNbHO SBNSAETCS HanpasneHneM yBbiBaHNs.

I'IosTomy B Ka4ecCcTBe I'IpI/I6J1VI)KeHI/I$I peweHnsa 6epyT ny4uiee Ha|7|p,eHHoe 3Ha4Y€eHNne:

best __ : o
it = Z.:rgl}gkf(m

‘f - 5“3‘3 CybrpagnenTHblii meTop

14
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CxoamnMoCTb: BbINyKNbIA Cny4Yaii

i Theorem

Myctb f — Bbinyknas dyHkymns, & — Touka munumyma. Mpegnonoxum, 4to ||g,| < G ans scex k. Torga:

2 2 =
RP+G* Y o
[T P =

T—1
23 o
k=0
rae R = |lzy — z*|5.
MeTog cxoauTtcs, ecnu:
T—1 T—1
a% < 00, Qy, = 00

>
Il
(=3
>
Il
(=3

‘f - 5“4}‘3 CybrpagnenTHblii meTop DO
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Pasnun4ynbie cTpaterum Bbl60pa wara

B, /— min
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50 1
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15 1

10
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— Da
S 1500 -
1000 A
500 -
0 500 1000 1500 0 500 1000 1500 500 1000 1500
k k k
a = 1/ko-75 a= 1/k a= 1/k?
1.6
N za 1.4 1 rliiaias Za
e S22 Y 4
1.2 1
___________________ 1.0 1
0 500 1000 1500 0 500 1000 1500 500 1000 1500
k k

CybrpagnenTHblii meTop

P00 O
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Pa3znunyHble cTpaterun Bbibopa wara

B, /— min

ag= 0.1 a= 1.1
Lo lez13+le-1 le—12+1.1
----- Sa2da 1.0 X )X
0.5 A 0.5 -
0.0 - semmmrrrirn i s e s s ans [ Y00 I [ S SO S SRPPEPPPPL S
-0.5 =0.51
1.0 4, ; , ATLo . : :
0 500 1000 1500 0 500 1000 1500
K k
ay = 1/k°-75 ap= 1/k
1.0 1.07:
S SafSa S B 2a3a
0.8 0.8
0671 064"
044 :
044"
e s sreteres ¥ I [ BeCROUNS I
' i : 024 e e :
0 500 1000 1500 0 500 1000 1500
k

CybrpagnenTHblii meTop
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CxoAMMOCTb: BbINYKAbIA Cy4aid, NOCTOsIHHLIV war (1)

i Theorem

Mycts f — Bbinyknas G-annwuuesa dyHkuns u R = |zq —2*||y. Ons noctosiHHoro wara «, cybrpagneHTHbIii
MeTOq, YAOBNETBOPSIET

f}l;est —f(CC*) < R2

AT %
_2ak+2G

L4 3ameT|/|M, YTO C NIOBLIM NOCTOSIHHBLIM LIArOM nepeoe Cnaraemoe npaBoﬁ 4acTtn y6b|BaeT, HO BTOPOE OCTaeTCA
MNOCTOSAHHbIM.

‘f - 5‘5}‘3 CybrpagnenTHblii meTop

18
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CxoAMMOCTb: BbINYKAbIA Cy4aid, NOCTOsIHHLIV war (1)

i Theorem

Mycts f — Bbinyknas G-annwuuesa dyHkuns u R = |zq —2*||y. Ons noctosiHHoro wara «, cybrpagneHTHbIii

MEeTOJ[, YyAOBNETBOPSAET
fbest _ f(:C*) < R2 + QGQ
k = 20k 2

L4 BaMeTI/IM, YTO C NIOBLIM NOCTOSIHHBLIM LIArOM nepBoe cCiaraemoe I'Ip&lBOI7I 4acTtn y6b|BaeT, HO BTOPOE OCTaeTCA

MNOCTOSAHHbIM.

® 3ameyvaHue: CyLEeCTBYOT Bapunaynn Metoaa, pa60Tarou.|,|/|e n bes NpeanonoXXeHns 06 OrpaHN4Y€eHHOCTN

cybrpagnenTos (Hanpumep, ¢ HopMMpoBkoii wara). Cm. 1 nam 2.

!B. Polyak. Introduction to Optimization. Optimization Software, Inc., 1987.
2N. Shor. Minimization Methods for Non-differentiable Functions. Springer Series in Computational Mathematics. Springer, 1985.
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CxoAMMOCTb: BbINYKAbIA Cy4aid, NOCTOsIHHLIV war (1)

i Theorem

Mycts f — Bbinyknas G-annwuuesa dyHkuns u R = |zq —2*||y. Ons noctosiHHoro wara «, cybrpagneHTHbIii
MeTOZ, YA0BNETBOPsiET
RZ

best ) < 9 2
1@ =5 T3¢

® 3amMeTuM, YTO C NoBLIM MOCTOSIHHBLIM LIArOM NEPBOE ClaraeMoe NPaBoii 4acTu yBbIBAET, HO BTOPOE OCTaeTCs
MOCTOSIHHBIM.

® 3amMeuaHue: CyL|eCTBYIOT BapuaLun MeToga, paboTatolne u 6e3 npegnonoxeHunsi ob orpaHMyeHHoOCTH
cybrpagnenTos (Hanpumep, ¢ HopMMpoBkoii wara). Cm. 1 nam 2.

L4 Ha|7|p,eM ONTUMaNbHbIA Wwar o, KOTOprI7I MWHUMUN3NPYET NpaByto 4aCTb HEPABEHCTBA.

!B. Polyak. Introduction to Optimization. Optimization Software, Inc., 1987.
2N. Shor. Minimization Methods for Non-differentiable Functions. Springer Series in Computational Mathematics. Springer, 1985.
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CxoAMMOCTb: BbINYKAbIA C/y4aid, NOCTOsIHHLIV war (2)

i Theorem

Mycts f — Bbinyknas G-nunwnuesa dyHkuns n R = |z, — 2*||y.  [ns noctosHHoro wara a =
cybrpaaneHTHbIi METOA YAOBNETBOPSET

Qlx

GR

et =) < NG

® Jta Bepcusi TpebyeT 3HAHUS YnCNa NTepaunii 3apaHee, YTO He BCErga NpakTUYHO.

lfﬂ“‘}“ CybrpaavenTHbIi MeToa P00 O 19
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CxoAMMOCTb: BbINYKAbIA C/y4aid, NOCTOsIHHLIV war (2)

i Theorem
_ * _ R 1
Mycts f — Bbinyknas G-nunwnuesa dyHkuns n R = |z, — 2*||y.  [ns noctosHHoro wara a = E\/;'

cybrpafmeHTHbIA MeTog yLoBneTBOpsieT

GR
fret— fa7) < NG

® Jta Bepcusi TpebyeT 3HAHUS YnCNa NTepaunii 3apaHee, YTO He BCErga NpakTUYHO.

L4 ﬂ}O6OI‘IbITHO, 4TO, €C/n Bbl 6yp,eTe NCKaTb ONTUMaNbHbIA War Ha Ka)K,D,Oﬁ nTepaunn: «g, ..., &p_q1, TO NONYyHNTE

Ty e OLeHKY.
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CxoAMMOCTb: BbINYKAbIA C/y4aid, NOCTOsIHHLIV war (2)

i Theorem
_ * _ R 1
Mycts f — Bbinyknas G-nunwnuesa dyHkuns n R = |z, — 2*||y.  [ns noctosHHoro wara a = E\/;'

cybrpafmeHTHbIA MeTog yLoBneTBOpsieT

GR
fret— fa7) < NG

® Jta Bepcusi TpebyeT 3HAHUS YnCNa NTepaunii 3apaHee, YTO He BCErga NpakTUYHO.

° ﬂlO6OI'IbITHO, 4TO, €C/qiN Bbl 6yp,eTe NCKaTb ONTUMAabHbIA War Ha Ka)K,D,Oﬁ nrtepauynn: a(), ""Oékrflv TO nony4uTe
TY XK€ OLIEHKY.
° 3TO CBA3aHO C cmmmeTpmeﬁ N BbINYKNOCTbIO npaBof/'| 4aCTN OTHOCUTEJIbHO Oéi.
P00 O 19
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CxoanmoCTb: BbINyK/bIA CAy4ai, NnocTosiHHbA war (3)

i Theorem

Mycts f — Bbinyknas G-nunwuuesa dyrkuns u R = ||zy — 2*||y. Jns noctosHoro wara v = oy |gile, T.e.

oy = ﬁ, cybrpafmeHTHbIA METOZ, YAOBNETBOPSET
k2

GR? Gy
best *) <
R =1 s 50+ 5

® KpuTepuii octaHoBkM: HopMa cybrpagnenTa He nogxoant (npumep f(x) = |z|). OBbl4HO ncnonssytot
pUKCMPOBAHHOE YNCO UTEpaLnii.

