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HOprI He ABNAI0TCA rMmaakmmm
min f(z),

TzeR™

PaccmoTpum 3agauy Bbinykion ontumusaumun. bygem cumtatb f(x) BbIMYK/OW, HO He 0613aTENbHO FNagKown.
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PrcyHOK 1. KOHyCbl HOPM 4151 pasHbIX P-HOPM He ABAAKTCA rMagKumm



Mpumep Bynboa R
Wolfe's example
60
L 40

r 20

=20

PucyHok 2. Mpumep Byrbda. BOTKpITE B Colab


https://colab.research.google.com/github/MerkulovDaniil/optim/blob/master/assets/Notebooks/subgrad.ipynb

BbluucneHue cybrpagueHTa



JInHeMHasa HNXKHSAS oL eHKa A BbiNyKIibiX GYHKLUA Ry

BaxxHoe CBOMCTBO BbINyKI0N GyHKLMMN f(T) ons
NOBOM TOYKMN T M Ans BCcex & € dom f BbinonHsieTcs
HepaBeHCTBO:

f(@) > f(xo) + (9,7 — x()
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PucyHok 3. Annpokcumauus Tenopa nepBoro nopsiaka Crny>xuT rnobanbHom
HWXKHEWN OLIEHKOW A5 BbIMYKION GYHKLMM
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PucyHok 3. Annpokcumauus Tenopa nepBoro nopsiaka Crny>xuT rnobanbHom
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BaxxHoe CBOMCTBO BbINyKI0N GyHKLMMN f(T) ons
NOBOM TOYKMN T M Ans BCcex & € dom f BbinonHsieTcs
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[Nt HEKOTOPOro BEKTOPa ¢, TO eCTb KacaTenbHas K
rpaduky GyHKUNM SBNSETCS r71060/IbHOM HUXHEN
OLEeHKOM ANna GyHKUMK.

« Ecnm f(z) addeperumpyema, o g = V f ().
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onddepeHLmpyembl.
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PucyHok 3. Annpokcumauus Tenopa nepBoro nopsiaka Crny>xuT rnobanbHom
HWXKHEWN OLIEHKOW A5 BbIMYKION GYHKLMM

BaxxHoe CBOMCTBO BbINyKI0N GyHKLMMN f(T) ons
NOBOM TOYKMN T M Ans BCcex & € dom f BbinonHsieTcs
HepaBeHCTBO:

f(@) > f(xo) + (9,7 — x()

[Nt HEKOTOPOro BEKTOPa ¢, TO eCTb KacaTenbHas K
rpaduky GyHKUNM SBNSETCS r71060/IbHOM HUXHEN
OLEeHKOM ANna GyHKUMK.
« Ecnm f(z) addeperumpyema, o g = V f ().
« He Bce HenpepbiBHbIE BbINyKIble GpYHKLMN
onddepeHLmpyembl.
Mbl XOTUM COXpPaHWUTb 3TO NOME3HOE CBOMUCTBO U Ais
Hernagknx GyHKUMN.



Cy6rpagueHT u cyoaudpepeHyman
BekTop g Ha3biBaeTCH cy6rpagueHTom GyHKLMN f(L) : S — R B Touke T, ecnu Vr e S:

f(@) = flao) + (9,2 — x)



Cy6rpagmeHT u cy6pnddpepeHumnan R
BekTop ¢ Ha3biBaeTcs cy6rpapmenTom dyHkumm f(x) : S — R B Touke x, ecin Vo € S:
£(a) = flag) + (9.2 — x0)

MHo>ecTBO BCex cybrpagneHToB GyHKLUMM f(x) B TOUKE X Ha3biBaeTcA cy6anpdepeHumnanom GpyHKLMM f B TOUKE T ¥ 0603HavaeTcA

of (zg)-



Cy6rpagmeHT u cy6pnddpepeHumnan R
BekTop ¢ Ha3biBaeTcs cy6rpapmenTom dyHkumm f(x) : S — R B Touke x, ecin Vo € S:
£(a) = flag) + (9.2 — x0)

MHo>ecTBO BCex cybrpagneHToB GyHKLUMM f(x) B TOUKE X Ha3biBaeTcA cy6anpdepeHumnanom GpyHKLMM f B TOUKE T ¥ 0603HavaeTcA

of (zg)-

A g f@ Yy f(z) Ip f(z)
[ ] {_92} 0f(zo) = [915 92
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PucyHok 4. Cy6anddepeHLman — 3T0 MHOXECTBO BCEX BO3MOXHbIX Cy6rpagneHToB



Cy6rpagueHT u cyoaudpepeHyman

Haigure O f (z), ecnn f(x) = ||



Cy6rpagueHT u cyoaudpepeHyman

Haitgute 0 f (), ecnu f(z) = |z|

f(z) = || of ()
1
0 :c; 0 a:;
—1




CsouctBa cy6andppepeHumana

« Ecnm gy € 1i(S), To O f () ABNSIETCS BbINYKIbIM KOMMAKTHBIM MHOXECTBOM.
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AnddepeHLmMpyema B Touke T, To 6o O f (x,) = 0, 6o df (z,) = {V f(x,)}. Bonee Toro, ecnn ¢pyHkums f BbiMykna, To nepsas
CUTYyaLs HEBO3MOMXHa.
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BbiuncneHue cyoguopdpepeHumanos

Teopema Mopo — Pokadennapa (cy6onddepeHuman
JIMHENHON KOMGUHALIMN)

MycTsb f; () — BbINYKAbIE GYHKLMW Ha BbIMYKIbIX MHOXECTBaX

n
S;, © = 1,...,n. Torga ecim () ri(S;) # 0, To dpyHkuns
i=1
n

flx) = > a;f;(x), a; > 0 umeer cy6anddeperuman
=1

Og f(x) Ha mHoxecTBe S = [ S; 1
i=1

n

9sf(x) = Z av‘,asz fi(z).

