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BekTopbl u maTpuybl

Mbl Byaem cunTaTh, YTO BCE BEKTOPbI ABAAIOTCA cToNbUaMu no ymondaHuio. pocTpaHCTBO BEKTOPOB ANNHBI 1
obozHayaeTcst R™, a NnpocTpaHCTBO MaTpuL, pa3mepa 1M X 7 C BELECTBEHHbIMU neMeHTamu obosHavaetcs R, To

€CTb 1:

r= " 2l =[x, =z ... =z, zeR"z,eR (1)

MoapobHeIii BBOAHBIN KypC MO NpUKNaAHON NuHelHONM anrebpe MoxHO HaiiTu B kHure Introduction to Applied Linear Algebra — Vectors, Matrices,
and Least Squares - kHura ot Stephen Boyd & Lieven Vandenberghe, koTopasi ykasaHa B uctodruke. Takxke nosneseH maTepuan no nuHeliHoii anrebpe
npueegeHHbii B npunoxernn A kiuru Numerical Optimization by Jorge Nocedal Stephen J. Wright.
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x
2 T=[z, zy .. z,] z€R"z,€R

Ananoruuno, ecnin A € R™*™ Ml 0bo3Ha4qaem TpaHcnoHuposaHue kak AT € R™*™:

aqq aio a1y, aqq (531 e Qo
a a a a a a,

A= ?1 '22 ) 2n AT — }2 '22 7'n,2 Ac IR'mxn7 aij cR
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and Least Squares - kHura ot Stephen Boyd & Lieven Vandenberghe, kotopasi ykasana B nctodHnke. Takxke nosneseH maTepuan no JuHelHol anrebpe

npueegeHHbii B npunoxernn A kiuru Numerical Optimization by Jorge Nocedal Stephen J. Wright.

BcnomuHaem nuneiinyto anrebpy

B/~ i


https://web.stanford.edu/~boyd/vmls/
https://web.stanford.edu/~boyd/vmls/
https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Z2

1
T2

I1

‘f — min
Tz

BcnomuHaem nuneiinyto anrebpy

2

v

0

Puc. 1: DkBuBaneHTHbIE NPeACTaBIEHNS BEKTOPA

\ 4


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

MaTpuua A nassisaetcs cummeTpusdtoii, ecnin A = AT, ObosHadaetcst kak A € S™ (MHOXeCTBO KBaApaTHbIX
CUMMETPUYHBIX MaTPUL, Pa3MEPHOCTN 1). 3aMETUM, 4YTO TONIbKO KBaApaTHasi MaTpuLa MOXET bbITb CUMMETPUYHOIA
no onpeaeneHunio.
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MaTpuua A nassisaetcs cummeTpusdtoii, ecnin A = AT, ObosHadaetcst kak A € S™ (MHOXeCTBO KBaApaTHbIX
CUMMETPUYHBIX MaTPUL, Pa3MEPHOCTN 1). 3aMETUM, 4YTO TONIbKO KBaApaTHasi MaTpuLa MOXET bbITb CUMMETPUYHOIA

no onpefesneHuto.

Matpuuya A € S™ HasbIBaeTCS NONOXKNTENLHO (OTPULLATENBHO) ONPEAENeHHON, ecin As BCeX
z#0: 27 Az > (<)0. ObosHauaercs kak A > (<)0. MuoxecTso Takux mMaTpuy, obosHadaetcst kak ST, (S™_)
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CUMMETPUYHBIX MaTPUL, Pa3MEPHOCTN 1). 3aMETUM, 4YTO TONIbKO KBaApaTHasi MaTpuLa MOXET bbITb CUMMETPUYHOIA

no onpefesneHuto.

Matpuuya A € S™ HasbIBaeTCS NONOXKNTENLHO (OTPULLATENBHO) ONPEAENeHHON, ecin As BCeX
z#0: 27 Az > (<)0. ObosHauaercs kak A > (<)0. MuoxecTso Takux mMaTpuy, obosHadaetcst kak ST, (S™_)

Matpuua A € S™ HasbiBaeTCs NONOXUTENLHO (OTPULLATENLHO) NONYONPEAESIEHHON, eC/IN ANs BCEX
z: 2T Az > (<)0. ObosHauaetcs kak A = (<)0. MHoxecTso Takux MaTpuy, obosHauaeTcs kak ST (S™)

Question

BepHo NN, 4TO NONOXKUTENBHO OonpeaeneHHasa MaTpuua NMEET BCE NONOXKUNTENbHbIE sneMeHTbI?
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BepHo v, 4To ecnu maTprua CUMMETPUYHA, TO OHA AOJKHA BbITb NONOKUTENBHO ONpPeseNeHHOR?
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BepHo NN, 4TO NONOXKUTENBHO OonpeaeneHHasa MaTpuua NMEET BCE NONOXKUNTENbHbIE sneMeHTbI?

Question

BepHo v, 4To ecnu maTprua CUMMETPUYHA, TO OHA AOJKHA BbITb NONOKUTENBHO ONpPeseNeHHOR?

Question

BepHo NN, 4TO eCain MaTpuua NOJIOKUTENBHO onpeaesieHa, TO OHa A0JI>KHa BbITh CI/IMMeTpI/I‘-IHOﬁ?
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Martpuyroe ymHoxenue (matmul)

Myctb A - maTpuua pasmepa m X n, a B - maTpuua pa3mepa n X p, Toraa ux npoussegeque AB pasHo:
C=AB

Torga C' - maTpuua pasmepa m X p, anemeHT (%, j) KOTOPOli paBeH:
n

Cij = Zaikbkj'
k=1

J7a onepauus B HaueHoli dopme Tpebyet ((n?) apudbmeTnuecknx onepaunii, rae n 0bbIYHO cuMTaeTcs HanbonbLueli
pa3MepHOCTbIO MaTpuL,.

‘f - 5‘5}‘3 BcnomuHaem nuneiinyto anrebpy 0 O
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Martpuyroe ymHoxenue (matmul)

Myctb A - maTpuua pasmepa m X n, a B - maTpuua pa3mepa n X p, Toraa ux npoussegeque AB pasHo:
C=AB

Torga C - matpuua pasmepa m X p, anemenT (%, j) KOTOPOli paBeH:
n

Cij = Zaikbkj'
k=1

J7a onepauus B HaueHoli dopme Tpebyet ((n?) apudbmeTnuecknx onepaunii, rae n 0bbIYHO cuMTaeTcs HanbonbLueli
pa3MepHOCTbIO MaTpuL,.

i Question

Bo3MOXHO /I yMHOXNTL ABE MaTpULpl BuicTpee, Yem 3a O(n3)? Kak nacuer O(n?), O(n)?
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YMHoxeHne Mmatpuubl Ha BekTop (matvec)

Mycte A - maTpuua pasmepa m X 1, a T - BEKTOP AJAUHbI 1, TOrAA i-i anemeHT npousseaeHnst Ax paseH:

z=Ax

paBeH:

n
Zi = § Qi Ty,
k=1

J7a onepauus B HaueHoili dopme Tpebyet ()(n?) apudmeTnueckux onepaunii, rae 1 0bbIYHO cuMTaeTcsl HanbosbLueli

Pa3MEpPHOCTLIO BXOAOB.

OTmeTumMm, 4TO:

e C=AB CT=RBTAT

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy
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A_ 14k
® e :ZEA
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A+B — ¢AeB)

eArB £ e4eB (o ecnu A n B kommyTupytoT, To ect AB = BA, 1o ¢
(z, Ay) = (ATz,y)

B/ — min ® 00
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Hopmbi
Hopma - 370 KonnyecTBeHHasi mepa ManocTn BekTopa 1 obbivHo 0bo3HavaeTcs Kak |z||.

Hopma AOJ1XKHA YAOBNETBOPATL OnpeaeseHHbIM CBOlCTBaM:

1. Jaa] = lalla], a € R
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L |laz] = |of|z], o € R
2. |z +y| < x|+ |ly| (vepasencTso TpeyronbHuka)
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Hopmbi
Hopma - 370 KonnyecTBeHHasi mepa ManocTn BekTopa 1 obbivHo 0bo3HavaeTcs Kak |z||.

Hopma AOJ1XKHA YAOBNETBOPATL OnpeaeseHHbIM CBOlCTBaM:

1 Jozl = Jalja]. a € B
2. |z +y| < x|+ |ly| (vepasencTso TpeyronbHuka)
3. Ecm |zl =0, Toz =0

PaCCTOHHI/Ie Me)KAy p,ByM;I BEKTOPAMU ONPEOENAETCA KakK
d(z,y) = |z —y|.