‘f%gn;l} CybrpagnenTHblii meTop P00 O
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CxoamMMocCTb: BbiNyK/bliA CyYaid, NnpakTUYeckas cTpaTterus

i Theorem

ny(]:%Tb f — sbinyknass G-nunwuuesa dyHkums n R = ||zg — 2*|,. Ons ybbigatoweii cTpaterun wara o, =
GVt CYbrpaavenTHIli MeToa yaoBneTBOpsieT

best __ * GR(2 +In k)
et = flar) < EOEEE

‘f%m}‘: CybrpagnenTHblii meTop P00 O
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Pa3Hblie kombuHauum (cunbHoil) BbinyknocTn n (He)rnagkocTu

Hernankas Hernankas
Brimyxkitas [ - CHJIBHO BBITYKJIas

‘f - 5“3‘3 CybrpagnenTHblii meTop PO
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Pa3Hble kombuHauumn (cunbHOM) BbINyKNOCTH

‘f — min
Tz

Hernankas
Brinykiias

CybrpagnenTHblii MeTo,

n (He)rnapgkocTn

Hernankas
[ - CHJIBHO BBITYKJIas

22
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CunbHo Bbinyknas Hernapgkasa gyHKUnA

i Theorem

Myctb f — p-CnbHO BbINYKNas Ha BbIMYKJIOM MHOXECTBE U T,y — MPOM3BOJIbHbIE TOYKW. Torga Ans noboro

g€ of(x),
(g0 —9) > 1(x) — F) + Ble — 2

‘f%m}‘: CybrpagnenTHblii meTop P00 O
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

i Theorem

Mycte f — p-cunbHo Bbinyknas dyHKuns (BO3MOXHO Hernagkast) ¢ munumymom z*. [pegnonoxum, 4to
cy6rpapw|eHTb| OrpaHN4YeHbl Ha TpaekTopun: Hng <G. WNcnonb3ysi war ay, = ﬁ, cy6rpa,u,|/|eHTHb||7| MeToj
rapanTupyet ans k > 0 yto:

2G>

SRt — far) < ke

‘f - 5‘5}‘3 CybrpagnenTHblii meTop

24


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Summary. Cy6rpagueHTHblii meTog,

Twun 3agaun

Crparterus wara

CkopocTb
CXOANMOCTH

CnoxHOCTb nTepaunii

Bbinyksible iunwmnuesbl yHKLMAN

CnnbHo BbinyKble dyHKLMN

°(z)
°(3)

‘f - 5“3‘3 CybrpagnenTHblii meTop
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Hu>xHune oueHkn

BbINyKJble (Hernagkue)
3 rnagkue (Hesbinyknbie)?t

rnagkue un
BbINyKNbIE®

rnagkne n CUabHO BbINyKAble (I/IJ'IVI

PL)!

*(%) ° ()

k;ENO(EiQ) kENO(%>

°(5)

of )

o((50))

k. ~0O (ﬁlogl)
€

3Nesterov, Lectures on Convex Optimization
4Carmon, Duchi, Hinder, Sidford, 2017
5Nemirovski, Yudin, 1979
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HYucneHHoble IKCNEPUMEHTDI

1 .
f(@) = 5| Az = bl + N[, — min,

AeRm™m XN(LATA) € [u; L)

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=0, u=0, L=10. Optimal sparsity: 0.0e+00

Function Gap

102 4

10—2 4

[fxi) = £

1076 ~

‘f — min
Tz

0 200 400
Iteration

600

I = x|

Distance to Optimal Solution

Subgradient Norm

—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00

10t 1 {
101 m
=
>
1071 1072 4
0 200 400 600 0 200 400 600
Iteration Iteration
Subgrad Ir 1.5e-02. Sparsity 0.0e+00
Puc. 6: Tnagkwnii eeinyknbiii cayyaii. CybanHelinas cxoguMoCTb, He cxoguTcs B obnactu onpeaeneHus
DO

CybrpagnenTHblii meTop
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HYucneHHoble IKCNEPUMEHTDI

1 3 mxn
f@) = 5—Az = b3 + Az]y — min,  AeR™", A(FATA) € 1L

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=0.1, u=0, L=10. Optimal sparsity: 1.0e-02

Function Gap Distance to Optimal Solution Subgradient Norm
34 1] w
_ 10 B 10 102 41
< o -
,L: 10" 4 | S
é i‘ 100 4 = 10°
_ 10—1 m
0 200 400 600 0 200 400 600 0 200 400 600
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 Subgrad Ir 1.5e-02. Sparsity 0.0e+00

Puc. 7: Hernagkuii Boinyknblii cnydaii. ManeHbkoe 3HaveHne A npuBOAWUT K Hernagkoctu. He cxogutcs ¢ noCTOsHHBIM Wwarom

‘f% 5“3“ CybrpaaunenTHbIii MeToa P00 O 28
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HYucneHHoble IKCNEPUMEHTDI

1 3 mXxn
f@) = 5—Az = b3 + A=)y — min, A eR™", A(FATA) € [ L].

Linear Least Squares with £; Regularization (LASSO).
m=1000, n=100, A=1, p=0, L=10. Optimal sparsity: 7.0e-02

Distance to Optimal Solution Subgradient Norm

Function Gap
1 103 4
103 4 10* 4
c <
| 0] =
L 10! L 10 i’ .
s S 1071
T 1071 101 -
0 200 400 600 0 200 400 600 0 200 400 600
Iteration

Iteration Iteration

—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 ——— Subgrad Ir 1.5e-02. Sparsity 0.0e+00

Puc. 8: Hernagknii Boinyknbliii cnyyaii. Mpn 6onbluem 3HadeHnn A NposiBAsieTcss HEMOHOTOHHOCTL f(2),). BuaHo, 4to MeHbwas
NOCTOSIHHAS A/IMHA LWara NpUBOANT K Bosiee HU3KOMY CTaLMOHAPHOMY YPOBHIO OyHKLMN.
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HYucneHHoble IKCNEPUMEHTDI

1
f@) = 5—Az = b3 + Az]; — min, A eR™", A(FATA) € [ L).

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, u=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm

5 ]
— 10 _ 102 4 103
Y *>< j—

2 4 =
L0 | S 102
X ; 100 4 =
E 5-1 =

10 T 101 4
0 2000 4000 0 2000 4000 0 2000 4000
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/k (a=1.0e+00). Sparsity 2.0e-02

Puc. 9: Hernagknii Beinyknbiii cnyyaii. Ybbiatolwas AnvHa wara npuBOANT K CXOAUMOCTU A1st f};e“
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HYucneHHoble IKCNEPUMEHTDI

1 M mxn
f@) = 5—Az = bf + Az]y — min, A €R™", A(FATA) € [ L).

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, u=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm

10* 104

“ 1 <

p 10 o =

= ! > 1

= <X 107!+ — 1074

= 107! A =

0 2000 4000 0 2000 4000 0 2000 4000
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=1.0e-01). Sparsity 0.0e+00

Puc. 10: Hernagkunii Boinyknbiii ciyyaii. a—\/% Lar NpUBOANT K CXOAUMOCTU AN f};eSt

B, /— min ® 00

CybrpagnenTHblii meTop
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HYucneHHoble IKCNEPUMEHTDI

1 M mxn
f@) = 5—Az = bf + Az]y — min, A €R™", A(FATA) € [ L).

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, u=0, L=10. Optimal sparsity: 2.3e-01

Function Gap Distance to Optimal Solution Subgradient Norm

103 100 102 4
10! =
I ' 1071 5
2 10 2 o

0 20000 40000 0 20000 40000 0 20000 40000
Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=1.0e-01). Sparsity 1.0e-02

Puc. 11: Hernagkunii Bbinyknbiii ciyyaii. a—\/% Lar NpUBOANT K CXOAUMOCTU AN f,lzeSt

‘f - ;nyu: CybrpagnenTHblii meTop
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HYucneHHoble IKCNEPUMEHTDI

1 M mxn
f@) = 5 |Ar = b+ Maly > min, A €R™, A(LATA) € i L],

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, p=1, L=10. Optimal sparsity: 2.0e-01

. Function Gap Distance to Optimal Solution Subgradient Norm
10
103 o

W 103 A - 104 _

I Y ERUE

X =

& 10 X 107 ——

- M 10° 4

0 500 1000 0 500 1000 0 500 1000
Iteration Iteration Iteration
—— Subgrad Ir 3.0e-02. Sparsity 0.0e+00 —— Subgrad Ir a/k (a=9.0e-01). Sparsity 0.0e+00

- - - «
Puc. 12: Hernagkuii cunbHo Bbinyknbili ciydaii. 52 war npueoauT K CXOAUMOCTY Ans f]EeSt

‘f - iny"} CybrpagnenTHblii meTop 0 0O
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HYucneHHoble IKCNEPUMEHTDI

|fixi) = 7

B, /— min

1 .
flx)= %”Am —bl% + Nz|, — min, AeR™" )\ (%ATA) € [w; L].