=1



BbiuncneHue cyoguopdpepeHumanos R

Teopema [y6oBuukoro — MuntotuHa (cy6onddepeHuman

Teopema Mopo — Pokadennapa (cy6onddepeHuman
NMOTOYEYHOrO MaKCUMyMa)

JIMHENHON KOMGUHALIMN)

NycTb f; () — BoiNyKNble GYHKLMM Ha BbIMYKIbIX MHOXeCTBaXx Nyctb f;(2) — BbiNyKNble GYHKUMM HA OTKPLITOM BbIMYK/IOM
n ~
) ) mHoxectee S C R™, x S, 1 NOTOYEUHBI MaKCUMyM
S;, © = 1,...,n. Torga ecim () ri(S;) # 0, To dpyHkuns = B T € o v
il onpepensietcai kak f(x) = maxf;(x). Torpa:
3

n

flx) = > a;f;(x), a; > 0 umeer cy6anddeperuman

i=1
n Ogf(xy) = conv Ogf;(x ,

Og f(x) Ha MHOXecTBE S = Dl S;mn sf{@o) {iEE(JIU) s/l 0)}

n ) ={ie{l,..,m}: fi(x) = f(x)}

9sf(x) = Z av‘,aslfi(l’)

=1



BbiuncneHue cyoguopdpepeHumanos

« daf)(z)=adf(x)praa >0



BbiuncneHue cyoguopdpepeHumanos

* d(af)(x)
AL )

adf(z)paa >0
= Z Of;(x), f; — binyknble GyHKLMM

0)



BbiuncneHue cyoguopdpepeHumanos

« daf)(z)=adf(x)praa >0

« I3 fi)(x) =2 0fi (), f; — sbinyknbie GyHKLMM
« O(f(Az 4 b))(z) = ATOf(Ax +b), f — Boinyknas dpyHkums



Cyb6rpagneHTHbIN MeTop,



Anroputm

BekTop ¢ Ha3biBaeTcs cy6rpapmenTom dyHkumm f(x) : S — R B Touke x, ecin Vo € S:

(@) > f(zg) + (g, 7 — x)



Anroputm

BekTop ¢ Ha3biBaeTcs cy6rpapmenTom dyHkumm f(x) : S — R B Touke x, ecin Vo € S:

(@) > f(zg) + (g, 7 — x)
Naes MeTofa: 3aMeHnTb rpapneHT V f(;) Ha MpoussonbHbil cybrpaanent g, € O f(x,):

Try1 = T — QG

rAe gj, — NPOW3BONbHbIN Cy6rpaaneHT dpyHkumn f(2) B Touke 2.



Anroputm R
BekTop ¢ Ha3biBaeTcs cy6rpapmenTom dyHkumm f(x) : S — R B Touke x, ecin Vo € S:
f(@) = f(zg) + (9,2 — x)
Naes metopa: sameHnTb rpaguenT V f(2;,) Ha NpoussonbHbIi cy6rpaameHt g, € O f(x,):
L1 = T — Qg
rAe gj, — NPOW3BONbHbIN Cy6rpaaneHT dpyHkumn f(2) B Touke 2.

Cy6rpafmeHTHbIi METOZ, He SIBISETCS METOLIOM CrlyCKa: 3HaueHne GyHKUMM MoxeT pactv (f(z,,,) > f(x},)), Tak kak aHTUCYBrpaaveHT He
0653aTeNbHO SBNSAETCS HanpaBneHWeM y6bIBaHNS.

MoaToMy B KayecTse NPUBIMKEHUS peLleHnst 6epyT nyydlliee HalAeHHOe 3HaYeHue:

et = Tin kf(xz)



CxoamumocTb: BbiMyKJ1bIX Clly4Yan

Theorem

MycTb f — Bbinyknas dyHKUMs, 2 — Touka MuHumMyma. Mpeanonoxum, uto | g.]| < G ans scex k. Torpa:

2 2 'S
R°P+G* Y o
k=0

l%est _ f(x*) S

T-1
23 ay
k=0
rae R = |lzg — 2*.
MeTog, cxopuTes, ecnu:
T-1 T-1
al < oo, oy, = 00

=~
Il
(=
=~
Il
(=1



Pa3nuuHble cTpaTtermm Bbibopa wara
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Pa3nuuHble cTpaTtermm Bbibopa wara
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CXoAUMOCTb: BbIMYKJbIM C/ly4ai, NOCTOsIHHbIN war (1) v

Theorem

Myctb f — Bbinyknas G-nunwuuesa ¢pyHkuma u R = H:LO — x*H2 [ns NOCTOAHHOrO LWara ¢, Cy6rpagueHTHbIN MeTog, yA0BNeTBOpsieT

R? «@
best __ *) < 2
fp = fat) < g+ 56

e 3ameTum, 4TO C NOBGLIM NOCTOSAHHBIM LAromM NepBoe CriaraeMoe NpaBol YacTu yBbIBaeT, HO BTOPOE OCTAETCH MOCTOSIHHbBIM.
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fﬁeSt—f(I)fﬂ‘*‘ Bel

e 3ameTum, 4TO C NOBGLIM NOCTOSAHHBIM LAromM NepBoe CriaraeMoe NpaBol YacTu yBbIBaeT, HO BTOPOE OCTAETCH MOCTOSIHHbBIM.
* 3amMeyaHue: CyLLECTBYHOT BapuaLumm MeToga, paboTaroLme 1 6e3 NpeanosioxXeHns 06 orpaHMYeHHOCTU CyBrpagmeHToB (Hanpumep, ¢
HOPMMPOBKON Wwara). Cm. ' unn 2.

'B. Polyak. Introduction to Optimization. Optimization Software, Inc., 1987.
2N. Shor. Minimization Methods for Non-dif erentiable Functions. Springer Series in Computational Mathematics. Springer, 1985.
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Theorem
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* 3amMeyaHue: CyLLECTBYHOT BapuaLumm MeToga, paboTaroLme 1 6e3 NpeanosioxXeHns 06 orpaHMYeHHOCTU CyBrpagmeHToB (Hanpumep, ¢
HOPMMPOBKON Wwara). Cm. ' unn 2.

* Haipgem onTuManbHbIN LWar ¢, KOTOPbIN MUHUMU3MPYET NPaBYo YacTb HEPABEHCTBA.