Haunbonee wupoko ncnonbsyemoii Hopmoii siensietcss EBknmpgosa Hopma:

Izl =

KOTOpasi COOTBETCTBYET PACCTOSIHWIO B Halleli peanbHOR XU3HU. Ecnm BekTOpbl UMEOT KOMMNAEKCHBIE 3/1EMEHTbI, Mbl
ucnonb3syem nx mogynb. EBknugosa Hopma, nau 2-Hopma, ABASETCS MOAKIACCOM BaXKHOMO K1acca P-HOPM:

fal, = ()"
=1
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p-HOpPMaA BeKTopa
CyLuecTBYIOT ABa O4eHb BaXKHbIX 4aCTHbIX ciydasi. beckoHedHocTb-HOpMa, win Hopma Yebbiwesa, onpegensieTcs Kak
MaKCUMasibHOe abCoIOTHOE 3HaYEHNE IEMEHTA BEKTOPA:

il = max|

BcnomuHaem nuneiinyto anrebpy 0 O
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p-HOpPMaA BeKTopa
CyLuecTBYIOT ABa O4eHb BaXKHbIX 4aCTHbIX ciydasi. beckoHedHocTb-HOpMa, win Hopma Yebbiwesa, onpegensieTcs Kak

MaKCUManbHOe abCoNOTHOE 3HaYeHNe dNeMeHTa BEKTOpPaA:
il = max|

[, Hopma (UM MaHX3TTEHCKOE PacCTOsIHME) OMPEAENSETCs Kak CyMMa MOZAY/ell SN1EMEHTOB BEKTOPA X

ey =D |l
i

BcnomuHaem nuneiinyto anrebpy
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Pp-HOpMa BEKTOpa
CyLuecTBYIOT ABa O4eHb BaXKHbIX 4acCTHbIX ciyyasi. beckoHedHocTb-HOpMa, nin Hopma Yeboiwesa, onpegensieTcs Kak

MaKCUMasibHoe abCcoNtoTHOE 3HaYeHNE deMeHTa BEKTOpa:

] = max |

ll HOpMa (I/lﬂl/l MaHX3TTEHCKOoe paccromwle) ONpenensaeTcsa Kak cyMmmMa MoAyneiﬁ SJIEMEHTOB BEKTOpPa X

ey = lai]
%

ll HOPMa NrpaeT O4eHb Ba)XXHYHO POJiIb: OHA BCE€ CBA3aHa C MeToAaMun compressed sensing, KOTOpPbIE NOABUNUCH B
cepegunHe 00-x kak O4Ha U3 NONYNSAPHbIX TEM VICCﬂep,OBaHVIﬁ. KO,EI, ansa I/I306pa)KeHI/I5I H)Xe OOCTYyNeH 34€eCh.. Takxe
NOCMOTPUTE 3TO BNAEO.

Unit disk in the p-th norm

p=0.5 p=0.8 p=1 p=2 p = 100500

0.5 0.5

0.0+ . 0.0

“05 -05

H
° -1.0
-0.5 0.0 0.5 -1 0 1 -1 0 1 -1 [ 1
J — min -
2,9,z BcnomuHaem nuneiinyto anrebpy
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MaTtpudHblie HOpMbI
B HekoTOpoM cMbiCNe MeXAY MaTpuLamn 1 BEKTOpaMU HeT Bosiblioli pa3HuLbl (Bbl MOXeTe BEKTOPM30BaTh
MaTpuLy), U 3AeCb NOSIBASIETCA Camasi NpocTas MaTpuyHas Hopma Ppobenuyca:

[ = DD layl?

i=1 j=1

1/2

BcnomuHaem nuneiinyto anrebpy DO
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MaTtpuyHblie HOpMbI
B HekoTOpoM cMbiCNe MeXAY MaTpuLamn 1 BEKTOpaMU HeT Bosiblioli pa3HuLbl (Bbl MOXeTe BEKTOPM30BaTh
ManMLJ,y), 1N 340eCb NOABNAAETCA CaMas NPOCTasd MaTpuUu4dHas HOpMa CDpo6eHV|yca:

e = (3%

i=1 j=1

1/2

a’ij‘Q

|A|, siBnsieTcs opHOM M3 Hanbosiee WMPOKO UCMONb3YeMbIX MAaTPUYHBIX HOpM (Hapsigy C

CnekTpasbHasi Hopma,
Hopmoii Ppoberuyca).

A:
Al = sup 14212,

220 (EaPS

OHa He MOXET BbITb BbIYMC/IEHA HEMNOCPEACTBEHHO U3 JIEMEHTOB C MOMOLLLIO MPOCTON hOpPMYJIbI, Kak B Cly4ae
Hopmbl PpobeHnyca, OAHAKO, CyLEeCTBYIOT 3(PEKTNBHbIE aNropuTMbl Asi ee BblducieHus. OHa Hanpsimyto cBsizaHa
C cuHrynsipibim pasnoxetnvem (SVD) matpuupl. [Jns Heé cnpaseanmeo:

HA||2 =0 (A) = )\Inax(ATA)

rae 04 (A) - Hanbonbluee cuHrynsipHoe 3HadeHne maTpusl A.

B/~ i
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CkanspHoe npounssegeHune

CTaH,D,apTHOE CkKansipHoe npou3seaeHne Mexay BeEKTopamMun T n y mns R™ PaBHO!

n
(@, y) =2Ty =" wy, =yTz = (y,2)
=1

3pecb T; 1 Y, - i-ble KOMMOHEHTbI COOTBETCTBYHOLYMX BEKTOPOB.
.
1 Example

,uOKa}KI/ITe, HYTO Bbl MOXETE NEPECTABUTL ManI/ILI'y BHyTpI/I CKaNsApHOro nponsseneHnsa ¢ TPAHCNOHNPOBAHUEM!
(z,Ay) = (AT, y) n (z,yB) = (xB",y)

‘f - 5‘5}‘3 BcnomuHaem nuneiinyto anrebpy P00 O
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CkanspHoe npoussegeHne matpuyy,

Rmxn

CraHgapTHoe ckansipHoe npouwssegeHue mexay matpuuamu X n Y us paBHo:

m n

(X, V) =tr(XTY) = >3 X, )V, =tr(YTX) = (Y, X)
=1 j=1

i Question

CywecTByeT nu cBs3b Mexgy Hopmoii Dpoberunyca || - |z u ckanspHbiM nponsseseHnemM MeXay MaTpuLamMu

<.’ .>?

— min -
‘f o BcnomuHaem nuneiinyto anrebpy

12
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CobcTBeHHbIE BEKTOPA U CODCTBEHHbIE 3HAYEeHUs

Yucno \ siensietcst COBCTBEHHBIM 3HAYEHVEM KBaApaTHOVI MaTpuubl A pasmMepa n X n, €Can CyuwecTByeT HeHyﬂeBOI7I

BEKTOpP ¢ TaKoli, 4TO
Ag = )\q.

BeKTOp ( Ha3blBaeTCA COBCTBEHHBIM BEKTOPOM MaTpuubl A. ManI/ILI,a A HEBbIPOXAEHHAA, €CNn HN O4HO N3 eé
CODCTBEHHBIX 3HAYEHUIA He PABHO HYNIO. CobcTBeHHbIE 3HaYeHUS CUMMETPUYHbIX MaTpuL, ABAAKOTCA BEWECTBEHHbIMN
Hucnamu, B TO BpPEMsA KaK HECUMMETPUYHbIE MaTpULLbl MOTYT UME€Tb KOMMNJIEKCHbIE cobcTBeHHbIe 3HaveHus. Ecnn
MaTpuya NONOXKUTENBHO onpeaeneHa N CMUMMETPU4YHa, TO BCe €€ coBCTBEHHbIE 3HAYEHUSA ABAAIOTCA NONOKUTENBHBIMM
BELWECTBEHHbIMN YUCNaMN.

BcnomuHaem nuneiinyto anrebpy P00 O 13
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CobcTBeHHbIE BEKTOPA U CODCTBEHHbIE 3HAYEeHUs
i Theorem

A > (>)0 < Bce cobcTBeHHble 3HaveHns A > (>)0

Proof
1. — [pegnonoxum, 4T0 HEKOTOPOe COBCTBEHHOE 3HAYEHNE \ OTPULATENLHO, U MYCTb T
0603Ha4aeT coOTBETCTBYIOLMI COBCTBEHHBIN BekTOp. Torga

Az =Xz —» 2T Az = 2Tz <0

4TO npotusopeanT ycnosuto A = 0.