Linear Least Squares with £; Regularization (LASSO).
m=100, n=100, A=1, u=1, L=10. Optimal sparsity: 2.0e-01

Function Gap Distance to Optimal Solution Subgradient Norm

10% 4 102 4
102 A —
X100 4 =
! >
100 4 E 10! 4
- 10—1 4
0 500 1000 0 500 1000 0 500 1000
Iteration Iteration Iteration
—— Subgrad Ir 3.0e-02. Sparsity 0.0e+00 ——— Subgrad Ir a/Vk (a=3.0e-01). Sparsity 1.0e-02
Puc. 13: Hernagkunii cunbHo BbinykAbli cayyaii. LLlar % paboTaet xyxe
P00 O 34
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YucneHHble 3KCNepUMeHTbI
1 m
fla)=— ;bg(l +exp(=b;(4;2))) + Alzfy — min, A €R? b € {~11}

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.1. Optimal sparsity: 8.6e-01

Function Gap Domain Gap Train Accuracy Test Accuracy
0.9 1

— 100 5 4
i *: g; 0.8 1 § 0.90
£ 107! 1 100 5 < g
X 5 S 0.7 S 0.851
= 021 = < <

T T T T 06 L T T 0-80 L T T

0 2000 0 2000 0 2000 0 2000

Iteration Iteration Iteration Iteration
—— Subgrad Ir 1.0e-02. Sparsity 4.0e-02 ——— Subgrad Ir a/Vk (a=1.0e-01). Sparsity 2.0e-02

Puc. 14: Jloructuyeckas perpeccus ¢ £ perynsipusameii
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HYucneHHoble IKCNEPUMEHTDI

1 «— . "
fla)=— glog(l +exp(=b;(4;2))) + Alzfy — min, A €R? b € {~11}

Function Gap

100 4

|fixi) = 7|

1072 4

B, /— min

0 20000

Iteration

—— Subgrad Ir 1.0e-02. Sparsity 0.0e+00

CybrpagnenTHblii meTop

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.1. Optimal sparsity: 8.6e-01

Domain Gap Train Accuracy
0.9
[
— 10 2 0.8+
x e
| -1 ] S
g 10 g 0.7
10—2 p
0.6 4
0 20000 0 20000
Iteration Iteration

Puc. 15: Jloructuyeckas perpeccus ¢ £ perynsipusameii

Accuracy

Test Accuracy

o ©
o ©
o o

! !

0.80 4]

0 20000

Iteration

—— Subgrad Ir a/Vk (a=1.0e-01). Sparsity 1.2e-01
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HYucneHHoble IKCNEPUMEHTDI

1 «— . "
fla)=— ;10&%(1 +exp(=b;(4;2))) + Alzfy — min, A €R? b € {~11}

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.25. Optimal sparsity: 9.6e-01

Function Gap Domain Gap Train Accuracy Test Accuracy
10! 4 0.9 1
0.9 1
. — 100 5 2084 >
ur S o 0.8 g
T 101 : 101 4 é § 087
é 107 A i g 0.7 4 2
- 0.7 4
1072 0.6 -
0 2000 0 2000 0 2000 0 2000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 2.0e-02 —— Subgrad Ir a/Vk (a=3.0e-01). Sparsity 0.0e+00

B, /— min

CybrpagnenTHblii meTop

Puc. 16: Jloructuyeckas perpeccus c £ perynsipusaueii

37


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

HYucneHHoble IKCNEPUMEHTDI

1 «— . "
fla)=— ;10&%(1 +exp(=b;(4;2))) + Alzfy — min, A €R? b € {~11}

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.25. Optimal sparsity: 9.6e-01

Function Gap Domain Gap Train Accuracy Test Accuracy
101 - 10t 0.9
0.9
x —_ > >
T N § 0.8 1 §
~ 1071 1 I 107! 4 3 E 0.8
S £ <077 <
- 0.7 4
0.6 1
0 20000 0 20000 0 20000 0 20000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=3.0e-01). Sparsity 0.0e+00

Puc. 17: Jloructuyeckas perpeccus c £ perynsipusameii

B, /— min 00 3
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HYucneHHoble IKCNEPUMEHTDI

1 & . "
fla)=— ;log(l +exp(=b;(4;2))) + Alzfy — min, A €R? b € {~11}

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.27. Optimal sparsity: 1.0e+00

Function Gap Domain Gap Train Accuracy Test Accuracy
101 T 09 -
T | 5 5
| w @ 0.8 1 ® 0.8
— | > 3
S 10-1 ~ 10715 9] 0
= 10 % 207 g
-2 0.6 1
10 0.6 1
0 2000 0 2000 0 2000 0 2000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=3.0e-01). Sparsity 0.0e+00

Puc. 18: Jloructuyeckas perpeccus c £ perynsipusaueii

B, /— min 00 39
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YucneHHble 3KCNepUMeHTbI
1 & . "
fla)=— ;bg(l +exp(=b;(4;2))) + Alzfy — min, A €R? b € {~11}

Binary Logistic Regression with £; Regularization.
m=300, n=50, A=0.27. Optimal sparsity: 1.0e+00

Function Gap Domain Gap Train Accuracy Test Accuracy
101 4 101 1.0
E P z 0.8 1 z
| x > ® 0.8 1
~ 10-! | 1071 4 S 5
X o (v}
x X [v] v]
= - < < 0.6 -
0.6 1
0 20000 0 20000 0 20000 0 20000
Iteration Iteration Iteration Iteration
—— Subgrad Ir 5.0e-03. Sparsity 0.0e+00 —— Subgrad Ir a/vk (a=3.0e-01). Sparsity 0.0e+00

Puc. 19: Jloructuyeckas perpeccus c £ perynsipusaueii

‘f - ?32 CybrpaaunenTHbIi MeToa D0 0
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B, /— min

Bonyc: pokasaTtensctsa

Bonyc: pokasaTtenbcrsa
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Cybpuddeperumnan guddeperymnpyemoii cpyHkumn
i Cybandbdepenumnan gudbcbepeHLmpyemoii yHKLMM
Mycte f : S — R — dyHkumns, onpegeneHHasi Ha MHoxecTBe S B eBknugosom npocTtpaHctee R™. Ecnm
xy € 1i(S) n f anddeperunpyema B Touke Ty, To Mmbo Af(zy) = 0, nnbo A f(xy) = {V f(z,)}. Bonee Toro,
ecnu pyHkuus f BbiNykna, TO NepBasi CUTyauunsi HEBO3MOXKHA.

[Ooka3atenbcrBo

1. NMyctb s € Of () ans Hekotoporo s € R™, otanyroro ot V f(x). Myctb v € R™ — eanHUYHbIG BeKTOp.
MockonbKy 2 — BHYTpeHHsist Touka S, cyuiecTyeT § > 0, Takoe 4To T +tv € S ans Beex 0 < t < 4. o
onpegesneHnto cybrpagneHTa:

f@g +1tv) = flzg) + (s, 0)

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O
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Cybpuddeperumnan guddeperymnpyemoii cpyHkumn
i Cybandbdepenumnan gudbcbepeHLmpyemoii yHKLMM
Mycte f : S — R — dyHkumns, onpegeneHHasi Ha MHoxecTBe S B eBknugosom npocTtpaHctee R™. Ecnm
xy € 1i(S) n f anddeperunpyema B Touke Ty, To Mmbo Af(zy) = 0, nnbo A f(xy) = {V f(z,)}. Bonee Toro,
ecnu pyHkuus f BbiNykna, TO NepBasi CUTyauunsi HEBO3MOXKHA.

[Ooka3atenbcrBo

1. NMyctb s € Of () ans Hekotoporo s € R™, otanyroro ot V f(x). Myctb v € R™ — eanHUYHbIG BeKTOp.
MockonbKy 2 — BHYTpeHHsist Touka S, cyuiecTyeT § > 0, Takoe 4To T +tv € S ans Beex 0 < t < 4. o
onpegesneHnto cybrpagneHTa:

f@g +1tv) = flzg) + (s, 0)

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O

42


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Cybpuddeperumnan guddeperymnpyemoii cpyHkumn
i Cybandbdepenumnan gudbcbepeHLmpyemoii yHKLMM

Mycte f : S — R — dyHkumns, onpegeneHHasi Ha MHoxecTBe S B eBknugosom npocTtpaHctee R™. Ecnm
xy € 1i(S) n f anddeperunpyema B Touke Ty, To Mmbo Af(zy) = 0, nnbo A f(xy) = {V f(z,)}. Bonee Toro,
ecnu pyHkuus f BbiNykna, TO NepBasi CUTyauunsi HEBO3MOXKHA.