'B. Polyak. Introduction to Optimization. Optimization Software, Inc., 1987.
2N. Shor. Minimization Methods for Non-dif erentiable Functions. Springer Series in Computational Mathematics. Springer, 1985.



CXoAuMOCTb: BbIMYKJbIM C/ly4yan, NOCTOSIHHbIN war (2) v

Theorem
Myctb f — sbinyknas G-nunwuuesa dyHkuns R = ||z — 2*||5. Onst nocTosHHoro wara o = g % Cy6rpafueHTHbI MeToa,
ynosnetsopsieT

GR
= ey < T

* OTa Bepcus Tpe6yeT 3HaHWA YMCNa UTepaumi 3apaHee, YTo He BCcerga npakTuyHo.
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CXoAuMOCTb: BbIMYKJbIM C/ly4yan, NOCTOSIHHbIN war (2) v

Theorem
Myctb f — sbinyknas G-nunwuuesa dyHkuns R = ||z — 2*||5. Onst nocTosHHoro wara o = g % Cy6rpafueHTHbI MeToa,
ynosnetsopsieT

GR

best K
it = far) < NG
« OTa Bepcusa TpebyeT 3HaHUA Yncna UTepaLui 3apaHee, YTo He BCeraa npakTUYHO.
* JTto6oMbITHO, YTO, €CNN Bbl ByAeTe NCKaTb ONTUMAIbHBIV LIar Ha KaXaon utepauum: Qg ..oy g1, TO NONYHNUTE TY K€ OLIEHKY.
e OTO CBSI3aHO C CUMMETPUEN N BbINYKTOCTbIO MPaBON YacTU OTHOCUTENBHO (678



CXoAUMOCTb: BbIMYKJbIX C/ly4ai, NOCTOSHHbIN war (3) v

Theorem
Mycts f — Bbinyknas G-nunwuuesa ¢yHkuma u B = |, — 2*||. Ana noctosHHoro wara v = aylgyls, Te. o = m,
Cy6rpaaveHTHbIN METOZ, YAoBNeTBOpseT ‘
GR?> Gy
rbest (%
— flz") < + =

+ KpuTepuit ocTaHoBKM: HOpMa CyBrpaaneHTa He noaxoanT (npumep f () = |x|). OBbIuHO NCMONBL3YIOT GUKCUPOBAHHOE YMCTIO UTEPALIIA.



CxoaMmocCTb: BbINYKJbIM Cllyyan, NpaKkTUJYeckas v
cTparterms

Theorem

Myctb f — Boinyknas G-nvnwvuesa dyHkuma n R = |z, — 2*|,. Ong y6biBatowwen cTpatervm wara o, = G\/%, Cy6rpafneHTHbIN
MeTog, yaoBneTBopseT

GR(2+Ink)

f}k;est _ f(l'*) S 4\/m



Pa3Hble KOM6MHaUUK (CUIbHOMN) BbINYKIOCTU U
(He)rnagkocTHn

Hernankas Hernankasa
Brinykias {4 - CWJILHO BBIITYKJast



Pa3Hble KOM6MHaUUK (CUIbHOMN) BbINYKIOCTU U Ry
(He)rnagkocTHn

Hernankas Hernankasa
Brinykias {4 - CWJILHO BBIITYKJast

(2 o)



CunbHo BbilMyKJiad HernagkKas q)yHKLI,MFl

Theorem

MycTb f — p-cunbHO BbIMyKNast Ha BbIMYKIIOM MHOXECTBE W I, § — NPOoU3BosibHble Touku. Toraa ans néoro g € 0 f(x),

(92— 9) 2 f(2) — ) + Sz — 2



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha
2

tpaektopun: || g, || < G. Vicnonbays war o, = ) cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:

2G?

e = fla*) < ke



Summary. Cy6rpagueHTHbI MeTop, v

Tvn 3agauu CrpaTerus wara CKOpOCTb CXOANMOCTH CrOXHOCTb UTepaLyi
Bbinyknble AUnWmMLesbl GyHKLN o~ = O <i> 0O (i>
Vk Vk e?
CWMbHO BbINYKIbE GYHKLMN o~ % O (%) O (é)




Hu)KHue oL eHKM Ry

BbINyK/ble (Hernagkue) 3 rnagkue (HeBbinykbie)? rnafKue 1 Bbinykble® rMagK1e v CUbHO BbinyKmble (unu PL)

o(2) o(5) (%) o((7e5))

coll)  weo(l)  wo(l)  weolwm)

3Nesterov, Lectures on Convex Optimization
4Carmon, Duchi, Hinder, Sidford, 2017
®Nemirovski, Yudin, 1979


https://fmin.xyz/assets/files/Nesterov_the_best.pdf
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Cy6auddpepeHumnan audpdpepeHumpyemomn pyHKLUU S

Cy6ouddepeHuman gndpdepeHumpyemon GyHKUnm

Myets f = S — R — ¢yHkums, onpeaeneHHas Ha MHoxecTse S B eBkInaosoM npoctpaHctse R™. Ecm 2y € ri(S) u f
AnddepeHLmMpyema B Touke T, To mbo A f (x,) = 0, 6o df (z,) = {V f(x,)}. Bonee Toro, ecnn dpyHkums f BbiMykia, To Nepsas
CUTYyaLs HEBO3MOMXHa.