— min =
‘f o BcnomuHaem nuneiinyto anrebpy

14
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CobcTBeHHbIE BEKTOPA U CODCTBEHHbIE 3HAYEeHUs

i Theorem

A > (>)0 < Bce cobcTBeHHble 3HaveHns A > (>)0
Proof
1. — [pegnonoxum, 4T0 HEKOTOPOe COBCTBEHHOE 3HAYEHNE \ OTPULATENLHO, U MYCTb T
0603Ha4aeT coOTBETCTBYIOLMI COBCTBEHHBIN BekTOp. Torga

Az =Xz —» 2T Az = 2Tz <0

4TO npotusopeanT ycnosuto A = 0.
< [nsa noboii cuMMeTpu4HONi MaTpuLibl Mbl MOXKEM BblbpaTh Habop cobCTBEHHbIX BEKTOPOB

Vi, ..., U, KOTOPbIE 06Pa3yloT opTOHOPMUPOBaHHbIK basnc B R™. Bosbmem nt0boii BekTop

r € R
2T Az = (aqv; + ... + a,v,) T A(qvy + ... + @, v,)

= Za?v;‘rAvi = Zaf)\iviTvi >0

T _ . .
3aeck mbl ucrnonb3osanu TOT PakT, 4o v; v; =0, Ans i F j.

— min =
‘f o BcnomuHaem nuneiinyto anrebpy

14
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CnekTtpanbHoe pa3noxetnue (eigendecomposition)

Mycte A € 5, T.e. A - BellecTBeHHast CUMMeTPUYHAsi MaTpULA pasmepa 1 X n. Toraa A MOXeT ObiTb passiokeHa
KaK

A= QAQT,

2XopoLuas Wwnaprafka ¢ pasfoxeHneM MaTpuL, AOCTYMHa Ha caiiTe Kypca no NnHeiiHoi anrebpe website.
‘f - m}‘l BcnomuHaem nuneiinyto anrebpy P00 O
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CnekTtpanbHoe pa3noxetnue (eigendecomposition)

Mycte A € 5, T.e. A - BellecTBeHHast CUMMeTPUYHAsi MaTpULA pasmepa 1 X n. Toraa A MOXeT ObiTb passiokeHa
KaK

A= QAQT,

rae Q € R™™ opToronanshas, T.e. yposnetsopseT QTQ = I, u A = diag(\, ..., \,,). BewecTsennbie uncna A,
ABASAIOTC COBCTBEHHBIMU 3HaYeHnsiMN A 1 SBASIIOTCS KOPHAMU xapakTepucTudeckoro nonntoma det(A — AT).
Cronbupl () obpasytoT opTOHOPMUPOBaHHLIA Habop cobcTeerHbIx BekTopoB A. Takoe pasnoxeHue Ha3blBaeTcs

CNEKTPaJibHbIM. 2

2Xopoluas wnapranka ¢ pasnoxeHneM MaTpuL, AOCTYMHA Ha CaiiTe Kypca no JuHeliHoli anrebpe website.

B/~ i
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CnekTtpanbHoe pa3noxetnue (eigendecomposition)

Mycte A € 5, T.e. A - BellecTBeHHast CUMMeTPUYHAsi MaTpULA pasmepa 1 X n. Toraa A MOXeT ObiTb passiokeHa
KaK

A= QAQT,

rae Q € R™™ opToronanshas, T.e. yposnetsopseT QTQ = I, u A = diag(\, ..., \,,). BewecTsennbie uncna A,
ABASAIOTC COBCTBEHHBIMU 3HaYeHnsiMN A 1 SBASIIOTCS KOPHAMU xapakTepucTudeckoro nonntoma det(A — AT).
Cronbupl () obpasytoT opTOHOPMUPOBaHHLIA Habop cobcTeerHbIx BekTopoB A. Takoe pasnoxeHue Ha3blBaeTcs

CNEKTPaJibHbIM. 2

Mbl 0BbINHO YNOPsSiAOUMBAEM BELLECTBEHHbIE CODCTBEHHbIE 3HAYEHUS KaK Ay > Ay > ... > A,. Mbl ucnosnb3ayem
obozHaueHne \;(A) ans obosHaueHus i-ro Hambosblero cobcTeeHHoro 3HadeHunst A € S. Mbl 0BbI4HO nuLem
Hambonbluee NAN MakcuManbHoe cobcTeeHHoe 3HaveHmne Kak Aq(A) = A, (A), 1 HauMeHbLLee UM MUHUMaNbHOE
cobcTBeHHoe 3HadeHne kak A, (A) = A, (4).

max(

2Xopoluas wnapranka ¢ pasnoxeHneM MaTpuL, AOCTYMHA Ha CaiiTe Kypca no JuHeliHoli anrebpe website.

B/~ i

BcnomuHaem nuneiinyto anrebpy P00 O
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CobcTBeHHble 3Ha4vYeHus
HaVI6OJ'IbLLIe€ N HAMMEHbLUEE BeLIJ,eCTBeHHbleCO6CTB€HHbIe 3HaAYeHUSA y,D,OBﬂeTBOpﬂIOT

xT Ax xT Ax
Ao (A) = inf Ao (A) =
min (A) nf max (A) SUP T

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy

16
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CobcTBeHHble 3Ha4vYeHus
HaVI6OJ'IbLLIe€ N HAMMEHbLUEE Bel.l.l,eCTBeHHbleCO6CTB€HHbIe 3HaAYeHUSA y,D,OBﬂeTBOpﬂIOT

2T Ax 2T Ax
A (A) = inf A (A) =
min (4) nf max (A) Szilg g

u, cnegosatensHo, Vo € R™ (cooTHowenue Panes):

An(A)zTe < 2T Az < X\, (A)zTz

max(

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy

16
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CobcTBeHHble 3Ha4vYeHus
Ha|/|6onbLuee N HAMMEHbLUEE Bel.l.l,eCTBeHHbleCO6CTB€HHbIe 3HaAYeHUSA y,D,OB.ﬂeTBOpﬂIOT

2T Ax 2T Ax
A (A) = inf A (A) =
min (4) nf max (A) ii% g

u, cnegosatensHo, Vo € R™ (cooTHowenue Panes):

An(A)zTe < 2T Az < X\, (A)zTz

max(

Yucno 06yCﬂOBﬂeHHOCTVI HeBprO)Kp,eHHOVI MaTpuubl onpefendaeTca Kak

K(A) = |AJA7Y

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy

16
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CobcTBeHHble 3Ha4vYeHus
Ha|/|6onbLuee N HAMMEHbLUEE Bel.l.l,eCTBeHHbleCO6CTB€HHbIe 3HaAYeHUSA yp,OBﬂeTBOpﬂIOT

2T Ax 2T Ax
A (A) = inf A (A) =
min (4) nf max (A) ii% g

u, cnegosatensHo, Vo € R™ (cooTHowenue Panes):

An(A)zTe < 2T Az < X\, (A)zTz

min( max(

Yucno 06yCﬂOBﬂeHHOCTI/| HeBprO)Kp,eHHOVI MaTpuubl onpefendaeTca Kak

K(A) = |AJA7Y

Ecnn mbi Ncnonb3yemM CNEKTPasIbHYyHO MAaTPUHHYKO HOPMY, Mbl MOXXEM MOJTYHUTb!:

Ecnu, kpome Toro, A € ST, : k(A) =

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy

16
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Yucno obycnosneHHocTun

B, /— min

b 5%

x=1.5

K777 <3
Y=

2 4

/

SRS . . M

-4 -2 0 2 4

BcnomuHaem nuneiinyto anrebpy
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Cunrynsiproe pasnoxexue (SVD)

Myctb A € R™*™ ¢ pavrom A = r. Torga A MOXeT ObITb pa3fnoxeHa Kak

A=UxVT

[ — min .
2,9,z BcnomuHaem nuneiinyto anrebpy

18
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Cunrynsiproe pasnoxexue (SVD)

Myctb A € R™*™ ¢ pavrom A = r. Torga A MOXeT ObITb pa3fnoxeHa Kak

A=UxVT

rae U € R™*" yposnetsopsier UTU = I, V € R"*" ypoenetsopsier VIV = I, n ¥ sBnsieTcsi AnaroHanbHoii
maTpuuell ¢ ¥ = diag(oy, ..., 0,.), Takoii 4To

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy DO

18
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Cunrynsiproe pasnoxexue (SVD)

Myctb A € R™*™ ¢ pavrom A = r. Torga A MOXeT ObITb pa3fnoxeHa Kak

A=UxVT

rae U € R™*" yposnetsopsier UTU = I, V € R"*" ypoenetsopsier VIV = I, n ¥ sBnsieTcsi AnaroHanbHoii
maTpuuell ¢ ¥ = diag(oy, ..., 0,.), Takoii 4To

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy DO
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Cunrynsiproe pasnoxexue (SVD)

Myctb A € R™*™ ¢ pavrom A = r. Torga A MOXeT ObITb pa3fnoxeHa Kak

A=UxVT

rae U € R™*" yposnetsopsier UTU = I, V € R"*" ypoenetsopsier VIV = I, n ¥ sBnsieTcsi AnaroHanbHoii
maTpuuell ¢ ¥ = diag(oy, ..., 0,.), Takoii 4To

0, >20y2>...20,>0.