[Ooka3atenbcrBo
1. NMyctb s € Of () ans Hekotoporo s € R™, otanyroro ot V f(x). Myctb v € R™ — eanHUYHbIG BeKTOp.
MockonbKy 2 — BHYTpeHHsist Touka S, cyuiecTyeT § > 0, Takoe 4To T +tv € S ans Beex 0 < t < 4. o

onpegesneHnto cybrpagneHTa:
flzo +tv) = flag) + t(s,v)

4YTO BJIEYET:

f(xg +tv) — flzg)
t
ans Beex 0 < t < 6. Mepexoas k npeaeny npu t — 0 1 ucnonb3ys onpeaeneHne rpagneHTa, noayyaem:

(Vo) = lim L@+t = f@o)

t—0;0<t<d t

> (s,v)

> (s,v)

‘f — min .
~ 2y BoHyc: pokagazenseTBa NP, P
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Cybpuddeperumnan guddeperymnpyemoii cpyHkumn
i Cybandbdepenumnan gudbcbepeHLmpyemoii yHKLMM

Mycte f : S — R — dyHkumns, onpegeneHHasi Ha MHoxecTBe S B eBknugosom npocTtpaHctee R™. Ecnm
xy € 1i(S) n f anddeperunpyema B Touke Ty, To Mmbo Af(zy) = 0, nnbo A f(xy) = {V f(z,)}. Bonee Toro,
ecnu pyHkuus f BbiNykna, TO NepBasi CUTyauunsi HEBO3MOXKHA.

[Ooka3atenbcrBo
1. NMyctb s € Of () ans Hekotoporo s € R™, otanyroro ot V f(x). Myctb v € R™ — eanHUYHbIG BeKTOp.
MockonbKy 2 — BHYTpeHHsist Touka S, cyuiecTyeT § > 0, Takoe 4To T +tv € S ans Beex 0 < t < 4. o

onpegesneHnto cybrpagneHTa:
flzo +tv) = flag) + t(s,v)

4YTO BJIEYET:

f(xg +tv) — flzg)
t
ans Beex 0 < t < 6. Mepexoas k npeaeny npu t — 0 1 ucnonb3ys onpeaeneHne rpagneHTa, noayyaem:

(Vo) = lim L@+t = f@o)

t—0;0<t<d t

> (s,v)

> (s,v)

‘f — min .
~ 2y BoHyc: pokagazenseTBa NP, P
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CxoamnMoCTb: BbINyKNbIA Cny4Yaii

i Theorem

Mycts f : R™ — R — Bbinyknas dyHKLUsS, N Mbl Ucnonb3yem cybrpagnenThbili metog. MMycts |gill < G
Ans Beex k, u |y — ¥ < R. Torga ans nyuiwero HaiiaeHHoro sHadenns dywkumm 5550 = ming_, o f(2)
CnpaBegneo:
2 211 2
fbest *f($*) < RE+G Zk:o Ak
T = T—1 :
2 Zkzo QO

Hoxasatensctso Bocnonbsyemcs onpesenennem wara cybrpafiieHTHOro METOAa Xy = Lf, — Gy W
HepaBeHCTBOM, onpegensiowm cybrpaaunent: f(a*) > f(xy,) + (g, ¢° — T1):

Hmk+1 - 1’*”2 = |2 — 2" — akgk-H2 =

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O
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CxoamnMoCTb: BbINyKNbIA Cny4Yaii

i Theorem

Mycts f : R™ — R — Bbinyknas dyHKLUsS, N Mbl Ucnonb3yem cybrpagnenThbili metog. MMycts |gill < G
Ans Beex k, u |y — ¥ < R. Torga ans nyuiwero HaiiaeHHoro sHadenns dywkumm 5550 = ming_, o f(2)

cnpaBsensinBo:

2 2 ~T-1 9

fbest _ f(%‘*) < R + G Zk:o ak

T — T-1 :
QZkZO o

Hoxasatensctso Bocnonbsyemcs onpesenennem wara cybrpafiieHTHOro METOAa Xy = Lf, — Gy W
HepaBeHCTBOM, onpegensiowm cybrpaaunent: f(a*) > f(xy,) + (g, ¢° — T1):

Hmk+1 - 1’*”2 = |2 — 2" — akgk-H2 =

= |z — 2*” + aillgpll* — 204 (gx, ), — *)

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O
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CxoamnMoCTb: BbINyKNbIA Cny4Yaii

i Theorem

Mycts f : R™ — R — Bbinyknas dyHKLUsS, N Mbl Ucnonb3yem cybrpagnenThbili metog. MMycts |gill < G
Ans Beex k, u |y — ¥ < R. Torga ans nyuiwero HaiiaeHHoro sHadenns dywkumm 5550 = ming_, o f(2)
CnpaBegneo:
2 211 2
fbest *f($*) < RE+G Zk:o Ak
T = T—1 :
2 Zkzo QO

Hoxasatensctso Bocnonbsyemcs onpesenennem wara cybrpafiieHTHOro METOAa Xy = Lf, — Gy W
HepaBeHCTBOM, onpegensiowm cybrpaaunent: f(a*) > f(xy,) + (g, ¢° — T1):

Hmk+1 - 1’*”2 = |2 — 2" — akgk-H2 =
= |z — 2*” + aillgpll* — 204 (gx, ), — *)
<oy — 2 + ajllgrl® — 204, (f () — f(2¥))

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O
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CxoamnMoCTb: BbINyKNbIA Cny4Yaii

i Theorem

Mycts f : R™ — R — Bbinyknas dyHKLUsS, N Mbl Ucnonb3yem cybrpagnenThbili metog. MMycts |gill < G
Ans Beex k, u |y — ¥ < R. Torga ans nyuiwero HaiiaeHHoro sHadenns dywkumm 5550 = ming_, o f(2)

cnpaBsensinBo:

2 2 ~T-1 9

fbest _ f(%‘*) < R + G Zk:o ak

T — T-1 :
QZkZO o

Hoxasatensctso Bocnonbsyemcs onpesenennem wara cybrpafiieHTHOro METOAa Xy = Lf, — Gy W
HepaBeHCTBOM, onpegensiowm cybrpaaunent: f(a*) > f(xy,) + (g, ¢° — T1):
lzpir — 2% = o — 2" — g, ]* =
= e — 2" + aflgp® — 204, (g 24 — 27)
<lop — 27 + ojllgel? — 205, (f(z)) — f(2*))
200 (f () = f(27)) < o — 2" = |2y — 277 + oZllgi)?

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa P00 O
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CxoamMocCTb: BbINyKAbIA cny4aii (A0kasaTensCcTso 2)
Mpocymmupyem HepaseHctso no k ot 0 go 7' — 1 n BOCnosib3yemMcsi NPefnoioKEHNEM HA OrPaHNYEHHOCTb HOPMbI

cybrpaaventa: |g;| < G:

T-1 -1
Z 20, (f(xy) = f(2*)) < oo — 2% — o — 2" + ) _ aflgwl?
k=0 k=0

‘fﬁfny“: Bonyc: pokasaTtensctsa @0 O
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CxoamMocCTb: BbINyKAbIA cny4aii (A0kasaTensCcTso 2)

Mpocymmupyem HepaseHctso no k ot 0 go 7' — 1 n BOCnosib3yemMcsi NPefnoioKEHNEM HA OrPaHNYEHHOCTb HOPMbI

cybrpaguenTa: |g,|| < G:

T-1 71
Z 20, (f(xy) = f(2*)) < oo — 2% — o — 2" + ) _ aflgwl?
=0 k=0
-1
< g — 22+ ol l?
=0

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoamMocCTb: BbINyKAbIA cny4aii (A0kasaTensCcTso 2)

Mpocymmupyem HepaseHctso no k ot 0 go 7' — 1 n BOCnosib3yemMcsi NPefnoioKEHNEM HA OrPaHNYEHHOCTb HOPMbI

cybrpaguenTa: |g,|| < G:

T-1 -1
Z 20, (f(xy) = f(2*)) < oo — 2% — o — 2" + ) _ aflgwl?
k=0 k=0
-1
< g — 22+ ol l?
=0
T-1
<R+ G* o}

k=0

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoamMocCTb: BbINyKAbIA cny4aii (A0kasaTensCcTso 2)

Mpocymmupyem HepaseHctso no k ot 0 go T — 1 1 BOCNO/b3yeMCsi NPEANONOKEHNEM HA OrPaHNHEHHOCTb HOPMbI
cybrpagmetTa: |g,| < G:

T-1 71
Z 20, (f(zy) — f(2*)) < oo — 2% — o — 2*|* + Z ailgrl?
=0

T-1
<l —** + Y oflgl?
k=0
T-1
<R+ G* o}
k=0
T-1
(foest — Z 20, < Z 204, (f(xy) — f(a*)) S R2+ G2 o}
k=0

‘f%?‘f}‘l Bonyc: pokasaTtensctsa P00 O
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CxoamMocCTb: BbINyKAbIA cny4aii (A0kasaTensCcTso 2)

Mpocymmupyem HepaseHctso no k ot 0 go T — 1 1 BOCNO/b3yeMCsi NPEANONOKEHNEM HA OrPaHNHEHHOCTb HOPMbI
cybrpagmetTa: |g,| < G:

T-1 71
Z 20, (f(zy) — f(2*)) < oo — 2% — o — 2*|* + Z ailgrl?
k=0

T—1
< g — 22+ ol l?
k=0
T—1
<R+ G* o}
k=0
T—1
(fhest — Z 201, < Z 204, (f(xy) — f(a*)) S R2+ G2 o}
k=0
DTO faeT OueHKy
R2 4+ G2 > a?
best *) < k )
fT f(l‘ ) = QZak

OTciofa cnepyeT cxopuMoCTb Mpu . a2 < 00, Y.y, = oo (war ybbiBaeT, HO He CAMLIKOM BbICTPO).