JokasaTtenbcTBoO

1. Myctb s € Of () ans Hekotoporo s € R”™, otnnuroro ot V f (). MycTb v € R™ — eanHudHbii BekTop. MOCKobKY ' — BHYTPEHHSS
Touka S, cyulectayet 6 > 0, Takoe uTo Ty + tv € Spnaecex(0 <t < 4.Mo onpegenexHuto cybrpagueHTa:

[y +tv) = f(zg) + t(s,v)
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CxoAMMOCTb: BbiMYKIJbIA CllyYau Ry
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cy6rpapvent: f(27) = f(zy) + (g, 2° — xp):

Iz — 2" = o, — 2" — ayg,l* =
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CxoaMmocCTb: BbINYKJbIM Cllyyan, NpaKkTUJYeckas v
cTparterms

Theorem

Myctb f — Boinyknas G-nvnwvuesa dyHkuma n R = |z, — 2*|,. Ong y6biBatowwen cTpatervm wara o, = G\/%, Cy6rpafneHTHbIN
MeTog, yaoBneTBopseT

GR(2+Ink)

f}k;est _ f(l'*) S 4\/m

OueHka cymm:



CxoauMOCTb: BbINYKJIbIX Clyyan, NpakTUYeckKas
cTpaTerus

Theorem
Myctb f — Bbinyknas G-nunwuuesa dyHkuma R = ||10 — x*||5. Ans y6biBatoweit ctpateruv wara o, =
MeToZ, yaoBeTBopsieT
GR(2+Ink
= gy < R0
Wk+1
OueHka cymm:
k—1 2 k 2 k—1 k
R 1 R R 1 R 1 2R
=B e By Sa=fy LB, 2
i=0 i1 " =0 G—=HVi G Vit G

_R i
N TS Cy6rpafneHTHbIN

(VE+1-1).



CxoauMOCTb: BbINYKJIbIX Clyyan, NpakTUYeckKas
cTpaTerus

Theorem

— |l * Y - R i1
[xg — x*|,. Dns y6biBatowei cTpaTeruv wara oy, = Gl CYOrpanmeHTHiit

Myctb f — Bbinyknas G-nunwuuesa dyHkuma R =
MeTo[ yaoBneTsopsaeT
GR(2+Ink)

fISeSI_f(:C*) = 4\/m

OueHka cymm:

b1 2 k 2 k-1 k k+1
R 1 R R 1 R 1 2R
a?="Z) — <~ (1+1Ink); o, == —2—/ —dt=—(Vk+1
= 2;Z a ) =0 G;\ﬂ G vt ( 0
R24+ G o?
e: * i=0
23 o



CxoauMOCTb: BbINYKJIbIX Clyyan, NpakTUYeckKas
cTpaTerus

Theorem

— |l * Y - R i1
[xg — x*|,. Dns y6biBatowei cTpaTeruv wara oy, = Gl CYOrpanmeHTHiit

Myctb f — Bbinyknas G-nunwuuesa dyHkuma R =
MeTo[ yaoBneTsopsaeT
GR(2+Ink)

fISeSI_f(:C*) = 4\/m

OueHka cymm:

k-1 2 k 2 k-1 k
R 1 R R 1 R 1 2R
a? = - < —=(1+4+Ink); o = — — —/ —_dt = VEk+1—
g 7 2;1 2( ) — G;\ﬂ G A \/{ G( )
2 o R
R+ G .
fbesl f(J'*) < " i:ZOOé,, < R? +R2(1+In k)
koo = k-1 = R
=N E(VET)



CxoauMOCTb: BbINYKJIbIX Clyyan, NpakTUYeckKas
cTpaTerus

Theorem

Myctb f — Boinyknas G-nunwuuesa dyHkums u R = ||zy — z*||4. [Ans y6biBatowei cTpateru wara oy, = G\/%, Cy6rpafneHTHbIN

MeTo[ yaoBneTsopsaeT
GR(2+Ink)

fISeSI_f(:C*) = 4\/m

OueHka cymm:

R2 k=l RI1 _ R [ 1 2R
) GZ 70/1 Vit Gkt )

k—1
R2 GQ 2
o (et < tO g o B2+ R(L4nk)  GRQ2+Ink)
k ") < k—la T AE(VE+T) Wk+1




CunbHoO Bbinyknasa Hernagkasa GyHKUus Ry

Theorem
MycTb f — j4-CWNbHO BbINYKNas Ha BbIMyKIOM MHOXECTBE W ', 3 — MPOW3BObHbIE TOUKM. Toraa ang noboro g € 8f(x)

(92— 9) 2 f(2) — ) + Sz — 2

[okasaTtenbcTBo

1. [Ona mo6oro A € [07 1), U3 [L-CUJbHOW BbIMYKIIOCTH,

fOz+ (1 =Ny) <Af(z) + 1 =N f(y) - %A(l =Nl —y|*.



CunbHo BbilMyKJiad HernagkKas q)yHKLI,MFl

Theorem
MycTb f — j4-CWNbHO BbINYKNas Ha BbIMyKIOM MHOXECTBE W ', 3 — MPOW3BObHbIE TOUKM. Toraa ang noboro g € af(x)

(92— 9) 2 f(2) — ) + Sz — 2

[okasaTtenbcTBo

1. [Ona mo6oro A € [07 1), U3 [L-CUJbHOW BbIMYKIIOCTH,

I
FOz + (1= Ny) <M (@) + (1= A fy) = AL =Nz —y|*.
2. W3 HepaBeHcTBa cy6rpagveHTa B &, Mbl Mofyyaem

Oz +1=Ny) > f(x) + (g e+ (1 =Ny—z) — [fQr+(1-Ny)> f(z)— (1N (gz—y).



CunbHo BbilMyKJiad HernagkKas q)yHKLI,MFl

3. Takum o6pasom,
F@) = (1= N)g.x = y) S M) + (1= f) = A1 = Ve -y

(L= X)f(@) < (1= NS+ (1= Vg, —y) = EAQL= Ve —y?

J@) < J) + (g0 —y) = EAlo — y?



CunbHo BbilMyKJiad HernagkKas q)yHKLI,MFl v

3. Takum o6pasom,
f@) = (1= N{g,z — ) < M(@) + (1= N () — EA1 =Nz —y]?

2
(1= f(@) < (L= NF) + (1= V{gx =) — AL = Ve - y?
J@) < J) + (g0 —y) = EAlo — y?

+
4. Mepexops k npepeny npu A — 17 nonyvaem f(z) < f(y) + (g.2 —y) — Sz —y|* = (9.2 —y) > f(x) — f(y) + ]z —y|>.