DTO pa3noXeHue Ha3bIBAaETCs CMHIYNsapHbIM pasnoxerunem (SVD) matpuubl A. Cronbusl U HasbiBatoTcs neBbiMU
CUHTYNSIPHBIMU BekTOpamu A, cTonbubl V' Ha3blBalOTCS NPaBbIMU CUHIYASIPHBIMU BEKTOPAMU, 11 YNCAA 0; SBASIOTCA
CUHTYAsipHbIMU 3HaveHusiMu. CUHIYAsSiPHOE Pa3ioXeHne MOXET BbiTb 3annMcaHo Kak

,

— T

A= E 0,05
i=1

roe u; € R™ aBnstoTca NeBbIMU CUHIYNSPHBIMI BeKTOpamu, 1 v; € R™ SBAstoTCS npaBbiMy CUHTYAAPHBIMI
BEKTOpamu.

B/~ i

BcnomuHaem nuneiinyto anrebpy P00 O 18
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CuHrynspHoe pa3noxeHue

i Question

Mycte A € ST, . YT0o Mbl MOXEM CKa3aTb O CBSA3M MeX/y €ro CODCTBEHHBIMU 3HAYEHUSIMN U CUHTYNSPHBIMY
3HavyeHnaAMu?

‘f - m}‘l BcnomuHaem nuneiinyto anrebpy P00 O

19
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CuHrynspHoe pa3noxeHue

i Question

Mycte A € ST, . YT0o Mbl MOXEM CKa3aTb O CBSA3M MeX/y €ro CODCTBEHHBIMU 3HAYEHUSIMN U CUHTYNSPHBIMY
3HavyeHnaAMu?

1 Question

Kak cuHrynsipHble 3Ha4eHnst MaTpULbl CBSI3aHbl C €€ COBCTBEHHLIMI 3HAYEHNSIMU, OCOBEHHO AN CUMMETPUHHONA
MaTpuubl?

BcnomuHaem nuneiinyto anrebpy P00 O
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Panrosoe pa3noxenue (Skeleton decomposition)
MpocToe, HO OYeHb MHTEPECHOE Pa3fOXKEHNE - STO PaHFOBOE Pa3/IoKEHNE, KOTOPOoe
MOXeT BbITb 3anncaHo B AByx dopmax:

A=UVT A=CA'R

[ — min .
2,9,z BcnomuHaem nuneiinyto anrebpy

20
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Panrosoe pa3snoxenue (Skeleton decomposition)

MpocToe, HO OYeHb NHTEPECHOE PA3IOKEHNE - STO PaHrOBOE PAa3/IOKEHNE, KOTOPOE
MOXeT BbITb 3anncaHo B AByx dopmax:

A=UVT A=CA'R

MocneaHee BbipaXkeHne OTHOCUTCS K 3aBaBHOMY hakTy: Bbl MOXKeTe Cay4aliHbiM
obpa3om BbIbpaTh 7 IMHERHO HE3aBUCUMBIX CTOIBLOB MaTpuLbl 1 obbie 7
JIMHENHO HE3aBUCUMBIX CTPOK MaTpULibl 1 XPaHUTb TONBKO UX C BO3MOXHOCTbLIO
TouHo (!) BoccTaHOBMTL BCIO MaTpuuy.

BcnomuHaem nuneiinyto anrebpy
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Panrosoe pa3snoxenue (Skeleton decomposition)

MpocToe, HO OYeHb NHTEPECHOE PA3IOKEHNE - STO PaHrOBOE PAa3/IOKEHNE, KOTOPOE
MOXeT BbITb 3anncaHo B AByx dopmax:

A=UVT A=CA'R

MocneaHee BbipaXkeHne OTHOCUTCS K 3aBaBHOMY hakTy: Bbl MOXKeTe Cay4aliHbiM Ao = Upe - VI,
obpa3om BbIbpaTh 7 IMHERHO HE3aBUCUMBIX CTOIBLOB MaTpuLbl 1 obbie 7
JIMHENHO HE3aBUCUMBIX CTPOK MaTpULibl 1 XPaHUTb TONBKO UX C BO3MOXHOCTbLIO
TouHo (!) BoccTaHOBMTL BCIO MaTpuuy. o
MpumeHeHUs ANns paHroBOro pasnoXeHus:
® (CkaTue mMoaenm, OkaTue JaHHbIX N YCKOPEHUE BbIYUCIEHNA B YUCIEHHOM
aHanu3e: 415 MaTpuubl paHra r ¢ r <K M, M HeobXxoguMO XpaHUTb . o iin
O((n+ m)r) < nm snemeHToB.

Puc. 3: Nantoctpauns paHrosoro
pa3noxeHus

BcnomuHaem nuneiinyto anrebpy
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Panrosoe pa3snoxenue (Skeleton decomposition)

MpocToe, HO OYeHb NHTEPECHOE PA3IOKEHNE - STO PaHrOBOE PAa3/IOKEHNE, KOTOPOE
MOXeT BbITb 3anncaHo B AByx dopmax:

A=UVT A=CA'R

MocneaHee BbipaXkeHne OTHOCUTCS K 3aBaBHOMY hakTy: Bbl MOXKeTe Cay4aliHbiM Apen A
obpa3om BbIbpaTh 7 IMHERHO HE3aBUCUMBIX CTOIBLOB MaTpuLbl 1 obbie 7
JIMHENHO HE3aBUCUMBIX CTPOK MaTpULibl 1 XPaHUTb TONBKO UX C BO3MOXHOCTbLIO
TouHo (!) BoccTaHOBMTL BCIO MaTpuuy. o
MpumeHeHUs ANns paHroBOro pasnoXeHus:
® (CxaTne MOLENU, CKaTWNE AaHHbIX U YCKOPEHNE BbIHUCIEHUI B HUCIEHHOM
aHanu3e: 415 MaTpuubl paHra r ¢ r <K M, M HeobXxoguMO XpaHUTb s - o iin
O((n+ m)r) < nm snemeHToB.
® |I3BneveHne NpU3HaKoOB B MaLIMHHOM OBy4eHun p )
nc. 3: Vinntoctpauyus panrosoro
Pa3noXXeHnsa

BcnomuHaem nuneiinyto anrebpy
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Panrosoe pa3snoxenue (Skeleton decomposition)

MpocToe, HO OYeHb NHTEPECHOE PA3IOKEHNE - STO PaHrOBOE PAa3/IOKEHNE, KOTOPOE
MOXeT BbITb 3anncaHo B AByx dopmax:

A=UVT A=CA'R

MocneaHee BbipaXkeHne OTHOCUTCS K 3aBaBHOMY hakTy: Bbl MOXKeTe Cay4aliHbiM Apen A
obpa3om BbIbpaTh 7 IMHERHO HE3aBUCUMBIX CTOIBLOB MaTpuLbl 1 obbie 7
JIMHENHO HE3aBUCUMBIX CTPOK MaTpULibl 1 XPaHUTb TONBKO UX C BO3MOXHOCTbLIO
TouHo (!) BoccTaHOBMTL BCIO MaTpuuy. o
MpumeHeHUs ANns paHroBOro pasnoXeHus:
® (CxaTne MOLENU, CKaTWNE AaHHbIX U YCKOPEHNE BbIHUCIEHUI B HUCIEHHOM
aHanu3e: 415 MaTpuubl paHra r ¢ r <K M, M HeobXxoguMO XpaHUTb
O((n+ m)r) < nm snemeHToB.
® |I3BneveHne NpU3HaKoOB B MaLIMHHOM OBy4eHun
o Puc. 3: Nantoctpauns paHrosoro
Bce npunoxenus, rage npumensietcs SVD, Tak Kak paHroBoe pasfioxeHue pazNOKEHNS
MOXeT BbITb npeobpasosaro B popmy yceuenHoro SVD.

Amsn = ConsrArL Ry

BcnomuHaem nuneiinyto anrebpy P00 O
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KanoHunueckoe TEH30pHOE pa3ioXKeHune
Mo>kHo paccmoTpeTb 0606LLeHE PAHTOBOTO Pa3/ioXKeHNsl HAa CTPYKTYPbl AaHHbIX H0osiee BLICOKOro Nopsiika, Takme Kak
TEH30pbl, YTO O3HAYaeT NpeACTaB/eHMe TEH30pa B BUAE CYMMbl " MPOCTbIX TEH30POB.