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa P00 O
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CxoamMMocCTb: BbiNyK/bliA CyYaid, NnpakTUYeckas cTpaTterus

i Theorem

I'Iy%Tb f — Bbinyknas G-nunwwuuesa dyvkuns u R = |z, — 2*|,. [ns ybbisatowel cTpaternn wara oy, =
Nt CyOrpaAneHTHbIE METOA YAOBNETBOPSIET

best g GR(2+ Ink)

OueHka cymm:

‘f%?‘f}‘l Bonyc: pokasaTtensctsa @0 O
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CxoamMMocCTb: BbiNyK/bliA CyYaid, NnpakTUYeckas cTpaTterus

i Theorem

I'Iy%Tb f — Bbinyknas G-nunwuuesa dyvkuns n R = |z, — 2*|,. [Ons ybbisatowel cTpaterun wara oy, =
Nt CyOrpaAneHTHbIE METOA YAOBNETBOPSIET

[t pary < GRR+E)

T 4AvE+1
OueHka cymm:
k—1 2 k 2 k—1 k k+1
R 1 R R R 1 2R
=23 1 m); =2 fz—/ La=Brrioy
=0 ' ? ; t ? i=0 G ; \/7 G 1 \/Z G
‘f%?‘f}‘l Bonyc: pokasaTtensctsa
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CxoamMMocCTb: BbiNyK/bliA CyYaid, NnpakTUYeckas cTpaTterus

i Theorem

Mycts f — Bbinyknas G-nunwuuesa dyHkuns n R = |z, — 2*||y. [ns ybbisatoweli cTpaterumn wara ay, =

R -
GUAT CybrpafiMeHTHbI METOA YAOBAETBOPSIET

best g GR(2+ Ink)

OueHka cymm:

k—1 2 k 2 k—1 k k+1
R 1 R R 1 R 1 2R
a2 = =5 - < (14 1Ink); o == 7>7/ —dt="(VE+1-1).
2:0Z 2;7’_ 2( ) ’L:OZ G;\/;_Gl i G( )
—1
R+ G o2
fbest _ f(ZIZ'*) < - =0
2 q
i=0

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoamMMocCTb: BbiNyK/bliA CyYaid, NnpakTUYeckas cTpaTterus

i Theorem

Mycts f — Bbinyknas G-nunwuuesa dyHkuns n R = |z, — 2*||y. [ns ybbisatoweli cTpaterumn wara ay, =

R -
GUAT CybrpafiMeHTHbI METOA YAOBAETBOPSIET

R = f@) <

OueHka cymm:

GR(2 + Ink)
4WE+1

_R AR 2R

R?2+ R*(1+1Ink)

k—1 2 k 2 k—1
R 1 R
a$:722g7(1+lnk), o
=0 i=1 =0
—1
R+ G o2
es * =0
fot = flat) < ———
2 q
1=0

‘f — min
Tz

Bonyc: pokasaTtensctsa

42(VE+1)
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CxoamMMocCTb: BbiNyK/bliA CyYaid, NnpakTUYeckas cTpaTterus

i Theorem

Mycts f — Bbinyknas G-nunwuuesa dyHkuns n R = |z, — 2*||y. [ns ybbisatoweli cTpaterumn wara ay, =

R -
GUAT CybrpafiMeHTHbI METOA YAOBAETBOPSIET

best g GR(2+ Ink)

OueHka cymm:

k—1 2 k k k+1
R 1 R R 1 R 1 2R

R2 G2 2
O _ R+ R(1+lnk) _ GR2+Ink)

best __ *) < =0 _
= T IV e
=0 ’

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CunbHo Bbinyknas Hernapgkasa gyHKUnA

i Theorem

nyCTb f —_— /,L-CVIJ'leO Bbll'lyKJ'Iaﬂ Ha BbII'IyKJ'IOM MHOXECTBE U T, y — NPOU3BOJIbHbIE TOYKN. Torp,a ans J'HO6OFO
g€ of(x), p
(g2 =y) = fl@) = fly) + Sz = yl*

[OokasatenbcTBo

1. Ons noboro A € [0,1), n3 p-cunbHoii BeINykaOCTY,

FOe + (1= Ny) <M (@) + (1= Nf(y) = 5ML = Ve —yl

‘f% 5“4}‘3 Bonyc: pokasaTtensctsa P00 O
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CunbHo Bbinyknas Hernapgkasa gyHKUnA

i Theorem

nyCTb f —_— /,L-CVIJ'leO BbII'IyKJ'Iaﬂ Ha BbII'IyKJ'IOM MHOXECTBE U T, y — NPOU3BOJIbHbIE TOYKN. Torp,a ans J'HO6OFO
g€ of(x), p
(g2 =y) = fl@) = fly) + Sz = yl*

[OokasatenbcTBo

1. Ons noboro A € [0,1), n3 p-cunbHoii BeINykaOCTY,

FOe + (1= Ny) <M (@) + (1= Nf(y) = 5ML = Ve —yl

2. W3 nepaBencTBa cybrpagueHTta B x, Mbl Nosiy4aem

fOr+ (A =Ny) = f(@)+ (g e+ (A =Ny—z) — [fQz+1=Ny) > fz) - 1= {gz—y).

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa P00 O
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CunbHo Bbinyknas Hernapgkasa gyHKUnA

3. Takum obpasom,
f@) = (1= Mg, =) S M) + (1= NF@) = EAQ = Ve —y?
(L= X)f(@) < (1= NF) + (1= Vg, —y) = EAQL= Ve —y?

J@) < F) + (g, = 9) = KXo — y?

J — min .
2,9,z Bonyc: pokasaTtensctsa
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CunbHo Bbinyknas Hernapgkasa gyHKUnA

3. Takum obpasom,
f@) = (1= Mg, =) S M) + (1= NF@) = EAQ = Ve —y?
(L= Nf(@) < L= X)f() + (1= N{g.z —y) = FML= Ve —y?
J@) < F) + (g, = 9) = KXo — y?

4. Tepexops k npegeny npu A — 17 nonyyaem
) < fy)+ (g2 —y) — Sle—yl* = (9,2 —y) > f(x) — f(y) + 5l —yl*.

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai
i Theorem
Mycte f — p-cnnbHo Bbinykaas dyHKuns (BO3MOXHO Hernagkasi) ¢ muHumymom z*. [pegnonoxum, 4to
cybrpaameHThl orpaHnyerbl Ha Tpaektopun: ||gi | < G. Wicnonbsys war oy = ﬁ cybrpagueHTHbIN MeTop,
rapanTupyet ans k > 0 yto:

2G?

Jpet— far) < Tk

[OokasatenbcrBo

1. Haunem c dopmynnpoBku MeToga Kak paHbLUe:

— min
‘f 2,9,z Bonyc: pokasaTtensctsa

48
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

i Theorem

Mycte f — p-cnnbHo Bbinykaas dyHKuns (BO3MOXHO Hernagkasi) ¢ muHumymom z*. [pegnonoxum, 4to

cybrpaameHThl orpaHnyerbl Ha Tpaektopun: ||gi | < G. Wicnonbsys war oy = ﬁ cybrpagueHTHbIN MeTop,

rapanTupyet ans k > 0 yto:

fbest f( *) < 2G2
— x —.

[OokasatenbcrBo

1. Haunem c dopmynnpoBku MeToga Kak paHbLUe:

|z — 2 = oy, — 2" — ayg, | =

— min
‘f 2,9,z Bonyc: pokasaTtensctsa

48
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

i Theorem

Mycte f — p-cnnbHo Bbinykaas dyHKuns (BO3MOXHO Hernagkasi) ¢ muHumymom z*. [pegnonoxum, 4to

cybrpaameHThl orpaHnyerbl Ha Tpaektopun: ||gi | < G. Wicnonbsys war oy = ﬁ cybrpagueHTHbIN MeTop,

rapanTupyet ans k > 0 yto:

fbest f( *) < 2G2
— x —.