IN

INA



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha

tpaektopun: || g, || < G. Vicnonbays war o, = ﬁ cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:

2G?

e = fla*) < ke

[okasaTtenbcTBo

1. HauyHem c GopmMynupoBKu MeToAa Kak paHblue:



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha

tpaektopun: || g, || < G. Vicnonbays war o, = ﬁ cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:

2G?

e = fla*) < ke

[okasaTtenbcTBo

1. HauyHem c GopmMynupoBKu MeToAa Kak paHblue:

|z — 2 = o, — 2" — g, =



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha

tpaektopun: || g, || < G. Vicnonbays war o, = ﬁ cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:

2G?
best _ f(z*) < —.
[okasaTtenbcTBO
1. HauyHem c GopmMynupoBKu MeToAa Kak paHblue:
e el e e

= |z, — I*HQ + O‘i“QkHQ — 20, (g, T — 2*)



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha

tpaektopun: || g, || < G. Vicnonbays war o, = ﬁ cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:

2G?

e = fla*) < ke

[okasaTtenbcTBO
1. HauyHem c GopmMynupoBKu MeToAa Kak paHblue:
e el e e

= |z, — I*HQ + O‘i“QkHQ — 20, (g, T — 2*)

< o — 2% + aillgil® — 200 (f (2x) — f(27) — agplay — 2"



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha

tpaektopun: || g, || < G. Vicnonbays war o, = ﬁ cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:
2G?
best *
st — frt) £ ——.

[okasaTtenbcTBO
1. HauyHem c GopmMynupoBKu MeToAa Kak paHblue:
e el e e
= g — 2 + aflgel® — 204, {gy, 24 — 27)
< e — 2P + aillgel? — 200 (f () — f(2¥) — el — 2|
= (1= poy)|oy, — o |? + o2lgu|® — 20y, (F(2y) — f(27)



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha

tpaektopun: || g, || < G. Vicnonbays war o, = ﬁ cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:
2G?
best *
st — frt) £ ——.

[okasaTenbcTBo
1. HauyHem c GopmMynupoBKu MeToAa Kak paHblue:
Iy — 2% = o — 2% — il =
=l — 2% + o lgl® — 20(g5 71 — 27)
< g — 272 + afllgpl® — 20, (f () — f(=7)) — gl — 27|
= (1= poy)lay — 2| + adllgil> — 204 (f(,) — f(z*))
2ay, (fag) = f(2%) < (1= poy) ey, — 2> — |2y — 2 + i |gx]?



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

Theorem

Myctb f — p-cunbHo Bbinyknas GyHKLMs (BO3MOXKHO Hernagkasl) ¢ MUHUMYMOM ™. MPeAnonoxXum, YTo Cy6rpagmeHThbl OrpaHnyeHbl Ha

tpaektopun: || g, || < G. Vicnonbays war o, = m cy6rpagmeHTHbIn MeTog rapantupyeT ana k > 0 uto:
2G?
best *
st — frt) £ ——.

[okasaTenbcTBo
1. HauyHem c GopmMynupoBKu MeToAa Kak paHblue:
Iy — 2% = o — 2% — il =
=l — 2% + o lgl® — 20(g5 71 — 27)
< g — 272 + afllgpl® — 20, (f () — f(=7)) — gl — 27|
= (1= poy)lay — 2| + adllgil> — 204 (f(,) — f(z*))
2ay, (fag) = f(2%) < (1= poy) ey, — 2> — |2y — 2 + i |gx]?

fla) = fla) < 25 H

1 (a7%
|y — 2*|? — E”mkﬂ —a** + 7”%“2



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. rlO,U,CTaBVlM war &;, = —7. 7, B HEpPaBeHCTBO:
k n(k+1)



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. rlO,U,CTaBVlM war &;. = —2 B HEpaBEeHCTBO:
k n(k+1)

. p(k +1) .
g, — 2*[* — T ek —2 I+

flzy) = fla7) <

p(k—1)
1

_
wlk+1

)Hgk:

1



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2

2. rlO,Cl,CTaBVIM war ak = m B HEpaBEeHCTBO:
o o H(k—1) ae (k+1) . 1
@) = fa) < o — o~ By o+ sl
p(k—1) H2 _ pk+1)

* * * 1
fzy) — f(z*) < 1 |z, — 1 |z — 2| + @HngQ



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

2

2. rlO,U,CTaBVlM war ak = m B HEpaBEeHCTBO:
p(k—1) o ME+1) 2 1 2
— * < _ * — X . * P
o) = sty < M D g g M Dy e L
plh=1), o k) e 1
fzy) — f(z*) < 1 |y, — 2*|* — 1 lzgs — 2| + @HngQ

. .\ pk(k+1) . 1
k(f(e) = fa) £ =l — 27| = ( T Tk =2+ pllgkl\2




CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

2

2. rlO,U,CTaBVlM war ak = m B HEpaBEeHCTBO:
p(k—1) o ME+1) 2 1 2
— * < _ * — X . * P
o) = sty < M D g g M Dy e L
plh=1), o k) e 1
fzy) — f(z*) < 1 |y, — 2*|* — 1 lzgs — 2| + @HngQ

. .\ pk(k+1) . 1
k(f(e) = fa) £ =l — 27| = ( T Tk =2+ pllgkl\2




CXoAMMOCTb: CUNTbHO BbIMNYKJIbIA

2. MNopcTaBum war oy, = 2

B HEpaBEeHCTBO:

w(k+1)
Flag) — far) < D e
Fla) — fa) < ME D gy e
k() — flan) < POy e

3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:

cnyyvan v
N‘(k+ ]‘) a2 1 2
4 lzka — P+ ) gl
p(k+1) ) 1
TH'TIH—I S @HngQ
pk(k+1) . 1
= - 12+ ;”ng2



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

o o ME—1) a2 ME+T) . 1
flan) = fla) < B — o= B gy ol
flzy) — f(z¥) < 1 |z — 2> — 1 |2psn — [ + @HngQ
k(f(zy) = f2%) < ——— oy — 2" = ——— o — 2> + — |lgel?
4 4 I
3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:

T-1 T T T—-1
S k(fla) — £ <0 BT e e LS g2
k=0 H >0



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

o o ME—1) a2 ME+T) . 1
flan) = fla) < B — o= B gy ol
flzy) — f(z¥) < 1 |z — 2> — 1 |2psn — [ + @HngQ
k(f(zy) = f2%) < ——— oy — 2" = ——— o — 2> + — |lgel?
4 4 I
3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:

T-1 T-1 2
. w(T —1)T v 1 G*T
> k(f(xg) = fla ))30—7( 1 ) lor =21+ =D lgil® < ——
k=0 lu’ k=0 N’



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

. k—1 . k+1 . 1
o) = ) < HE D —arp = M oy ol
o o M=) a2 M+ 2 e
— < z), — 2|2 — — —
flzy) — fl@") < 1 |y — 27| 1 lzpe —27|° + ungkH
. pk(k—1 . pk(k+1 . 1
bt - f) < P oy — g - BEE Do et gl

3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:
T-1
. wT—1)T .
k(f(a) = f(27) £ 0= =———|ap —2"|?
k=0
T—l -1
k:O =0

( %eitl o k= Z k best . )

1= G*T
+ = gl < —
I ,;) » I



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

p(k+1)

k—1 1
o) = ) < HE D —arp = M oy ol
% p(k—1) a2 HE+1) 12 1 2
: < T — T — — —
flay) — fla") < 1 |y — 27| 1 |z — 2" |* + ungkH
. pk(k—1 . pk(k+1 . 1
bt - f) < P oy — g - BEE Do et gl

3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:

< T-1)T
S k(fa) — fay <0— Mg e
k=0

Tfl T-1 T—1
( %eitl _ k= Z k best _ ) <

1
k:O =0 k=0

1= G*T
+ = gl < —
I ,;) » I



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

p(k+1)

k—1 1
o) = ) < HE D —arp = M oy ol
o o M=) a2 M+ 2 e
— < z), — 2|2 — — —
flzy) — fl@") < 1 |y — 27| 1 lzpe —27|° + ungkH
. pk(k—1 . pk(k+1 . 1
bt - f) < P oy — g - BEE Do et gl

3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:

Sk (flag) — fat) <0— BT ey

k=0
T*l T-1 T-1
best best
(fh — k= E k(fFsy — fz7) <

1
k:O =0 k=0

1= G*T
+ = gl < —
I ,;) » I



CXoAMMOCTb: CUNTbHO BbIMNYKIJbIA CllyYau

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

uwk—1 ; wk+1
=

1
* |2 2

a2 ME+1) . 1
i 1 |z — 2| + ﬁHgk‘P

uk(k +1) 5 1 5
[ = 2717 + — gl
1 k+1 119k

), =

b — fa) < BE= oy e -

3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:
T—1 T-1 2
. w(T—-1T . 1 G*T
k(f(y) = f(27) S0 = =———lap —a"|* + ~ > gl < ——
k=0 =0 H
T—l -1 T—1 2
. G*T
(5 — k= Zk e — f(a) < Dk (flay) - fa*) < ——
k:O 0 k=0 K

B = f) <



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

uwk—1 ; wk+1
=

1
* |2 2

a2 ME+1) . 1
i 1 |z — 2| + ﬁHgk‘P

uk(k +1) 5 1 5
[ = 2717 + — gl
1 k+1 119k

), =

b — fa) < BE= oy e -

3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:
T-1 T-1 2
. w(T—-1T . 1 G*T
k(f(y) = f(27) S0 = =———lap —a"|* + ~ > gl < ——
k=0 =0 H
T—l -1 T—1 2
G*T
(5 — k= Z RO — f@) <D R(fla) = fl@9) < ——
k:O 0 k=0 K
G*T 2G?

l%eitl _ f(iE*) S T



CxoAMMOCTb: CUIbHO BbIMYK/bIX Cy4au Ry

2. MopcTaBum war Q. = ﬁ B HEpaBEeHCTBO:

uwk—1 ; wk+1
=

1
* |2 2

a2 ME+1) . 1
i 1 |z — 2| + ﬁHgk‘P

uk(k +1) 5 1 5
[ = 2717 + — gl
1 k+1 119k

), =

b — fa) < BE= oy e -

3. Cymmupys HepaseHcTBa gnisscex k = 0,1, ..., T — 1, mbl nonyuyaem:
T-1 T-1 2
. w(T—-1T . 1 G*T
k(f(y) = f(27) S0 = =———lap —a"|* + ~ > gl < ——
k=0 1% k=0 M
T—l -1 T—1 2
G*T
(5 — k= Z RO — f@) <D R(fla) = fl@9) < ——
k:O 0 k=0 K
G*T 2G*T 2G?
beit _ f(it*) S — best __ f({l;'*) S .
=1 M Zz:ol o uT(T—1) k wk



ABoHOU 60HYC: HM)KHUE OLLleHKMH



Hu)KHue oL eHKM Ry

BbINyKNble (Hernagkue) 6 rnagkue (HeBbII‘IyKJ‘IbIe)7 rnagkue n BbII'IyKJ'IbIes rnagKue u CUNbHoO BbiNyKnble (Mn PL)1
k
1 1 1 —1
o~ 0 <f) 0 (f) of (Y&
Vk k2 k2 VE+1

coll)  weo(l)  wo(l)  weolwm)

6Nesterov, Lectures on Convex Optimization
7Carmon, Duchi, Hinder, Sidford, 2017
8Nemirovski, Yudin, 1979


https://fmin.xyz/assets/files/Nesterov_the_best.pdf
https://arxiv.org/pdf/1710.11606.pdf
https://fmin.xyz/assets/files/nemyud1979.pdf

Mopenb YEepPHOro AljuKa

WTepauusi rpaguMeHTHOro crycka:
Tpy = T — .V f(7y)
=z — oy VI(wp_y) =, V(zy)

k
=T~ Z o Vf(xh)
i=0



MO,U,eﬂb YEepPHOro AljuKa
WTepauusi rpaguMeHTHOro crycka:
Ty = 2 — o,V f(zy)
=z — oy VI(wp_y) =, V(zy)

k
=g — Z i V(@)
i=0

PaccmoTpum CEMENCTBO METOA0B nepBoOro nopagka, rae

Ty € g +span {V f(z0), Vf(1), ..., Vf(z)} [ - smooth
Ty € Ty +span{gg, g1, .-, gyt where g; € df(z;)  f - non-smooth