Tensor Tiyxx

Puc. 4: NnnocTpaumst KaHOHUYECKOrO TEH30PHOIO Pa3sIoOKEHUS

i Example

3ameTbTe, HYTO CyLIECTBYeT MHOMECTBO TEH3OPHbLIX Pa3/IOKEeHWIA: KaHOHMYeckoe, Takkepa, TEH3OpHbIl noesa
(TT), TensopHoe konbuo (TR) u gpyrue. B cnyyae TeH30poB Mbl HE MeEM NPSIMOro ONpefeneHns paHra Ans
BCEX TUMOB pasnoxeHuii. Hanpumep, ans pasnoxeHns TeH30pHOrO Moe3fa paHr SBASETCA He CKanspoM, a

BEKTOPOM.
‘f — i BcnomuHaem nuHeiityio anrebpy P00 O 21
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Onpegenutenb u cnepg, maTpuubl

Onpep,enMTe.nb n cneg mMmatpuubl MOryT ObITh BblpaXXeHbl 4epes COBCTBEHHbIE 3HAYEHUS

detA = ﬁ A trA = Zn: A
i=1 i=1

Onpep,enMTenb NMEET HECKOJIbKO I/IHTepeCHbIXCBOﬁCTB. Hanpleep,

® detA = 0 Torga n TonbKo Toraa, korga A sBnseTca BbIPOXKAEHHOIA;

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy
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Onpegenutenb u cnepg, maTpuubl

Onpep,enMTe.nb n cneg mMmatpuubl MOryT ObITh BblpaXXeHbl 4epes COBCTBEHHbIE 3HAYEHUS

detA = ﬁ A trA = Zn: A
i=1 i=1

Onpep,enMTenb NMEET HECKOJIbKO I/IHTepeCHbIXCBOﬁCTB. Hanpleep,

® detA = 0 Torga n TonbKo Toraa, korga A sBnseTca BbIPOXKAEHHOIA;

® detAB = (detA)(detB);

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy
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Onpegenutenb u cnepg, maTpuubl

Onpep,enMTe.nb n cneg mMmatpuubl MOryT ObITh BblpaXXeHbl 4epes COBCTBEHHbIE 3HAYEHUS

detA = ﬁ A trA = Zn: A
i=1 i=1

Onpep,enMTenb NMEET HECKOJIbKO I/IHTepeCHbIXCBOﬁCTB. Hanpleep,

® detA = 0 Torga n TonbKo Toraa, korga A sBnseTca BbIPOXKAEHHOIA;
® detAB = (detA)(detB);
o detA ! = 1L

det A-

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy
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Onpegenutenb u cnepg, maTpuubl

Onpep,enMTe.nb n cneg mMmatpuubl MOryT ObITh BblpaXXeHbl 4epes COBCTBEHHbIE 3HAYEHUS

detA = ﬁ A trA = Zn: A
i=1 i=1

Onpep,enMTenb NMEET HECKOJIbKO I/IHTepeCHbIXCBOﬁCTB. Hanpleep,

® detA = 0 Torga n TonbKo Toraa, korga A sBnseTca BbIPOXKAEHHOIA;
® detAB = (detA)(detB);
o detA ! = 1L

det A-

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy
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Onpegenutenb u cnepg, maTpuubl

Onpep,enmenb n cneg mMmatpuubl MOryT ObITh BblpaXXeHbl 4epes COBCTBEHHbIE 3HAYEHUS

detA = ﬁ A trA = Zn: A
i=1 i=1

Onpep,enMTenb NMEET HECKOJIbKO I/IHTepeCHbIXCBOﬁCTB. Hanpleep,

® detA = 0 Torga n TonbKo Toraa, korga A sBnseTca BbIPOXKAEHHOIA;
® detAB = (detA)(detB);
1

® detA™ = .

He 3abbiBaiiTe 0 UMkANYeckoM CBONCTBE crefa st npoussosbHbix matpuy A, B, C, D (npegnonaras, 4To Bce
Pa3MepHOCTN COracoBaHbl):

tr(ABCD) = tr(DABC) = tr(CDAB) = tr(BCDA)

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy DO
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Onpegenutenb u cnepg, maTpuubl

Onpe,u,enmenb n cneg mMmatpuubl MOryT ObITh BblpaXXeHbl 4epes COBCTBEHHbIE 3HAYEHUS

detA = ﬁ A trA = Zn: A
i=1 i=1

Onpep,enMTenb NMEET HECKOJIbKO I/IHTepeCHbIXCBOﬁCTB. Hanpvlmep,

® detA = 0 Torga n TonbKo Toraa, korga A sBnseTca BbIPOXKAEHHOIA;
® detAB = (detA)(detB);
1

® detA™ = .

He 3abbiBaiiTe 0 UMkANYeckoM CBONCTBE crefa st npoussosbHbix matpuy A, B, C, D (npegnonaras, 4To Bce
Pa3MepHOCTN COracoBaHbl):

tr(ABCD) = tr(DABC) = tr(CDAB) = tr(BCDA)

i Question

Kak onpegennTens mMaTpuubl cBs3aH ¢ €€ 0bpaTUMOCTbI0?

— min s
‘f 2,9,z BcnomuHaem nuneiinyto anrebpy DO
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B, /— min

CKOpOCTN CXOANMOCTI

CkopocTtu cxogumocTu

23
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Ckopoctb cxogmmocTu

Convergence rates
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Jlnueiinas cxogmmocTtb

Y706bI CPaBHUTL NPOU3BOAUTENLHOCTE ANFOPUTMOB, Mbl AOJKHBI ONPEAENTE TEPMUHBI A1 PA3TNYHBIX TUMNOB
cxogumocTu. TycTb 7, - NOCNE[OBATENBHOCTL HEOTPULATENbHBIX BELLECTBEHHBIX YINCEN, KOTOPas CXOAUTCA K HyAIO.
OBbI4HO MbI MMeeM NTEpaLMOHHbIT METOA, KOTOPbI/i MPON3BOANT NOCNEA0BAaTENLHOCTL UTEpaLnii Ty,
NPUBANKAIOLLNXCS K ONTUMANLHOMY pelerunto T*, u 1y, = |z, — z*|5.

Jluueiinan CXOAUMOCTb NOCNENOBATENIbHOCTN T, ONPEAENAETCA CheayoLnm o6pa30M:

MocnegoBatensHocTb {1, }$2.  cxoauTcs nuneiito ¢ napametpom 0 < ¢ < 1, ecan cywectsyet koHctanta C' > 0

k=m
Takasi, 4To:
r, < qu, for all £ > m.

Ecnn Takoe ¢ cyuecTByert, TO NOCAEL0BATENILHOCTL HA3bIBAETCS JIMHERHO cxopsiielicsi. ToYHas HUXKHAS rpaHuLa
BCEX (, YAOBNETBOPSIOWNX HEPABEHCTBY, HA3blBAETCS CKOPOCTbIO JIMHENHOW CXOAUMOCTU NOC/IeA0BaTENLHOCTHU.

Question

Mpepnonoxxum, y Bac ecTb fBe NOC/IELOBATENLHOCTY C IMHERHBIMY CKOpoCTsMU cxogumoctun ¢; = 0.1 u gy = 0.7,
Kakasi n3 Hux boicTpee?

CKOpOCTN CXOANMOCTI P00 O
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JlnHeitnas cxogMmocTb

i Example
MpesnonoXum, y Hac ecTb Ciedylolast NocNefAoBaTeNbHOCTb:

T = —
k ok

MoxxHo Cpa3y 3akKNK4HYNTb, HTO Mbl NMEEM ﬂMHeﬁHy}O CXOANMOCTb C nNapaMeTpamMun q = 5 nC=0.

i Question

Onpegennte cxognMoCTb CeaytoLleli NocnefoBaTeNbHOCTN

3

Tk:27]c

— min
‘f o CKOpOCTN CXOANMOCTI
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CybnuHeiiHas cxoammocTb

Ecnn nocnenosaTenbHOCTb 7, CXOANTCS K HYJIO, HO HE UMEET JIMHENHON CXOQMMOCTM, TO CXOAMMOCTb Ha3bIBAETCA
cybnuneiinoli. IHoraa mMbl MOXXeM paccCMOTPeTb CAeAYIOLWNIA HYaCTHbIV CyYaid CybnmnHeiHol cxoanmMocTu:

ka+1 — '], < Ok,

rae g < 0mn 0 < C < oo. NIHTyuTueHo, cybanHeliHasi CXOAMMOCTb O3HAYaeT, YTO NOCNEA0BATENLHOCTL CXOANTCA
MefieHHee Ntoboli reomeTpuYeckoli nporpeccum.

CKOpOCTN CXOANMOCTI
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CeepxnuHeiiHas cXoaMMOCTb

oo - -
CxogumocTb nocnegosatensHocT {7,152, Ha3biBAETCS CBEPX/IMHENHON, €C/IN OHA CXOAUTCS K Hyio BbicTpee
noboii nuHeliHo cxofsuelics nocnegosaTensHocTu. [poBepbTe, 4TO NOCNEfOBATENLHOCTL {rk}i’;m sBNsieTCA
CBEPXJINHEHOW, eC OHA CXOANTCS NMHERHO ¢ napameTpom g = 0.