[OokasatenbcrBo

1. Haunem c dopmynnpoBku MeToga Kak paHbLUe:
lwpi — 27 = oy — 27 — apgel® =

= |y, — 2** + aillgxl® — 20 (gp, 7 — =)

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

i Theorem
Mycte f — p-cnnbHo Bbinykaas dyHKuns (BO3MOXHO Hernagkasi) ¢ muHumymom z*. [pegnonoxum, 4to
cybrpagmneHTsl orpaHuyensl Ha Tpaektopum: |g.| < G. Wcnonbsys war a; = ﬁ cybrpagmeHTHbIA MeTog,
rapanTupyet ans k > 0 yto:
fbest f( *) < 2G2
— f(x —_—

[OokasatenbcrBo
1. Haunem c dopmynnpoBku MeToga Kak paHbLUe:
J2y — 27 = o — 2" — gy =
= [y, — 2 + i llgil® — 204 (gp, 24 — %)

< oy — 2% + agllgl® — 200 (f () — f(2")) — agplay — 2

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

i Theorem
Mycte f — p-cnnbHo Bbinykaas dyHKuns (BO3MOXHO Hernagkasi) ¢ muHumymom z*. [pegnonoxum, 4to
cybrpagmneHTsl orpaHuyensl Ha Tpaektopum: |g.| < G. Wcnonbsys war a; = ﬁ cybrpagmeHTHbIA MeTog,
rapanTupyet ans k > 0 yto:
fbest f( *) < 2G2
— f(x —_—

[OokasatenbcrBo
1. Ha‘-IHeM C CbOpMyJ'II/IpOBKI/I METOAa KaK paHblle:
|21 — 21 = oy — 2% — agge® =
=z — 2*? + aillgrl® — 20 gy, z), — =)
< e = 2*1? + afllgel? — 200 (f () — f(2¥)) — el — 2|2
= (1= poy) |z, — 2*1? + o lgl® — 204, (f (1) — f(*))

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

i Theorem
Mycte f — p-cnnbHo Bbinykaas dyHKuns (BO3MOXHO Hernagkasi) ¢ muHumymom z*. [pegnonoxum, 4to
cybrpagmneHTsl orpaHuyensl Ha Tpaektopum: |g.| < G. Wcnonbsys war a; = ﬁ cybrpagmeHTHbIA MeTog,
rapanTupyet ans k > 0 yto:
fbest f( *) < 2G2
— f(x —_—

[OokasatenbcrBo
1. Haunem c dopmynnpoBku MeToga Kak paHbLUe:
|21 — 21 = oy — 2% — agge® =
=z — 2*? + aillgrl® — 20 gy, z), — =)
< e = 2*1? + afllgel? — 200 (f () — f(2¥)) — el — 2|2
= (1= poy) |z, — 2*1? + o lgl® — 204, (f (1) — f(*))
20 (f(2p) — f(@*) < (1= poy)zy — 27 = zgy — 2* 1 + o lgil?

‘f% 5‘5}‘3 Bonyc: pokasaTtensctsa @0 O
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

i Theorem
Mycte f — p-cnnbHo Bbinykaas dyHKuns (BO3MOXHO Hernagkasi) ¢ muHumymom z*. [pegnonoxum, 4to
cybrpagmneHTsl orpaHuyensl Ha Tpaektopum: |g.| < G. Wcnonbsys war a; = u(k2+1)' cybrpagmeHTHbIA MeTog,
rapanTupyet ans k > 0 yto:
fbest f( *) < 2G2
— f(x —_—

[OokasatenbcrBo

1. Ha'-IHeM C CbOpMyﬂleOBKVl MEeTOo[a Kak paHbLlJe:
|2psr — 27 = 2y — 2* — oggpl® =
=z — 2*? + aillgrl® — 20 gy, z), — =)
<y — 2 + aGllgnl? — 204, (f () — f(2*) — aplzy, — 2|
= (1 — pay,)|zy, — 2* > + o lgpl® — 204 (f (=) — f(27))
2ay, (fag) = f(2%) < (1= pay) |y, — 2% — |2y — 27 + aflgxl?

. 1— poy, 1 . oy,
flzy) = fa7) < ank o EHIM — 2"+ S lgul?

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

—_ 2 .
2. MNopcTaBum war oy, = (ki) B HepaseHcTgo:

f — min .
2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. TloACTaBUM War aj, = —2— B HEPABEHCTBO:

p(k+1)
o) — flay < PE D gy g

f — min .
2,9,z Bonyc: pokasaTtensctsa

kE+1)

4

[
k+1 m

1
(k+1)

“ng2
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = #(%H) B HEPaBEHCTBO:
o < E=1)
flay) = fla") < TH% -
k—1
o) — fla)y < HEZD

B, /— min

Bonyc: pokasaTtensctsa

), —

. wk+1
wrpp - 0L

4

e ME+T
wpp - METD

4

lepsn — 22 +
k+1 L

. 1
|z — 2 + @”91@”2

1
(k+1)

H%HQ
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B, /— min

CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = B HEPaBEHCTBO:

o) — flay < POV,

2
p(k+1)

fag) — fam) < ME=D

k(f(xy) — f(27))

7N

Bonyc: pokasaTtensctsa

-

. pk(k+1
e kD)

1
k2 - 2
1 |z — 2| + u(k+ 1) gl
kE+1) . 1
R

1
lzin =212 + —lgil?
4 k+1 u k
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B, /— min

CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = B HEPaBEHCTBO:

o) — flay < POV,

2
p(k+1)

fag) — fam) < ME=D

k(f(xy) — f(27))

7N

Bonyc: pokasaTtensctsa

-

. pk(k+1
e kD)

1
k2 - 2
1 |z — 2| + u(k+ 1) gl
kE+1) . 1
R

1
lzin =212 + —lgil?
4 k+1 u k
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‘f — min
Tz

CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = B HEpPaBeHCTBO!

p(k—1)

2
p(k+1)

flzy) = f(z*) < TH% -

fag) — fam) < ME=D

k(f(xy) — f(27))

7N

3. Cymmupys HepaBeHcTBa st Bcex k=0, 1, ...

Bonyc: pokasaTtensctsa

. pk(k+1
e kD)

2 ME+1) 2 1 2
o= 2 o =P+ sl
a2 ME+T) . 1
o~ o — 0P+l

1
lzin =212 + —lgil?
4 k+1 u k

, " — 1, Mbl nonyyaem:
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = #(%H) B HEpPaBeHCTBO!
o) = ) < HE D = M D
O e (o W LU AL
b - 1) < PO oy —arpp - I D g oot L
3. Cymmupys HepaseHcTtBa gisi Bcex k= 0,1,...,7 — 1, Mbl nony4yaem:

T-1 _ T-1
S k(f) — e <0 PO e e LS 2
k=0 gy

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = #(%H) B HEpPaBeHCTBO!
o o HE—1) a2 ME+1) . 1
flay) = fl@") < =z, —z (e g Tk 2 I*+ m”ngQ
o o wk—=1) a2 ME+1) ) 1
fla) = f(a) < B = = P =2l
oy o HE(E—1) a2 ME(E+1) 2 4 L
E(fa) — £@) € BEET e — 2 T = o
3. Cymmupys HepaseHcTtBa gisi Bcex k= 0,1,...,7 — 1, Mbl nony4yaem:
T—1 T—1 2
. w(T—-1)T ; 1 G°T
D k(f(ay,) = f(a) <0— M=+ Do lgl? < —
k=0 gy H

i
‘f nin Bonyc: pokasaTtensctsa PO
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = ﬁ B HEpPaBeHCTBO!

x;) — f(z* Siu(k_l)x —x*2—7u(k+1)z —$*2+71 aul?
oy o k=1 a2 ME+1 ) 1
O e (o W LU AL
k(-1 o pk(k+1 o1
b - 1) < PO oy —arpp - I D g oot L

3. Cymmupys HepaseHcTtBa gisi Bcex k= 0,1,...,7 — 1, Mbl nony4yaem:

T-1 o T-1 G2
E(fa) — ) <0 P e g g e < T
k=0 gy H
T-1 T-1
(f5 — f(a")) k= k(5 — f(a"))
k=0 k=0

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = ﬁ B HEpPaBeHCTBO!

x;) — f(z* Siu(k_l)x —x*2—7u(k+1)z —$*2+71 aul?
oy o k=1 a2 ME+1 ) 1
O e (o W LU AL
k(-1 o pk(k+1 o1
b - 1) < PO oy —arpp - I D g oot L

3. Cymmupys HepaseHcTtBa gisi Bcex k= 0,1,...,7 — 1, Mbl nony4yaem:

T—1 o T—1 2
k(f(zy) = f() <0— MHJJT —z*|* + 1 > lawl® < ¢r
k=0 1% k=0 1%
T-1 T-1 T—1
(8= = F@) D k=Y k(5 = f@9) <Y k(f(ay) = f(a*))
k=0 k=0 k=0