(M



MO,U,eﬂb YEepPHOro AljuKa
WTepauusi rpaguMeHTHOro crycka:
Ty = 2 — o,V f(zy)
=z — oy VI(wp_y) =, V(zy)

k
=g — Z i V(@)
i=0

PaccmoTpum CEMENCTBO METOA0B nepBoOro nopagka, rae

Ty € g +span {V f(z0), Vf(1), ..., Vf(z)} [ - smooth
Ty € Ty +span{gg, g1, .-, gyt where g; € df(z;)  f - non-smooth

(M

[1ns NonyYeHUs HUXKHEN OLIEHKM MOCTPOMM «XYALLIYHO» GYHKLMIO f 13 COOTBETCTBYIOLLEro Kacca, Ha KOTOpoM No6oi MeTod, U3 ceMencTea

YpaBHeHue 1 cxoamTca MegsieHHo.



Hernagkui BbiNnyKnbii cny4vyaun

Theorem

CyuectayeT dpyHkuus f, KoTopas siBnseTca G-nvnwvueBoi v BbiMyKIION, Takasl, 4To 6o MeTog YpaBHeHue 1yaosneTsopseT
GR
min x,) — min r)> —
i, flz) = min, f(0) 2 2o E

ona R > 0uk < n, roe n — pasmepHocTb 3agau.



Hernagkum Bbinyknbin cnyyau Ry

Theorem

CyuectayeT dpyHkuus f, KoTopas siBnseTca G-nvnwvueBoi v BbiMyKIION, Takasl, 4To 6o MeTog YpaBHeHue 1yaosneTsopseT

GR

i, fl@d) = min, f@) 2 50

ana R > 0u k < n, rae n — pasmepHOCTb 3agauu.
Wpes pokasaTenbcTea: NOCTPOUTD Takyto GyHKLMIO f, 4To Ang no6oro Metoga YpasHeHue 1 nonyyaem

x), € span{ey, ey, ..., €}

rae e; — i-1 CTaHAAPTHbIN 6a3ncHbI BekTop. Ha utepaummn k < n, ecTb no KpaiiHei Mepe 1 — k KoopauHaTt , paeHbix 0. 3To No3sonseT Ham
MONYYNUTb OLIEHKY Ha OLLMBKY.



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

PaccmoTpum dyHKUmto:

— @ 1 %2
f(x) /)’lrgniagxkx +5 I3,
1)

roe o, B € R — napamerpsi, n 21 ... 2(F) — nepsebie k kommoHeHT 2.



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

PaccmoTpum dyHKUmto:

- @ 1 %2
f(x) 512iagka +2H$H27

rae «, 8 € R — napametpel, v 1-(1), 7.’L‘U€) — nepBble k KOMMOHEHT .
CsolcTBa:

+ OyHkuma f () ABNRETCS (-CUNBHO BLINYKNOV M3-3a KBAAPaTMUHOrO uneHa 5 3.



Hernagkuu Bbinyknbi cny4yam (Ao0KasaTenbCTBO) Ry

PaccmoTpum dyHKUmto:

- @ 1 %2
f(x) 512?£k$ +2H$H27

rae «, 8 € R — napametpel, v 1-(1), 71'““) — nepBble k KOMMOHEHT .
CsolcTBa:

+ OyHkuma f () ABNRETCS (-CUNBHO BLINYKNOV M3-3a KBAAPaTMUHOrO uneHa 5 3.

» OyHKUMA Hernagkas, MOCKOJbKY NepBoe craraeMoe BHOCUT HeguddpepeHLmMpyeMoCTb B TOUKE, COOTBETCTBYHOLLEN MaKCUManbHOM
KoopauHate .



Hernagkuu Bbinyknbi cny4yam (Ao0KasaTenbCTBO) Ry

PaccmoTpum dyHKUmto:

- @ 1 %2
f(x) 512?£k$ +2H$H27

rae «, 8 € R — napametpel, v 1-(1), 71'““) — nepBble k KOMMOHEHT .
CsolcTBa:

+ OyHkuma f () ABNRETCS (-CUNBHO BLINYKNOV M3-3a KBAAPaTMUHOrO uneHa 5 3.

» OyHKUMA Hernagkas, MOCKOJbKY NepBoe craraeMoe BHOCUT HeguddpepeHLmMpyeMoCTb B TOUKE, COOTBETCTBYHOLLEN MaKCUManbHOM
KoopauHate .



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

PaccmoTpum dyHKUmto:

; «
f(z) =B max 'V + §H$||§,

1<i<k
rae «, 8 € R — napametpel, v :L'm, 7.’L‘U€) — nepBble k KOMMOHEHT .
CsolcTBa:

+ OyHkuma f () ABNRETCS (-CUNBHO BLINYKNOV M3-3a KBAAPaTMUHOrO uneHa 5 3.

» OyHKUMA Hernagkas, MOCKOJbKY NepBoe craraeMoe BHOCUT HeguddpepeHLmMpyeMoCTb B TOUKE, COOTBETCTBYHOLLEN MaKCUManbHOM
KoopauHate .

PaccmoTpum cy6anddepeHuman f(x) BT
_ (i) Q2
0(x) = (B max 2 +0 (3 sI3)

= 0 ( maxk:v )> + ax

= 5conv{ 2,

i) = maxxm} +ax
J



Hernagkuu Bbinyknbi cny4yam (Ao0KasaTenbCTBO) Ry

PaccmoTpum dyHKUmto:

; «
f(z) =B max 'V + §H$||§,

1<i<k
rae «, 8 € R — napametpel, v :cm, 7.’L‘U€) — nepBble k KOMMOHEHT .
CsolcTBa:

+ OyHkuma f () ABNRETCS (-CUNBHO BLINYKNOV M3-3a KBAAPaTMUHOrO uneHa 5 3.

» OyHKUMA Hernagkas, MOCKOJbKY NepBoe craraeMoe BHOCUT HeguddpepeHLmMpyeMoCTb B TOUKE, COOTBETCTBYHOLLEN MaKCUManbHOM
KoopauHate .