Ona p > 1, nocnepoBaTenbHOCTH MMEET CBEPX/IMHENHYIO CXOQMMOCTbL nopsigka p, ecan cywectsyet C' > 0 u
0 < g < 1 Takas, yTo:
k
r, < CgP, forall k>m.

Korga p = 2, 370 Ha3bIBaeTCs KBAAPaTUHHOW CXOA4UMOCTbLIO.

CKOpOCTN CXOANMOCTIN DO
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CeepxnuHeiiHas cXoaMMOCTb

oo - -
CxogumocTb nocnegosatensHocT {7,152, Ha3biBAETCS CBEPX/IMHENHON, €C/IN OHA CXOAUTCS K Hyio BbicTpee
noboii nuHeliHo cxofsuelics nocnegosaTensHocTu. [poBepbTe, 4TO NOCNEfOBATENLHOCTL {rk}i’;m sBNsieTCA
CBEPXJINHEHOW, eC OHA CXOANTCS NMHERHO ¢ napameTpom g = 0.

Ona p > 1, nocnepoBaTenbHOCTH MMEET CBEPX/IMHENHYIO CXOQMMOCTbL nopsigka p, ecan cywectsyet C' > 0 u

0 < g < 1 Takas, yTo:
k
r, < CgP, forall k>m.

Korga p = 2, 370 Ha3bIBaeTCs KBAAPaTUHHOW CXOA4UMOCTbLIO.
BaxkHbili npumep

Mpegnonoxum, 4to z* = 1.23456789 (MCTUHHOE peLLEHME), U UTEPALIMOHHAS NOCIEAOBATENbHOCTL HAYNHAETCS
¢ ownbkn 1, = 1073, cooTeeTCTBYIOWEl 3 NPaBUALHBIM 3HavawmM undpam (1.234).
1. Mocne nepBoii ntepayuu:
Teer ~ 12 = (1073)2 = 107°.

Tenepb ownbka pasra 1075, u Mbl UMeem 6 npaBuLHBIX 3HadawmMx undp (1.23456).

CKOpOCTN CXOANMOCTIN P00 O
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CeepxnuHeiiHas cXoaMMOCTb

oo - -
CxogumocTb nocnegosatensHocT {7,152, Ha3biBAETCS CBEPX/IMHENHON, €C/IN OHA CXOAUTCS K Hyio BbicTpee
noboii nuHeliHo cxofsuelics nocnegosaTensHocTu. [poBepbTe, 4TO NOCNEfOBATENLHOCTL {rk}i’;m sBNsieTCA
CBEPXJINHEHOW, eC OHA CXOANTCS NMHERHO ¢ napameTpom g = 0.

Ona p > 1, nocnepoBaTenbHOCTH MMEET CBEPX/IMHENHYIO CXOQMMOCTbL nopsigka p, ecan cywectsyet C' > 0 u
0 < g < 1 Takas, yTo:
k
r, < CgP, forall k>m.

Korga p = 2, 370 Ha3bIBaeTCs KBAAPaTUHHOW CXOA4UMOCTbLIO.
BaxkHbili npumep

Mpegnonoxum, 4to z* = 1.23456789 (MCTUHHOE peLLEHME), U UTEPALIMOHHAS NOCIEAOBATENbHOCTL HAYNHAETCS
¢ ownbkn 1, = 1073, cooTeeTCTBYIOWEl 3 NPaBUALHBIM 3HavawmM undpam (1.234).
1. Mocne nepBoii ntepayuu:
’k+1""‘k*(10 ) _1076.
Tenepb ownbka pasra 1075, u Mbl UMeem 6 npaBuLHBIX 3HadawmMx undp (1.23456).
2. Mocne BTOpOIi UTepaLun:
Thpo A Toq = (1076)2 = 10712,

Tenepb ownbka pasra 10712, u Mbl uMeem 12 npaBuAbHbIX 3Havalmx Ludp (1.234567890123).

‘f% 5“3‘3 CKOpOCTN CXOANMOCTIN P00 O
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MpakTuyeckne HabNOOEHNA O CKOPOCTAX CXO4UMOCTU

e |z — x|y < k%”azo — x|, 03HauaeT cybnuHeliHyo CKOpPOCTb CXO[MMOCTM
P

J — min
2,9,z CKOpOCTN CXOANMOCTIN

29
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MpakTuyeckne HabNOOEHNA O CKOPOCTAX CXO4UMOCTU

e |z — x|y < k%”azo — x|, 03HauaeT cybnuHeliHyo CKOpPOCTb CXO[MMOCTM
P

® |z — x|y < glz, — x*|, 03HavaeT auHeliHyto ckopocTb cxoguMocTy, rae ¢ < 1

J — min
2,9,z CKOpOCTN CXOANMOCTIN

29


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

MpakTuyeckne HabNOOEHNA O CKOPOCTAX CXO4UMOCTU

e |z — x|y < k%”azo — x|, 03HauaeT cybnuHeliHyo CKOpPOCTb CXO[MMOCTM
P

® |z, — x|y < glz, — x*|, o3HavaeT AuHeliHyto ckopocTb cxoguMocTy, rae ¢ < 1
® |zpiy — 2o < gllz), — 2|3 o3HauaeT kBagpaTMuHyto ckopocTb cxopumocTu, rae gz, — x| < 1

— min
‘f 2,9,z CKOpOCTN CXOANMOCTIN

29
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TecT kopHeii

i Theorem

Myctb (Tk)zim - MOCNefoBaTENIbHOCTb HEOTPULIATENbHbIX YWCEN, CXOASLAACH K HYyAo, U NyCcTb «

limsup,_, r,lc/k. (3ametum, yto o > 0.)

(a) Ecm 0 < oo < 1, 70 (7,)22,,, CXOANTCS NINHENHO C KOHCTAHTOM v

[oka3atenbcrBo.

CKOpOCTN CXOANMOCTI DO
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TecT kopHeii

i Theorem

Myctb (Tk)zim - MOCNefoBaTENIbHOCTb HEOTPULIATENbHbIX YWCEN, CXOASLAACH K HYyAo, U NyCcTb «

I 1/k
imsup, , 7.

(a) Ecm 0 < a <1, 7o (1)

00
k=m

(b) B wactHocTu, ecnn oo = 0, To (1)

[oka3atenbcrBo.

CKOpOCTN CXOANMOCTI

. (3ametum, yto a > 0.)

CXOAUNTCA NNHENHO C KOHCTAHTON Qv.
2, CXOANTCS CBEPXANHENiHO.

30
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TecT kopHeii

i Theorem

Mycte (14,)52,, - MOCNEAOBATENLHOCTb HEOTPULATENLHBLIX HUCEN, CXOAAWASIC K HYI0, W NyCTb « =

. 1/k

limsup, , 7" (3ametum, yto o > 0.)

(a) Ecm 0 < oo < 1, 70 (7,)22,,, CXOANTCS NINHENHO C KOHCTAHTOM v

(b) B uactHoctn, ecnn oo = 0, To (74,)72,,, CXOBNTCS CBEPXIIMHENHO.
j— oo 2

(c) Ecnm av =1, 70 (1,)72,,, cxomnTcs cybnneiiHo.

[oka3atenbcrBo.

‘f% 5‘5}‘3 CKOpOCTN CXOANMOCTI P00 O
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TecT kopHeii

i Theorem

Myctb (Tk)zim - MOCNefoBaTENIbHOCTb HEOTPULIATENbHbIX YWCEN, CXOASLAACH K HYyAo, U NyCcTb «

. 1/k
limsup, , 7" (3ametum, yto o > 0.)

(a) Ecm 0 < oo < 1, 70 (7,)22,,, CXOANTCS NINHENHO C KOHCTAHTOM v
(b) B uactHoctn, ecnn oo = 0, To (74,)72,,, CXOBNTCS CBEPXIIMHENHO.

(c) Ecnm av =1, 70 (1,)72,,, cxomnTcs cybnneiiHo.
(d) Cnywait oo > 1 HeBO3MOXEH.

[oka3atenbcrBo.

— min
‘f o CKOpOCTN CXOANMOCTI
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TecT kopHeii

i Theorem

Myctb (rk)z‘;m - NOCNefoBaTENIbHOCTb HEOTPULLATENbHbBIX YUCEN, CXOAAWAACS K HyMo, M NycTb « =

limsup,_, r,lc/k. (3ametum, yto o > 0.)

(a) Ecm 0 < oo < 1, 70 (71,)22,,, CXOANTCS NINHENHO C KOHCTAHTOM v

(b) B uactHoctn, ecnn oo = 0, To (74,)72,,, CXOBNTCS CBEPXIIMHENHO.