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = ﬁ B HEpPaBeHCTBO!

k—1 k+1
o) = fa) < M g —orpp - M gy e

4
flo) — fay < PE D gy gepe 20D
s — g < EZ gy, g 1M

3. Cymmupys HepaBeHcTBa asist Bcex k=0, 1,

k(f(ay) — ) <0 ME

T-1
k=0
T-1 71

( %ejtl_f(ﬂv*)) k= k( é’fiﬁ—f
k=0 k=0

— min
‘f 2,9,z Bonyc: pokasaTtensctsa

=
L

1 2
*(|12 1 2
|z — 2" + %”91@“
k+1)

1
— leen =21+ gl
4 k+1 Pl

.., I"— 1, mMbl nonyyaem:

nT

- 1 G?T
— |z —z* 24 = g 2<—=
1 |z [ m kE:O gl m

(@) < 3 k(f(zy) - far) < L

o
Il

0

I
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = ﬁ B HEpPaBeHCTBO!

x;) — f(z* Siu(k_l)x —x*2—7u(k+1)z —$*2+71 aul?
oy o k=1 a2 ME+1 ) 1
O e (o W LU AL
k(-1 o pk(k+1 o1
b - 1) < PO oy —arpp - I D g oot L

3. Cymmupys HepaseHcTtBa gisi Bcex k= 0,1,...,7 — 1, Mbl nony4yaem:

T—1 o T—1 2
k() fa) <0 P g ey LS g2 < €1
k=0 1% k=0 1%
T-1 T-1 T—1 T
(F3 = (@) ) k=) k(¥ — fz) < ) k(f(z)) = f(z")) <
k=0 k=0 k=0 ]
G2T

best *
7o — @) £ —7 5
Yook

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = ﬁ B HEPaBEHCTBO:

o) — fary < PEZD e D) P — g |?
oy o k=1 a2 ME+1 ) 1
O e (o W LU AL
k(-1 o pk(k+1 o1
b - 1) < PO oy —arpp - I D g oot L

3. Cymmupys HepaseHcTtBa gisi Bcex k= 0,1,...,7 — 1, Mbl nony4yaem:

T-1 o T-1 GQ
E(fa) — ) <0 P e g g e < T
k=0 gy H
T-1 T-1 T-1 G2T
(85— Fa) Sk = SR — 167) < k() — @) <
k=0 k=0 k=0 K
bt f() < G*T 2G*T

TaX ok HT(T=1)

— min
‘f 2,9,z Bonyc: pokasaTtensctsa
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CxoaMMOCTb: CUBHO BbINYKbIA Cny4ai

2. MNopcTaBum war oy, = ﬁ B HEPaBEHCTBO:

o) — fary < PEZD e D) P — g |?
oy o k=1 a2 ME+1 ) 1
O e (o W LU AL
k(-1 o pk(k+1 o1
b - 1) < PO oy —arpp - I D g oot L

3. Cymmupys HepaseHcTtBa gisi Bcex k= 0,1,...,7 — 1, Mbl nony4yaem:

T-1 T-1 2
T—-1)T 1 G°T
E(fa) — ) <0 P e g g e < T
k=0 gy H
T-1 T-1 T-1 G2T
(85— Fa) Sk = SR — 167) < k() — @) <
k=0 k=0 k=0 K
G*T 2G*T 2G?
%eia — flz") <

— min
‘f 2,9,z Bonyc: pokasaTtensctsa

< — best —f(l'*) S /=~
pSi ok HT(T—1) i
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B, /— min

[BoiiHoii bonyc: HuxHue oueHkn

OBoiiHoi 6oHyc: HuxxHne oueHkn
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Hu>xHune oueHkn

BbINyKJble (Hernagkue) rnagkme un rNajKne U CUbHO Bbinykble (1am
6 rnagkue (Hesbinyknbie)’ Boinyknbie? PL)!

() o) olh) ()

kENO(EiQ) kENO(%> kaw(?(%) k8~(9<\/ﬁlog§)

Nesterov, Lectures on Convex Optimization
7Carmon, Duchi, Hinder, Sidford, 2017
8Nemirovski, Yudin, 1979

‘f% 5“.}‘3 [BoiiHoii bonyc: HuxHue oueHkn P00 O


https://fmin.xyz/assets/files/Nesterov_the_best.pdf
https://arxiv.org/pdf/1710.11606.pdf
https://fmin.xyz/assets/files/nemyud1979.pdf
https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Mogenb yepHoro awwmka

WTepauus rpagneHTHOro cnycka:

— min (SR
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn

Ty = — o,V f(zy)
=T — o1 V(pq) —Vf(zy)

k
=g — Z o V(@)
i=0

52
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Mogenb yepHoro awwmka

WTepauus rpagneHTHOro cnycka:

Ty = — o,V f(zy)
=T — o1 V(pq) —Vf(zy)

k
=Ty — E . Vf(rg_,)
i=0
PaccmoTpum cemelicTBO MeTOLOB MepBOro Nopsifka, rae

Tppy € xg +span{Vf(zy), Vf(zy), ...,V f(z)} [ - smooth
Zpyq € g +span{gg, gy, .-, g}, where g; € 0f(z;)  f - non-smooth

— min -
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn
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Mogenb yepHoro awwmka

WTepauus rpagneHTHOro cnycka:

Ty = — o,V f(zy)
=T — o1 V(pq) —Vf(zy)

k
=g — Z o V(@)
i=0

PaccmoTpum cemelicTBO MeTOLOB MepBOro Nopsifka, rae

Ty € zg +span{Vf(zy), Vf(z),...,Vflzy)} f - smooth
Zpyq € g +span{gg, gy, .-, g}, where g; € 0f(z;)  f - non-smooth

[ns nonyyeHnst HUXKHER OLEHKU MOCTPOUM «XyALWwyto» (byHKUMIO f U3 COOTBETCTBYIOLLEro Kacca, Ha KOTOPOIi
noboii meTog us cemelicTea YpaBHeHue 1 CxoanTcst MegeHHO.

— mi -
‘f 5“4}‘} [BoiiHoii bonyc: HuxHue oueHkn DO
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Hernapgkuin Bbinykblii cny4yai

i Theorem

CywectsyeT dyHkuus f, koTopas seasietrcs G-nunwnueBsoii n BLINYKION, Takas, 4To ntoboii MmeTog VpasHerue 1
YAOBNETBOPSIET

. . GR
in, fle) = min J@) 2 578

ansg R > 0wn k <n, rge n — pa3mepHOCTb 3agayn.

‘f% 5“4}‘} [BoiiHoii bonyc: HuxHue oueHkn P00 O
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Hernapgkuin Bbinykblii cny4yai

i Theorem

CywectsyeT dyHkuus f, koTopas seasietrcs G-nunwnueBsoii n BLINYKION, Takas, 4To ntoboii MmeTog VpasHerue 1
YAOBNETBOPSIET

. . GR
in, fle) = min J@) 2 578

ans R >0 wun k <n, rae n — pa3mepHOCTb 3agauu.
Npes pokasatenbcrea: nocTpouTb Takyto doyHkumio f, 4to ans noboro metoga YpasHenue 1 nonydaem
x), € span{eq,eq, ..., €5}

roe e; — i-ii cTaHAapTHbI 6a3ncHblii BekTop. Ha nTepaumn k < n, ecTb no kpaiieii Mepe n — k koopguHaTt z,
paBHbix 0. DTO NO3BOASIET HaM MOJYYNUTb OLEHKY Ha OLWNOKY.

‘f% 5‘5}‘3 [BoiiHoii bonyc: HuxHue oueHkn P00 O
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Paccmotpum dyHkumto:

rae o, 8 € R — napametpsi, n 21, ... 2l

— min [
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn

k)

— @ 1 %2
f(z) 5112%93 + 5 lzlz,

— nepBble kK KOMMOHEHT .
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Paccmotpum dyHkumto:

— @ 1 %2
f(z) 5121?;;93 + 5 lzlz,

rae a, B € R — napameTpbl, u 20 , k) — nepeble kK KOMMOHEHT .

CeoiictBa:

® ®yukums f(z) ABAAETCH Q-CUNBHO BBINYKNON W3-3a KBaAPaTU4HOrO YneHa g [z(3.

— min -
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Paccmotpum dyHkumto:
_ G o X2
r) = p max r\"’ + |5,
(@) = 8 puax a9 + 5 ol
rae a, B € R — napameTpbl, u 20 , k) — nepeble kK KOMMOHEHT .