PaccmoTpum cy6anddepeHuman f(x) BT
Of(z) =0 (6 max xm) P (%Hm”%) Nerko uaetb, utoecim g € df (x) u |z|| < R, o
- lgl < aR + 5

= 0 ( maxk:v )> + ax

Takum o6pasom, [ sensetca aR + S-nunwuueson Ha B(R).

= 5conv{ 2,

i) = maxa:(j)} +ax
J



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

[anee onuwwem opakyn Nepeoro nopsaka ans aton ¢pyHkumu. Mpu 3anpoce cy6rpagmeHTa B TOUKE T Opakys BO3BpaLlaeT:

ax + ye;,
FAe i — HAMMEHBLUMI MHAEKC, Ha KOTOPOM AOCTUraeTcs Makcumym (%) = max; < i< zU),

« Myctb 2y = 0.



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

[anee onuwwem opakyn Nepeoro nopsaka ans aton ¢pyHkumu. Mpu 3anpoce cy6rpagmeHTa B TOUKE T Opakys BO3BpaLlaeT:

ax + ye;,
FAe i — HAMMEHBLUMI MHAEKC, Ha KOTOPOM AOCTUraeTcs Makcumym (%) = max; < i< zU),

« Myctb 2y = 0.
« TMpw 3anpoce opakyna B ¥, = 0, oH Bo3BpallaeT e,. CnefioBaTenbHO, 1 NEXWUT Ha NPSIMOM, NMOPOXAEHHOM €.



Hernagkuu Bbinyknbi cny4yam (Ao0KasaTenbCTBO) Ry

[anee onuwem opakyn nepsoro nopsiaka ans aton GyHKkLyy. Mpy 3anpoce cy6rpaamneHTa B TOUKE T OpaKyn BO3BPaLLaeT:
ax + ye;,

roe 1 — HaUMeHbLLNI MHOEKC, Ha KOTOPOM [0CTUraeTCAa MakCuMyM I(l> = max1<j<k IE“)

« Myctb 2y = 0.
+ TMpv 3anpoce opakyna B £, = 0, oH Bo3BpaLaeT e, . CNefoBaTenbHO, 1 NEXNT Ha MPSIMOM, NOPOXKAEHHOM € .
* VHayKumeit o i MOXHO nokasatb, uto x; € span{ey, ..., e; }. B uactHoctu, ana i < k, k + 1-a koopauHaTa &; paBHa HyMio U BCIEACTBIE
ctpyktypsl f(2):
fz;) = 0.



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)
 Haingem MuHumym dyHkm f. Onpegenum Touky y € R™:

y(“:—% forl <i <k, y(i>:0 fork+1<1i<n.
o



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)
 Haingem MuHumym dyHkm f. Onpegenum Touky y € R™:

ym:f% forl<i<h, yi=0 fork+1<i<n.
«

« 3ametum, uto 0 € 9 f(y):
af(y) =ay+ ﬂconv {ei ‘ 7 y(i) = max y(j)}
J

= ay+ Beonv{e, | iy =0}
0€df(y).



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)
 Haingem MuHumym dyHkm f. Onpegenum Touky y € R™:

y(i):—% forl <i <k, y@:O fork+1<1i<n.
o

« 3ametum, uto 0 € 9 f(y):
8f(y) =ay+ ﬂconv {ei ‘ 7 y(i) = max y(j)}
J

=ay+[3’conv{ei|i:y<i> =0}

0e€df(y).
+ CnepoBatensHo, MuHuMansHoe sHadermne f = f(y) = f(z*) pasHo
P a B
) = ak + 2 o2k 2ak’



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)
 Haingem MuHumym dyHkm f. Onpegenum Touky y € R™:

g

?/(‘i):**k forl <4<k, y =0 fork+1<i<n.
a

« 3ametum, uto 0 € 9 f(y):
8f(y) =ay+ ﬂconv {ei ‘ 7 y(i) = max y(j)}
J

=ay+[3’conv{ei|z’:y<"’> =0}

0e€df(y).
+ CnepoBatensHo, MuHuMansHoe sHadermne f = f(y) = f(z*) pasHo
P a B
) = ak + 2 o2k 2ak’

» Tenepb Mbl nonyyaem:

Fo) — () 20—( ik ) > 2



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

. 2
Wmeem ouenky chmzy f(x,) — f(z*) > % yTO (NPV NpaBKIbLHOM BbIGOPE NapaMeTPOB) CoBMNagZaeT C Tpedyemon

GR
2(1+vk)”




Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

2

Wmeem ouenky chmzy f(x,) — f(z*) > % yTO (NPV NpaBKIbLHOM BbIGOPE NapaMeTPOB) CoBMNagZaeT C Tpedyemon GR

2(1+vk) "

Beinyknbin cnyyan

G 1 _ 5 Wk
o= — =
R1+ vk 1+ Vk
8  GRk
20 201+ Vk)
3ameTum, B yacTHocTH, uTo ||y||2 = f;k, = R? ¢ stmm
napameTpamu
32 GR



Hernapkuu Bbinyknbin cny4vyaum (AoKasaTesnibCTBO)

Nmeem ouenky chmay f(x;) — f(z*) > % 4TO (MPV MPABINLHOM BHIGOPE NapaMETPOB) COBMAAAET C TPEGyeMoit —C L.
2(1+Vk)
Beinyknbin cnyyan CunbHO BbINYKIbIN cCryyan
G 1 3 vk o= G 8= G
o= — = = =
R1+Vk 1+Vk 2R 2
2
32 GRE 3ameTum, B yacTHocTy, uTo [|y[3 = % = % = R? ¢ 3Tummn
— = napameTpamm
20 21+ Vk)
3 2 _ B2 _ R2 . % G2
ameTiM, B YacTHocTy, uto |[yl|5 = 22z = R” ¢ atumm min f(z;) — f(z*) > —
1<i<k S8ak
napameTpamu
32 GR



Ccbinku

» Subgradient Methods Stephen Boyd (with help from Jaehyun Park)


https://web.stanford.edu/class/ee364b/lectures/subgrad_method_notes.pdf
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