(c) Ecnm av =1, 70 (1,)72,,, cxomnTcs cybnneiiHo.

(d) Cnywait oo > 1 HeBO3MOXEH.

[oka3atenbcrBo.

1. Mokaxem, 4To ecam (13,)%2,,, CXOAUTCS NUHeliHO ¢ koHcTaHTol 0 < B < 1, To a < . [JelicTButensHo, no

ONpefeneHnto KOHCTaHTbI JINHERHON cxogumocTu, ans atoboro € > 0 Takoro, 4to J + € < 1, cywecrsyer
C > 0 Takoe, 4to 17, < C(B +¢)F pns Bcex k > m. OTciopa, r,lc/k < CYF(B +¢€) pns scex k > m.
Mepexogs k npegeny npu k — oo u ucnonwbsyst CYV% — 1, mbl nonyvaem o <  + e. YauTbisas
NPON3BOLHOCTL €, nonydaem o < f3.

‘f% 5“3‘3 CKOpOCTN CXOANMOCTI P00 O
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TecT kopHeii

Theorem

Myctb (rk)z‘;m - NOCNefoBaTENIbHOCTb HEOTPULLATENbHbBIX YUCEN, CXOAAWAACS K HyMo, M NycTb « =
limsup,_, r,lc/k. (3ametum, yto o > 0.)
(a) Ecm 0 < oo < 1, 70 (71,)22,,, CXOANTCS NINHENHO C KOHCTAHTOM v
(b) B uactHoctn, ecnn oo = 0, To (74,)72,,, CXOBNTCS CBEPXIIMHENHO.
(c) Ecnm av =1, 70 (1,)72,,, cxomnTcs cybnneiiHo.
(d) Cnywait oo > 1 HeBO3MOXEH.
[oka3atenbcrBo.
1. Mokaxem, 4To ecam (13,)%2,,, CXOAUTCS NUHeliHO ¢ koHcTaHTol 0 < B < 1, To a < . [JelicTButensHo, no
ONpefeneHnto KOHCTaHTbI JINHERHON cxogumocTu, ans atoboro € > 0 Takoro, 4to J + € < 1, cywecrsyer
C > 0 Takoe, 4to 17, < C(B +¢)F pns Bcex k > m. OTciopa, r,lc/k < CYF(B +¢€) pns scex k > m.
Mepexogs k npegeny npu k — oo u ucnonwbsyst CYV% — 1, mbl nonyvaem o <  + e. YauTbisas
NPON3BOLHOCTL €, nonydaem o < f3.
2. Takum obpasom, B ciydae o = 1 NocnefoBaTeNBHOCTb (7,)00, HE MOXET UMETb JINHERHON CXOANMOCTH
B COOTBETCTBUW C NPUBEAEHHBIM Bbille pe3ynbTaToM (fOKa3aHO OT NpOTUBHOTO). TeM He menee, (1,)72,.
CXOANTCA K HYNHO, NO3TOMY OHAa AO0JIKHA CXO4UTbCA Cy6J'||/|He|ZHO.

CKOpOCTN CXOANMOCTI P00 O
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TecT kopHeii

i Theorem

1. Tenepb paccmoTtpum cayyaii 0 < a < 1. Tyctb € > 0 - npon3BosibHOE YNCIO Takoe, 4TO o + € < 1.
CornacHo ceoiicteam limsup, cywecrtsyet N > m Takoe, 4TO r,lc/k < a+ ¢ gnsa scex k > N. OTcropa,
7e < (a0 +¢)* pna scex k > N. Cneposatensho, (r;,)2°,  cxopnTcs nuneiiHo ¢ napametpom o + € (He
MMEET 3HAYEHUs!, HTO HEPABEHCTBO BbINOJIHAETCS TONLKO Anst Yucna N). Y4uTbiBasi NpoUsBOILHOCTL €,
5TO O3HAYaeT, YTO KOHCTAHTA JIMHERHON CXOAMMOCTH (7,)52,  He npeBbilaeT ¢v. Mockonbky, Kak
NOKa3aHO BbIlUE, KOHCTAHTa JIMHEAHONM CXOANMOCTY HE MOXET BbITh MeHbLUE (v, 5TO 03Ha4aeT, uTo

KOHCTaHTa JIMHERHON CXopMMOCTH (7,)52,  TOYHO paBHa (.

CKOpOCTN CXOANMOCTI DO
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TecT kopHeii

Theorem

1. Tenepb paccmoTtpum cayyaii 0 < a < 1. MNyctb € > 0 - nponsBonbHOE YKUCNO Takoe, 4To o+ € < 1.
CornacHo ceoiicteam limsup, cywecrtsyet N > m Takoe, 4TO r,lc/k < a+ ¢ gnsa scex k > N. OTcropa,
7e < (a0 +¢)* pna scex k > N. Cneposatensho, (r;,)2°,  cxopnTcs nuneiiHo ¢ napametpom o + € (He
MMEET 3HAYEHUs!, HTO HEPABEHCTBO BbINOJIHAETCS TONLKO Anst Yucna N). Y4uTbiBasi NpoUsBOILHOCTL €,
5TO O3HAYaeT, YTO KOHCTAHTA JIMHERHON CXOAMMOCTH (7,)52,  He npeBbilaeT ¢v. Mockonbky, Kak
NOKa3aHO BbILIE, KOHCTAHTA IMHENHONR CXOQUMOCTN HE MOXET BbITb MeHbLUE (v, 3TO 03HAYaEeT, YTO
KOHCTaHTa JIMHERHON CXopMMOCTH (7,)52,  TOYHO paBHa (.

2. HakoHel, nokaxem, 4To cay4daii o > 1 HeBo3MoxeH. [elicTButensHo, npeanonoxum, 4to o > 1. Torga
u3 onpegeneruns limsup cnegyet, 4to gns nwboro N > m cywecteyet k > N Takoe, 4To rllc/k >1,m 8
yactHoctu, 1, > 1. Ho 370 o3HauaeT, 4To 7} NMeeT MOAMNOCIE[OBATENBHOCTL, KOTOPAsi HE OrpaHMyeHa OT
Hynst. CnefoBatensHo, (7,)%2,, HE MOXKET CXOAUTLCS K HYIIO, YTO MPOTUBOPEUNT YCIIOBUIO.
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TecTt oTHOLWIEHMIA

Mycte {74,}72,,, - NOCNEA0BaTENLHOCTE CTPOTO MONIOKUTENLHBIX YNCeN, cxopsawascs K Hyto. Mycts

® Ecnu cywecteyet g n 0 < ¢ < 1, 1o {1, }72,,, MIMEeT NnHeliHyIO0 CXOAMMOCTb C KOHCTaHTOIA g.

— min
‘f 2,9,z CKOpOCTN CXOANMOCTIN
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TecTt oTHOLWIEHMIA

Mycte {74,}72,,, - NOCNEA0BaTENLHOCTE CTPOTO MONIOKUTENLHBIX YNCeN, cxopsawascs K Hyto. Mycts

. r
¢= lim kt1
k—oo T

® Ecnu cywecteyet g n 0 < ¢ < 1, 1o {1, }72,,, MIMEeT NnHeliHyIO0 CXOAMMOCTb C KOHCTaHTOIA g.
® B yactHoctu, ecm ¢ = 0, 10 {7, }72,,, NMEET CBEPX/INHENHYIO CXORMMOCTb.
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TecTt oTHOLWIEHMIA

Mycte {74,}72,,, - NOCNEA0BaTENLHOCTE CTPOTO MONIOKUTENLHBIX YNCeN, cxopsawascs K Hyto. Mycts

. r
¢= lim kt1
k—oo T

® Ecnu cywecteyet g n 0 < ¢ < 1, 1o {1, }72,,, MIMEeT NnHeliHyIO0 CXOAMMOCTb C KOHCTaHTOIA g.
® B yactHoctu, ecm ¢ = 0, 10 {7, }72,,, NMEET CBEPX/INHENHYIO CXORMMOCTb.

: Tkt1 o .
® Ecnu g He cywecTsyeT, Ho ¢ = lim sup, S 21,70 {re} 22, IMEEeT NMHEliHYIO0 CXOAMMOCTb C KOHCTAHTON,
k—oo r -

k
He npeBbILIAIOLLEN .
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32


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

TecTt oTHOLWIEHMIA

Mycte {74,}72,,, - NOCNEA0BaTENLHOCTE CTPOTO MONIOKUTENLHBIX YNCeN, cxopsawascs K Hyto. Mycts

r
— lim —ktL
k—oo T

Ecaun cywectayet ¢ n 0 < g < 1, 10 {r;,}%2,,, IMeeT nnHeliHylO CXOANMOCTb C KOHCTaHTOM g.
B uactHoctu, ecin ¢ = 0, To {r }32,, wmeeT CBepngHeﬁHyro CXOAMMOCTb.