CeoiictBa:

® ®yukums f(z) ABAAETCH Q-CUNBHO BBINYKNON W3-3a KBaAPaTU4HOrO YneHa g [z(3.
® DyHkuyns Hernagkasl, NOCKOMbKY NepBoe cnaraemoe BHOCUT HeandepeHLnpyeMocTb B TOHKe, COOTBETCTBYOLEN
MaKCUMaBHON KOOpANHATE T
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Paccmotpum dyHkumto:
_ G o X2
r) = p max r\"’ + |5,
(@) = 8 puax a9 + 5 ol
rae a, B € R — napameTpbl, u 20 , k) — nepeble kK KOMMOHEHT .

CeoiictBa:

® ®yukums f(z) ABAAETCH Q-CUNBHO BBINYKNON W3-3a KBaAPaTU4HOrO YneHa g [z(3.
® DyHkuyns Hernagkasl, NOCKOMbKY NepBoe cnaraemoe BHOCUT HeandepeHLnpyeMocTb B TOHKe, COOTBETCTBYOLEN
MaKCUMaBHON KOOpANHATE T

‘f% 5‘5}‘3 [BoiiHoii bonyc: HuxHue oueHkn @0 O 54


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Paccmotpum dyHkumto:
_ G o X2
r) = p max r\"’ + |5,
(@) = 8 puax a9 + 5 ol
rae a, B € R — napameTpbl, u 20 , k) — nepeble kK KOMMOHEHT .

CeoiictBa:

® ®yukums f(z) ABAAETCH Q-CUNBHO BBINYKNON W3-3a KBaAPaTU4HOrO YneHa g [z(3.
® DyHkuyns Hernagkasl, NOCKOMbKY NepBoe cnaraemoe BHOCUT HeandepeHLnpyeMocTb B TOHKe, COOTBETCTBYOLEN
MaKCUMaBHON KOOpANHATE T

Paccmotpum cybanddeperunan f(z) B a:
- (i) gy
0f(x) =0 (B max 2 +0 (G s13)

= 30 (max x@) +ax

1<i<k

= fconv {ei |i:2® = maxac(j)} +az
J
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Paccmotpum dyHkumto:

— @ 1 %2
f(z) Briliagxw + 5 lzlz,

rae a, B € R — napameTpbl, u 20 , k) — nepeble kK KOMMOHEHT .

CeoiictBa:

® ®yukums f(z) ABAAETCH Q-CUNBHO BBINYKNON W3-3a KBaAPaTU4HOrO YneHa g [z(3.
® DyHkuyns Hernagkasl, NOCKOMbKY NepBoe cnaraemoe BHOCUT HeandepeHLnpyeMocTb B TOHKe, COOTBETCTBYOLEN

MaKCUManbHO KOOpANHaTE .

Paccmotpum cybanddeperunan f(z) B x
0f(x) =0 (B max 2 +0 (G s13)

—Ba(maxw >) + ax

1<i<k

=5€0nv{ei |i:2® = maxzl )} +az
J

— min -
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn

Nerko Bugets, 4to ecnn g € Of(z) n |z| < R, To
lgl < aR+p

Taknm obpasom, f aensetca aR + [-aunwuuesoii Ha
B(R).
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

[anee onuwem opakyn nepsoro nopsigka ans 31oii pyHkuuu. lNpn 3anpoce cybrpagnerTa B ToUke T Opaky”n
BO3BpaLLaeT:
az + e,

rge 1 — HAUMEHbLUWNII WHOEKC, Ha KOTOPOM AOCTUTa€TCA MaKCUMyM I(Z) = max1<]-<k ZL‘<J>

® [lyctb 2y = 0.

‘f - 5“4}‘} [BoiiHoii bonyc: HuxHue oueHkn DO
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

[anee onuwem opakyn nepsoro nopsigka ans 31oii pyHkuuu. lNpn 3anpoce cybrpagnerTa B ToUke T Opaky”n
BO3BpaLLaeT:
az + e,

rge 1 — HAUMEHbLUWNII WHOEKC, Ha KOTOPOM AOCTUTa€TCA MaKCUMyM I(Z) = max1<j<k ZL‘<J>

® [lyctb 2y = 0.
® [lpu 3anpoce opakyna B x = 0, oH Bo3BpawaeT e;. CnefoBaTeNbHO, L1 NEXNT Ha NPSIMON, NOPOXAEHHOI €.

‘f% 5“4}‘} [BoiiHoii bonyc: HuxHue oueHkn P00 O

55


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

[anee onuem opakysn nepeoro nopsifka ans stoit pyHkumu. Mpn 3anpoce cybrpaguenTa B ToUke T opaky”n
BO3BpaLLaeT:
az + e,
rAe i — HauMeHbLMIT NHAEKC, HAa KOTOPOM AOCTUraeTcst Makcumym (¥ = max; .y, z),
® [lyctb 2y = 0.
® [lpu 3anpoce opakyna B x = 0, oH Bo3BpawaeT e;. CnefoBaTeNbHO, L1 NEXNT Ha NPSIMON, NOPOXAEHHOI €.
® ViHaykuneii no i MOXHO NokasaTb, 4To x; € span{ey, ..., e;}. B vactHoctu, gns i < k, k + 1-2 koopannata x;

paBHa Hy/IO 1 BCieACTBUE CTPYKTYpbl f(2):
f(z;) = 0.
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)
® Haligem muHnmym dyHkuun f. Onpegennm Touky y € R™:

ym:—% for 1 <i <k, y D=0 fork+1<i<n.
«

— min (SR
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

® Haligem muHnmym dyHkuun f. Onpegennm Touky y € R™:

ym:—% for1 <i <k, y(i):O fork+1<i<n.
«

® 3amerum, 4to 0 € O f(y):

8f@)=ay+ﬁcmW{%\i=M“=HmX¢”}
J

=ay+ Beonv{e, | iy =0}
0€df(y).

— min (SR
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

® Haligem muHnmym dyHkuun f. Onpegennm Touky y € R™:

ym:—ﬁ for1 <i <k, y(i):O fork+1<i<n.

® 3amerum, 4to 0 € O f(y):
5f@)=ay+ﬁcmw{g\i:¢ﬂznmx¢ﬁ}
j

=ay+ Beonv{e, | iy =0}
0€df(y).

® CnepoBaTenbHo, MuHuMansHoe 3Hadedune f = f(y) = f(a*) paeHo
62

B B
T ==k "2 W% = 2ak

— min -
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)
® Haligem muHnmym dyHkuun f. Onpegennm Touky y € R™:

ym:—ﬁ for1 <i <k,
ak

® 3amerum, 4to 0 € O f(y):
j

=ay+ Beonv{e, | iy =0}

0€df(y).
® CnepoBaTenbHo, MuHuMansHoe 3Hadedune f = f(y) = f(a*) paeHo
2, 2 2
=2t
® Tenepb Mbl NoNy4aem:
o) = 20 (-2 2 2
‘ - 20k ) ~ 2ak

— min -
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn

y D=0 fork+1<i<n.
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Vmeem ouenky chusy f(z;) — f(z*) >

GR
2(1+Vk) "

— min [
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn

82
20k’

470 (NpW npaBunbHOM BbIBOpe NapameTpoB) coBnagaet ¢ Tpebyemoli
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Hernapgkuin Bbinykblii cny4yai

WNwmeem ouenky chusy f(z;) — f(z*) > %
_GR__
2(1+Vk)

Boinyknblii cnyyaii

(nokasatenbcTso)

470 (NpW npaBunbHOM BbIBOpe NapameTpoB) coBnagaet ¢ Tpebyemoli

o= ¢ 1 8= vk
R1+Vk 1+ Vk

#  GRk

20 2(1+ k)
3ametum, B actHocTy, uTo ||y|3 = f;k = R2 c sTumn
napameTpamu

. B2 GR
N flx)> = T

‘f — min
Tz

[BoiiHoii bonyc: HuxHue oueHkn
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Hernapkuin Bbinyknbii cnyyaii (AoKka3aTenbCcTeo)

Vimeem ouenky chusy f(z;) — f(z*) > %
GR

470 (NpW npaBunbHOM BbIBOpe NapameTpoB) coBnagaet ¢ Tpebyemoli
2(1+Vk)

Boinyknblii cnyyaii

G 1 N

o= — =
Rivvi "G VA

#  GRk

20 2(1+ k)
3ametum, B actHocTy, uTo ||y|3 = f;k = R2 c sTumn
napameTpamu

. B2 GR
N flx)> = T

‘f — min
Tz

[BoiiHoii bonyc: HuxHue oueHkn

CunbHO BbINYKAbLIA Ciyyaii

G G
a=—2 g=2=
2R 2
2_ B _ G _ p2
3ametum, B HacTHocTw, uTo ||yl3 = Lo = 153 = R% ¢
3TUMU NapameTpamu

2
min f(z;) — fa*) > O

1<i<k 8ak
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Ccbinkn

® Subgradient Methods Stephen Boyd (with help from Jaehyun Park)

— min -
‘f 2,9,z [BoiiHoii bonyc: HuxHue oueHkn
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