Ecnn g He cywecTByeT, HO ¢ = hrn supk L <1, 70 {re} 22, IMEEeT NMHEliHYIO0 CXOAMMOCTb C KOHCTAHTON,
T

k
He npesumalou.l,em q.

Ecnn hm inf}, Tt

=1, 10 {r,}72,, UIMeeT cybnunHeiinyio cxoanMOoCTb.
k—o0 T -

CKOpOCTN CXOANMOCTIN P00 O
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TecTt oTHOLWIEHMIA

Mycte {74,}72,,, - NOCNEA0BaTENLHOCTE CTPOTO MONIOKUTENLHBIX YNCeN, cxopsawascs K Hyto. Mycts

r
— lim —ktL
k—oo T

Ecaun cywectayet ¢ n 0 < g < 1, 10 {r;,}%2,,, IMeeT nnHeliHylO CXOANMOCTb C KOHCTaHTOM g.
B wactHoctn, ecnu ¢ =0, 1o {7, }72,, wmeeT CBepngHeﬁHyro CXOAMMOCTb.

Ecnn g He cywecTByeT, HO ¢ = hrn supk L <1, 70 {re} 22, IMEEeT NMHEliHYIO0 CXOAMMOCTb C KOHCTAHTON,
T

k
He npeBbmJalou.l,em q.

Ecnn hm infy, LS R 1, To {r;}32,,, umeeT cybnuHeliHylo CXOAMMOCTb.
k—o0 7"k
Cnyuai hm 1nfk > 1 HeBO3MOXEH.
Tk

CKOpOCTN CXOANMOCTIN P00 O
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TecTt oTHOLWIEHMIA

Mycte {74,}72,,, - NOCNEA0BaTENLHOCTE CTPOTO MONIOKUTENLHBIX YNCeN, cxopsawascs K Hyto. Mycts

r
— lim —ktL
k—oo T

Ecaun cywectayet ¢ n 0 < g < 1, 10 {r;,}%2,,, IMeeT nnHeliHylO CXOANMOCTb C KOHCTaHTOM g.
B wactHoctn, ecnu ¢ =0, 1o {7, }72,, wmeeT CBepngHeﬁHyro CXOAMMOCTb.

® Ecnn g He CyLuecTBYeT, HO ¢ = hrn supk L <1, 70 {re} 22, IMEEeT NMHEliHYIO0 CXOAMMOCTb C KOHCTAHTON,
T

k
He npesumalou.l,em q.

® Ecnn hm infy, LS R 1, To {r;}32,,, umeeT cybnuHeliHylo CXOAMMOCTb.
k—o0 T’k -
® Cnyuaii hm 1nfk > 1 HeBO3MOXEH.
Tk

. r
® B ocTafibHbIX Cydasix (T e., Korga hm mfk Tkt <1< lim sup,, ﬁ) Mbl HE MOXXeM CAeNaTb HUKAKNX
Tk k—o0 Tk

KOHKPETHBIX yTBEPKAEHNT O ckopocTu cxopumoctu {1 o2 .

CKOpOCTN CXOANMOCTIN P00 O

32


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Jlemma o Tecte oTHOLUEeHWA
i Theorem

Mycts (11,)52.,,, - NOCNEAOBATENLHOCTb CTPOrO NONOKMUTENLHBIX Yncen. (CTporas nonoKnTenbHOCTL HeobxoauMa
T
A5 TOTrO, 4YTODbI OTHOLLEHUS —XEL, KoTopble MOSBASAIOTCSA HUdKe, bblnn onpeaenensl.) Toraa
k

. .. .T 1
liminf £+ < hm 1nfr L/k < limsup 7y, L7k < limsup —— Tht1
k—oo Tk: k—o0 k—oo Tk
Jokasatenscreo.
1. CpegHee HepaBeHCTBO cnefyeT U3 Toro, 4To liminf noboit nocnefoBaTensHOCTU BCEr[a MeHbLUE NN
pageH eé limsup. [lokaxem nocnefHee HEPaBEHCTBO; NEPBOE [OKA3bIBAETCA aHANOMMYHO.

CKOpOCTN CXOANMOCTI P00 O
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Jlemma o Tecte oTHOLUEeHWA
i Theorem

Mycts (11,)52.,,, - NOCNEAOBATENLHOCTb CTPOrO NONOKMUTENLHBIX Yncen. (CTporas nonoKnTenbHOCTL HeobxoauMa
T
A5 TOTrO, 4YTODbI OTHOLLEHUS —XEL, KoTopble MOSBASAIOTCSA HUdKe, bblnn onpeaenensl.) Toraa
k

r
liminf £+ < hm 1nfr L/k < limsup 7y, L7k < lim bup tL

k—o0 Tk: k—o0 k—oo Tk
Jokasatenscreo.
1. CpenHee HepaBeHCTBO cnefyeT u3 Toro, 4to liminf noboin nocnegoBaTenbHOCTM BCerga MeHbLLE AN
pageH e€ limsup. [lokaxxem nocnefiHee HepaBeHCTBO; NEPBOE JOKa3bIBAETCA aHANOMMYHO.

2. ObozHauum L :=limsup,_, i“ Ecnin L = 400, TO HEpPaBEHCTBO OYEBUAHO, MO3TOMY MPEAMNOIOKUM,

4yto L koHeyHo. 3ametuM, 4Tto L > 0, NOCKObKY OTHOLIEHME f*l MOJIOKNTENILHO ANs BCex k > m.
k

Mycte € > 0 - npoussonbHoe 4ncno. CornacHo ceoiicteam limsup, cywecteyer N > m Takoe, 4TO
7;“—“ < L+¢€ pnsiseex k> N. Otcioga, 7,1 < (L + €)1y, anst Beex k > N. Tpumensist uuaykumio,

nonyuaem 7, < (L + E)k Ny ansscex k> N. Nycts C := (L + &) Nry. Torga r, < C(L +¢)* gna
Bcex k > N, oTkyaa Tk_ < CY*(L + ¢). Nepexops « limsup npn k — 0o n ucnonssys CV/% — 1,
nonydaem limsup, , 7,]1€/k < L + &. YunTbiBas NpouseonbHOCTL €, nonydaem limsup, , r}g/k < L.

‘f% 5“3‘3 CKOpOCTN CXOANMOCTI P00 O
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B, /— min

Wrorn

Ntorn
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NTorn

Onpegenetns

1.

Ok 0N

©ooNo

10.
11.
12.
13.
14.

15.

B/~ i

[NonoxutensHo onpefenérHHas mMaTpuua.
Esknugosa Hopma BekTOpa.
HepaBeHCTBO TpeyrosbHuKa At HOPMBbI.

. p-HOpMa BeKTopa.

Kak BbIrsgnT eAMHUYHBIA Wap B p - HOPME Ha
nnockoctn ana p = 1,2, c0?

Hopma @pobernyca gist matpuubl.
CnekTpasibHasi HOpMa MaTpULbI.

CkansipHoe npon3BeAeHne 4BYX BEKTOPOB.
CkansipHoe nponssegeHne 4ByX MaTpuL,
cornacoeaHHoe ¢ Hopmoii Ppoberuyca.

CobcTaeHHble 3HaveHns MaTpuubl. CnekTp mMaTpuubl.

CBs13b CnekTpa MaTpulbl 1 €€ OnpeneseHHOCTN.
CnekTpasibHOe passioXeHne MaTpuLbl.

CuHrynsipHoe passioXeHue MaTpuubl.

Cesizb onpegennTenst u cobCTBEHHbIX Yncen s
KBaZpaTHON MaTpuLbl.

Cesizb cniefia U COBCTBEHHBIX YUCEN A5t KBafpaTHOI
MaTpuLibl.

WNrorn

16.
17.
18.
19.
20.

21.

JlnHeliHas cxoaMMOCTb NOCNEeA0BaTENLHOCTN.
CybnuHeiiHash cxogUMMOCTb NOCIef0BaTENLHOCTN.
Ceepx/inHeliHas CXOAMMOCTb NOCAEA0BaTENbHOCTU.
KeagpaTnyHas cxoguMocTb NocneaoBaTeNbHOCTH.
TecT KopHeli Ans onpefeneHns CKOPOCTU CXOAUMOCTH
nocnesoBaTeNbHOCTH.

TecT oTHOLEHW ANA onNpefeneHns CKOPOCTy
CXOAMMOCTUN NOCNEA0BaATENBHOCTN.

Teopembl

1.

Kputepnii nonoxuTtesnbHoii onpegeneHHocTm
MaTpuLbl Yepe3 3HaKN CODCTBEHHbLIX 3HAYEH U
MaTpuLbI.

. TecT kopHeii
. TecT oTHOLWEHNT
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